NORTH SYDNEY BOYS
HIGH SCHOOL

MATHEMATICS (EXTENSION 2)

2020 HSC Course Assessment Task 1
11th of December, 2019

General instructions

e Working time — 60 minutes.

i . . e Commence each new question on a new
(plus 5 minutes reading time)

booklet. Write on both sides of the paper.

Write using blue or black pen. Where diagrams

are to be sketched, these may be done in pencil. | ® All necessary working should be shown in every

question. Marks may be deducted for illegible
Board approved calculators may be used. or incomplete working.

Attempt all questions.

At the conclusion of the examination, bundle
the booklets used in the correct order
within this paper and hand to examination
SUpErvisors.
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Write your answers in the writing booklet supplied. Additional writing booklets are available.
Your responses should include relevant mathematical reasoning and/or calculations.

Question 1 (10 Marks) Commence a NEW booklet. Marks

(a) Given z = —1 +iv/3 and w =1 +1.

i. Evaluate |z|. 1

i. Find % in the  + iy form, where = and y are real numbers. 2

ii. Find wZ in modulus argument form. 2

(b) Given z = x + 1y, if |z — 3 — 4i| = 4, find z such that 2% + y? is minimum. 2
(c) Solve for z, such that 2% + z% = 1. Express your answers in the x + iy form. 3
Question 2 (8 Marks) Commence a NEW booklet. Marks
(a) Write the converse of the following statement: If quadrilateral ABCD is a square, 1

then quadrilateral ABCD is a rectangle.

(b) Write the contrapositive of the following statement: If two distinct lines in the zy 1
plane are parallel, then they have the same slope.

(c) Negate the following statement: If Harold passes his maths course and finishes his 1
statistics project, then he will graduate at the end of the year.

(d)  Write the following statement in symbolic form: There exists an even integer divisible 1
by 5.
(e) Prove that the following statement is false, giving a counter example: If a positive 1

integer p is prime, then so is 2p + 1.

(f) Prove that if a positive integer n has remainder 1 when divided by 3, then n? has 3
remainder 1 when divided by 3.
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Question 3 (7 Marks) Commence a NEW booklet. Marks
(a) A polynomial function is
P(z) = 2* — 523 4+ 72* + 32 — 10.
i. Show that 2 — i is a root of P(x). 1
ii. Hence, or otherwise, factorise P(z) completely over C. 3
(b) Sketch the region in the Argand diagram consisting of those point z for which 3
|z —2+4+1i| > |z+2+2i] intersect with 0 <arg(z+ 2+ 2i) < %
Show all the important features.
Question 4 (5 Marks) Commence a NEW booklet. Marks
(a) Prove (without using induction) that for all integes n > 2 2
1 1 1 1 1 n+1
1-—)(1-=)(1-=%).  (1-—) (1- =) = .
(e () 0 a) - O ()=
(b) Prove by contradiction the following: 3
(Ve eZ)(Vy € Z)[Bx +V2y=0) = (=0 and y=0)]
Question 5 (6 Marks) Commence a NEW booklet. Marks
Given that
(x+9)° = (2° +y°) = say(e +y)(2® + 2y + 7).
and
2"+ 27" = 2cosnb.
i Show that 2
cos 50 = 16cos®  — 20cos® O + 5 cos 6.
i Hence, show that the equation 162> — 2023 + 52 — 1 = 0 has roots 2
1 2m 4 T and 8T
— — — n —.
) €O, COS—,  COS cos —
ii. Use (ii) to show that the equation 16x? + 162 — 422 — 4z + 1 = 0 has roots 2
2m 4 T 8T
cos —, cos—, cos—, and cos—.
) ) 5) )
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Question 6 (7 Marks) Commence a NEW booklet. Marks

Im(z) 4

B{ZZ}

Re(z)

D(z,)

Given z; and z; two complex numbers in the Argand diagram (see diagram).

i Find z3 in terms of z; and z9, such that OACB formed a rectangle. 1
il Find z4 and z5 in terms of z1, 2o and «, where o = ZFEOB. 2
iil. Hence, or otherwise show that 2

z3 = i(z1 — 22)cisa.

iv. The complex number zg represents the point F (the intersection of BC' and OF). 2

Show that 5
26 = 7(21 ;ZQ) (1 + ¢ cot (ﬂ—z a>> .

End of paper.
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Suggested Solutions

Section 1l
Question 1

(a) z=—-14+1iV/3 and w=1+i.

izl =4/ (=12 +(V3)2=V1+3=V4=2

Low_14i (1+4d)(-1-iv3)  —1—iV3—i+V3
oz —14iV3 (—14iV3) (-1 —iV3) 4 -
—1+\/§_1+\/§i_

4 4

_ .o Yy (7T A4Ar . 197 . —bm
WZ = <\@0st> <20233) = 2\/§czs <4 + 3) = Qﬂczsﬁ = 2v/2cis <12> .
(b)  Thecircle (x —3)? + (y — 4)? = 16 centered at (3,4) and has radius 4. The distance from the
origin to the center equal 5 (by using Pythagoras theorem) and the shortest distance to the circle
is 5—4 = 1. The line through the origin and the center has equation 4z —3y = 0. The x-value

4
of the points of intersection of this line and the circle are given by (x — 3)% + (—x —4)?2 =16

3 27 4 36 3 4
whichgivex:gand:p:E. Hencey:5andy:€. Soz:g—kgiand |z| = 1.
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1\2 1 1
() z+-) =242+ 5 =22+ 5+2=14+2=3.
z 22 22

1
24+ = = ++/3.
z
2 are the solutions of 22 +v32z+1=0and 22 — V32 +1 = 0.

2 —dac=3—4=—1=742
V3 1. V3 V3 1. =3

1
H —_— — —_ _— 7‘ - -
ence z 5 + =1 5 22, 5 + 21, 5

1.
— —i.
27 2
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Question 2 solutions

Converse: If Quadrilateral ABCD is a rectangle, then the quadrilateral ABCD is a square.

Contrapositive: If two distinct lines in the zy plane do not have the same slope, then they
are not parallel.

Negation :Harold passes his math course and he finishes his statistics project, but he did not
graduated at the end of the year.

Symbolic form: (Ip € Z)(3Im € Z)(2p = 5m).
Counter example: 7 is a prime number but 15 =2 x 7+ 1 is not prime.

Let n be a positive integer which has remainder 1 when divided by 3, ie. Im € Z,n = 3m+ 1.
We need to prove that n? has remainder 1 when divided by 3.

n® = (3m+1)% = (3m)3+3(3m)?+3(3m)+1 = 21m>+-27m>*+9m+1 = 3(9m>+9m?+3m)+1 = 3k+1,

where k = 9m? + 9m? + 3m € Z. Hence the remainder of dividing n> by 3 is 1.
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Question 3 solutions

(a) P(z) = 2* — 523 + 72 + 3z — 10.
i
(2—i)2=4—4i+i*=3—4i
(2-i)=(B3-4))2—i)=6—-3i —8i+4i°=6—-4—11i=2—11i
2-)'=02-11)2—i)=4—2i —22i + 11i* =4 — 11 — 24i = —7 — 24i
P2-i)=02-0)=52—-i)3+72-9)?+3(2—i)—10=
—7—24i —5(2 — 113) + 7(3 — 4i) + 3(2 — 1) — 10 =
— 7 —24i — 10455 +21 —28i +6 —3i —10 =0+ 0i = 0

ii. P(x) has integer coefficients and 2 — i is a root implies that 2 + i is also a root. So
(r—2+1) and (z—2—1) are factors of P(z). Hence 22 —4x+5 = (x—2+1i)(x — 2 —1)
is a factor of P(x). Using long division or alternative approach, you can show that
P(x)= (22 -4z +5)(2? —2—-2) = (x —2+d)(x — 2 —i)(x — 2)(z + 1).

(b) 2122—i and 22:—2—2i
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Question 4 solutions

()

<1+ )(H;) <1+i>...(1+(ni1)><1+; -
GGG -G )G GGG () -
()

Proof by contradiction:

If not, there exist integers  and ¥ such that 3z +v2y =0and (z #0 or y#0).
If z =0, then /2y = 0 which implies that y = 0.;

If y =0, then 3x = 0 which implies that x = 0;

-3
Hence z # 0 and 3 # 0. But then /2 = —w, a quotient of integers, so /2 is rational.
Yy

proof for v/2 is an irrational: /2 = %, where a,b € Z and HCF(a,b) = 1 implies that

2b% = a2, hence a? is even, hence a is even. There exists k € Z,a = 2k.
202 = (2k)? = 4k® and b? = 2k,

so b? is even and hence b is even. Contradiction.

Therefore
(Ve € Z)(Vy € Z)[(3z +V2y =0) = (z=0 and y=0)].
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Question 5 solutions
Given that
(z+1)° = (2° +9°) = Say(x + y)(2* + zy + 1),

and
2" 4+ 27" = 2cosnd.

(o) ed) (D () )
(o) ()=o) o)

(2cos0)® — 2cos50 = 5 (2cos 0)® — 5(2cos 0)

32cos® 0 — 2cos 50 = 40 cos®  — 10 cos .
cos 50 = 16 cos® @ — 20 cos® 0 + 5 cos 6.

162° — 2023 + 52 — 1 = 0.

Let x = cos @, we obtain:
16 cos® @ — 20 cos® 0 + 5cosf — 1 = 0.

which implies that

cosbhl = 1.
o= " k01,234
5
Hence
47 61 8

2w
1, cos —, cos —, cos —, cos —.
5 ) ) 5

are the roots of 162® — 2023 + 52 — 1 = 0.

(z —1) (162" + 162° — 42® —dz + 1) =

162° + 162* — 42® — 42® + 2 — 162* — 162° + 42° + 40 — 1 =
162° — 202% + 52 — 1 = 0.

Hence
162* +162° — 422 —42+1=0
has roots
27 47 67 8
COS —, COS —, COS —, COS —.
5’ 5’ 5’ 5
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iii. Question 6 solutions

Im(z) 4

B{_22 )

Re(z)

D(z,)

i. 23 =21+ 2.
ii. -
|z4| = |22| and ZBOD = 5 + a.

T
29 = 24C1S8 (7 + a)
2
. ™ . .
24 = 29CiS (5 + oz) = 2o (—sina — i cos )
T
|z5| = |z1] and ZAOFE = 5 o

. ™ . .
25 = 21CiS (— — a) =2z (sina+icosa).

23 =24+ 25 = —z2 (sina+icosa) + 21 (sina+icosa) = (21 — 22) (sina + i cos a)

cisa = (cosa +isina) = cosa — isin a.

i(cosa +isina) = sina + i cos a.

Hence z3 = i(z1 — 22)cisa
iv. AOBF =ACEF (AAS)

. T . (T . T . . T
zo—2z6 = (25 — 26) czs(§+o¢) = (zlczs (5 - a) - 26) czs(§+a) = zlczswfz(;czs(§+oz)

T
29— 26 = —21 — zgczs(§ + )
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13

214 22 = (1 — cis(g + a)) 26
1
1- cos(g +a) — isin(g + )

26 = (2’1 + ZQ)

1+ sina+icosa

1
= (z1+22)

26 = (21+22)

Z6 —

1+sina—1cosa

(1 +sina)? + (cos a)?
(1+i cos.oz >
1+ sina

o Lo O
cos? — — sin? —
2 2

21+ 22
zZ6 — 2

26_214-22 14 ~
2 (cos2 & + sin? g)
2 2
« e’
21+ 2o cos o —sin o
=" |1+ §+§
cos — + sin —
2 2
«o
cot — —1
Zﬁ:Z1+Z2 1—{—1#
2 cot —+1
2
zl—;zz <1+icot(z+%)>:zl—522 <1+ico

1+ sina+icosa
2(1 +sin o)

= (2z1422)

T+ 2«

(™4

)
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