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General Instructions

e Reading Time — 5 minutes
e Working Time — 60 minutes

e Write using black pen
e NESA approved calculators may be used

e Areference sheet is provided
e In Questions 5— 7, show relevant
mathematical reasoning and/or calculations

Total marks — 41

Section | -4 marks (pages 2 - 3)

e Attempt Questions 1 -4

e Allow about 7 minutes for this section
Section Il — 37 marks (pages 4 — 6)

e Attempt Questions 5—-7
e Allow about 53 minutes for this section

NAME: TEACHER:
STUDENT NUMBER:
Question 1-4 5 6 7 Total
Integration 3 17 9 /5 124
Proof n 7 3 /6 7
Total /4 /14 /12 /11 /a1




Section |

4 marks

Attempt Questions 1-4

Allow about 7 minutes for this section

Use the multiple choice answer sheet for Questions 1-4.

1 If x,y and z are any real numbers and x >y, which of the following statements must
be true?
A x2 > y2
B. 1 < L
Xy
C. X+Z>Yy+12
D. XZ >yz

T

2 Which of the following is equivalent to IE _ 46 using the substitution t = tang?
0

] cosé+2
A Io2 tzzits
5 Iol t"’zits
C. jf tfftg
> Io1 t22(1t3



Which of the following integrals has the same value as I

A. J-Z 4c0s°0 do
N
A

B. 4c0s°0 doO
2

C. J.Z 2cot0cos0O do
4

D. J.4 2cot0cosO do
2

Without evaluating the integrals, which of the following is greater than zero?

1

~ — - 71

A [y,
J 11+x

2

o1

B e ™ _1)dx
| "y
°2

C tan‘l(xz)dx
o -2

D. x% sin xdx

End of Section |



Section 11

37 marks

Attempt Questions 5-7

Allow about 53 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In questions 6-8, your responses should include relevant mathematical reasoning and/or
calculations.

Question 5 (14 marks) Use a SEPARATE writing booklet

(@)  Find fcos3 X sin® xdx. 2
(b)  Find j xtan ™ x dx. 3
. dx
(c)  Find J— 2
\J5-8x —4x?

<1. 2

(d) (1 Giventhat 0<t <1, provethatls >
2 1+t

(i)  Hence deduce that for 0< x <1, gs tan ' x < x.
() (i)  Provethat |x+|y|>|x+y]| for any real numbers x andy. 2
(i)  Prove, by using mathematical induction, the more general triangle 2

inequality:

% |+ %, |+ # Xy | = %, + X, +...+ X, | for all positive integers n.



Question 6 (12 marks) Use a SEPARATE writing booklet

@ ()
(ii)
() ()
(ii)
© (@
(ii)

2
Write w in the form i+ B)§+C )
(x=1)(x*+1) x-1 x*+1
2
Hence find w X
(x—l)(x2+1)

a+b

Prove that for all non-negative real numbers a and b, vab <

Given a+b+c=1where c is also a non-negative real number,
prove using the result in (i), or otherwise, that

(1-a)(@-b)(@—c) > 8abc.

a a
Use a suitable substitution to show that J f(x)dx = j f(a—x)dx.
0 0
% h3
Hence evaluate J,ssm—xsdx.
sin® X+ Cos” X

0



Question 7 (11 marks) Use a SEPARATE writing booklet

d"y (-1)"n!
dx" L+ x)"

@ Giventhat y= li prove by mathematical induction that
+ X

for all positive integers n.

2 n
-1
(b) Let I, :J (X—n)dx for all positive integers n.
X

1

()  Showthat1 "ty 1

n

n nx2"

(i) Hence, use the reduction formula in part (i) to find I,.

1 - 1
(k+1)?* k(k+1)

(c) (1 Given that k is a positive integer, prove that

1 1 1
k(k+1) k k+1
If x,x,,...,X, are positive integers, not necessarily consecutive, such

fork eN.

(i) It is given that

that 1< x, <X, <...<X,, prove that

1 1 1 1
—+—=+—+.+—<1
X

End of paper
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SOLUTIONS

General Instructions

e Reading Time — 5 minutes
e Working Time — 60 minutes

e Write using black pen
e NESA approved calculators may be used

e Areference sheet is provided
e In Questions 5 -7, show relevant
mathematical reasoning and/or calculations

Total marks —41

Section | -4 marks (pages 2 —3)

e Attempt Questions 1 -4

e Allow about 7 minutes for this section
Section Il — 37 marks (pages 4 — 6)

e Attempt Questions 5—-7
e Allow about 53 minutes for this section

Question 1-4 5 6 7 Total
Integration /3 /7 /9 /s 124
Proof /1 /7 /3 /6 n7
Total /4 /14 /12 n1 /41




Section I
4 marks
Attempt Questions 1-4

Allow about 7 minutes for this section

Use the multiple choice answer sheet for Questions 1-4.

1 If x,y and z are any real numbers and x > y, which of the following statements must

be true?

A. X% > y2

B. 1 < 1

XY
@ X+z>y+z
D. xXz>yz
. N y do o 0
2 Which of the following is equivalent to I ——— using the substitution ¢ =tan—?
o cos@+2 2 .
3 2dt © > Aton 'l:

» IES ( ‘ do = 2

B»,Q s PTG §
‘ 2dt “_t,,
0 1 +3 \ w\u.ngza' {10
= L
x -—~..—""‘ G-3 t:
c. [’ 2dt -4 2 A0 2t |
0o -3 °
D J~1 2dt 3 fl QV\F
' 0 =3 9 tq *1\)



3

4

2 x2 dx 9

Which of the following integrals has the same value as
0 N4-x?

.g )
4cos” 0 do
-
.Z )
B. 4cos” 0 do
)

T

C. J‘z 2cotOcosO dO

T
4

o |

i

2

|

42cot9cos@ do =

led oz 2cosl
dx = -As1n0d @

= - I
Wan X O,G 2
x={3 o= (¥

w
I |
4-=.c3'@ X (—Qs\r\@\d@' / 4

z ﬁ' 4c0y'Q

2
f 2 +c03 @ ¥ Ly/f\G IV
. ‘
L 2L

Without evaluating the integrals, which of the following is greater than zero?

A.J.

1
28in"' x
d

1

11+ x°

2

B. Ill(e‘x ~1)dx

©

2

o -2

@ T

o -7

tan ™' (xz)dx

x* sin xdx

< -1
sin” x . .
Since 3 and x” sin x are all odd functions then the
1+x
integrals for these will all be zero.

f(x)= e 1 is less than or equal to zero.

And since tan™' (xz)is an even function and always

2
tan™' (xz)dx >0

-2

positive then J'

End of Section I




Question 5 (14 marks) Use a SEPARATE writing booklet

(a) Find Icos3 x sin’ xdx. 2

jcos3 x sin’ xdx = Icosx cos? xsin’ xdx
= 2 < .5
=Jcosx (l—sm x)sm xdx
:Icosx sinsxdx—fcosx sin’ xdx

: 6 8
Sin X S x
= - +C
6 8

Well done. Some students used an alternate method beginning with
2
Icos3 X (1 —sin’ x) sin x dx and then rewriting integrand in terms of cos x .They were also

generally successful although this was more time consuming.

(b)  Find j xtan” x dx. 3

Ixtan xdx= Ix( )tan x dx

=1x’tan™ x—j(%xz)(lsz

j dx  (by parts)

1 2
=—x tan” x——j
1+x°
1 x +1- 1
=1x’tan" x—=
1+x
1 1
_ 1 2 -1 _ _
=Zx tan” x jl i dx

1 1
=ix’tan' x——x+—tan" x+C
2 2

Generally well done. Some careless mistakes when applying integration by parts method

and some students incorrectly assigned « and v'. Use the mnemonic LIATE (log, inverse
trig, algebra, trig, exp.) as an aid on choosing u.

(©) Find J 2
S5 — 8x 4x°
J dx
Js-8x—4x’ ] \/ 9 —4(x2 +2x+ 1) A few too many careless errors. Don’t
N rush the more straightforward questions
= e as these early marks are valuable. Every
J9-4(x+ 1)2 error was penalised 1 mark.
R
B dx
) 2J3) = (x+1)
2 1
= lsin’1 (x3+ ) +C




(d) (1) Given that 0 <7 <1, prove that 1 < !

2 1447

<1.

(i)  Hence deduce that for 0< x <1, %S tan” x<x.

(V) o< L ¢
04{-1$\
EEEIEE

.

(’;\' X % X
) dx < .;Ldk < 1.k
el

»

o o

(15 s [ra®) < [

%‘: ) % < +e‘,{'(¢)-l—°.,:'(o> £ 4-0

?—i_ s +on"(9} $ x

(1) The setting out can be improved by many here. Many students tackled this as
two separate inequalities and their method was time consuming. The best
approach here is to start with a known result and build up. Working from the
result was penalised unless each line was justified because in effect you are
proving the converse instead.

(i)  Many students incorrectly used indefinite integrals here. The property you are

. . If f(x)<g(x) overaninterval a <x <b, then Jw‘f ()l < rg(,\‘)n’,\'
relying on is: :

This was only penalised %2 mark.




(e) (1) Prove that |x| +* | y| > |x +* y| for any real numbers x and y.

(i)  Prove, by using mathematical induction, the more general triangle 2
inequality:
|x1 | + |x2| ..t |xn| > |x1 +X, +...+ xn| for all positive integers n.

(i) cam‘m\wz . .
(=l eral) = 10+ 3=y vy
N, TEN

= \3‘* Ay
_ 2
= ("’L*j)

= "3—#&3‘1
S Uil RA T R \ou‘d\*
S l-s-)"l‘\)|>/0 and \')\nd‘l>/Q

Aan ]-.»]»\\i\z EX \
(;3 Prove Ime for n= \A

l>.) 2 1=

froe for ne |

4
Assume trve for pz ke L

EYAR 252N AR *\3‘\;\? Jov, ¥ A+, -r:xk\
P"s‘co broe  for ne ks l

RIL \a A - |>a) +. . a-\otk\ 3 ]N.KH\ >,‘3L,+3\,+ ...+3LK+JLKHJ

LHs = 1o {afs. ""d'k\ "'iuul

) +3‘kl v \uﬂgh
> "J‘ 1.’11‘\"~ LN.K"' d'\"'l“ pv:é\fv\ (;vﬁ-‘- (;

Since Hus "3 e
suw of {we '\Ahfca,v“s.

P T

From ussuv'pfim

o ‘ . L
Hense by wmomemaneam| indbehion 3 is e



(i)

Not well done. Some students tried proofs involving complex numbers or
vectors but only some were successful. They needed to explain why these
proofs were relevant to real numbers as described in the question.
Induction proof was generally well done. Some students had difficulty with
the initial case using part (i) rather than proving for n=1. Students needed
to explain how they got from second last line to last line otherwise it was
not clear that they understood how to arrive at the desired result.




Question 6 (12 marks) Use a SEPARATE writing booklet

2
(a) (1) Write X A3xH2 in the form A B)§+C. 2
(x—l)(x2+1) x—1 x +1
2
(i)  Hence find wwp 3
(x—l)(x +1)
(0 3x*+3x+2 A4 L Bx+C
(x=1)(x¥*+1) x=1 x*+1
_A(x2+1)+(Bx+C)(x—1)
- (x=1)(x* +1)
3x2+3x+2=A(x2+1)+(Bx+C)(x—1)
Let x=1 Let x=0 Let x =—1
343+42=A(1+1)+0 | 2=A(0+1)+(0+C)(0-1) | 3-3+2=A(1+1)+(-B+C)(-2)
8=24 2=4-C 2=2A4A+2B-2C
A=4 2=4-C 2=8+2B-4
c=2 -2=2B
B=-1
3x2+3x+2 4 +—x+2
(x—l)(x2+1) x=1 x*+1
3x2+3x+2 4 —x+2
.. X7 H+3x+2 L [[_4 TX+2
@) J(x—l)(x2+1) * J(x—l-’- x2+1de
- e e
= idxj ad dx+j 2 dx
x—1 x*+1 x“+1
de——f —dx
1 x*+1

=4In(x- 1)—Eln(x +1)+2tan x+C

| (a) Very well done, except for a handful of careless errors.




(b) 6)) Prove that for all non-negative real numbers a and b, Jab < ath .

(i)  Given a+b+c=1,where c is also a non-negative real number,
prove using the result in (i), or otherwise, that
(1—a)(1-b)(1—c) = 8abc.

} (;Q(\a\dam
_P“‘) 2 O Ql\Q?O

a- aruﬂo % =0

atr b = aadb

0\!»\02‘—;\:
S

[op < otb
A

M (-DO-DC )
(q+h+¢~q)(alb tC -b)(Q\ Fot ¢ - c.>

(\o»ox(‘a-\—cs(ot*\a>
> afee »afee »2Teb  From ()

% J o b‘lc.z

Foloc %,0.¢ 70

)

ol

ol

2
(b) (i) Well done. Some students expanded (\/;+\/Z) , requiring them to complete a

different square to get the result.

(ii) Students who expanded out the LHS were generally not successful.
Please show every step, including the intermediate step between

2\/5 X 2@ X 2\/% and 8abc .




(c) (1) Use a suitable substitution to show that J f(x)dx = J f(a—x)dx.

&
2

o 3
(i)  Hence evaluate J% dx. 3
sin” x+cos” x
0
. Q
(") f S—‘(Q*l) d¢ Led w=o-2C
e ~du = da(
o
= - Az U= &
f c(\,) Jo wln o |
o N~ o VIO

N LQ £ (9) do

= \[\00\ -P(ﬂ ey (’J\,v-.w‘ uo»(ob\e)

(" 1 J‘ ain > ML

b
o 3|(\‘)&,p<033&
“
= 2 . -‘L-
J\" 3N ( a °‘Z oval
° YA 1 ’b(-r
< -%) L U~
l/\(z ) (@33 3 )

= ju ) I S
[1 cos dL ¥ J|n W~ S\n 3¢ I
o

az":& + S‘\/\ ¢

2 | e dxn
o S R 3
iy cosXt ¥ sia kL
2T - fo > e
ﬂ/j‘ 3 .. I - 1‘:
AT = [u_] = 2 ' 4
o



(c)

(ii)

This is a stock question. Please learn it.

A number of students proved the result for a specific function instead of the
general case.

The notation involving “~” is not a recognised one. Please don’t use it.
Some students essentially proved LHS = LHS.

Most students could successfully apply the result of part (i) to get an alternate
integral.

For those who didn’t split the integral as in the solutions, you should probably

5— before combining into

T T
2 sin’x dx N 2 cos’x dx
o sin’ x+cos’ x

have said 2/ = — 3
o SIn” x+cos” x

one integral.

Failure to do so was not penalised, but could have been.

-11-




Question 7 (11 marks) Use a SEPARATE writing booklet

: 1 o : d'y (-1)"n!
(a) Given that y =——, prove by mathematical induction that —— =—-—+——
1+x dx"  (1+x)"

for all positive integers #.

Consider n=1.

? _l| )
dy_ 1 .. D1 _d

dx ey’ (+n'tt e @

True when n=1.
Suppose true for n = k.

k. _ Ky
oy DK

¥ (1 +x)ft!

S

Required to show it is true for n=k+ 1.

k+1_ k+1 ;
That is.d - }=(_“ (l;:',] ).
ax"* (1+x)  °
k+1
dx
_g(fi'vJ
- dxk

=_¢[ -k J

dx (1 +x)k+]

= O Rk + D1 +0)7 ¢ D)
k+1

=D (k+ 1)!
(1 +.\')k+2
=RHS
If true for n =k, then true forn=k + 1.

Hence, by mathematical induction, true for n= 1.

Q7 a)
Generally well done. It’s a proof, you need to show all steps. Some people were unfamiliar with

how % notation works and will need to refresh. Ideally you should define k.

-12 -



2 n
-1
(b) Let 7, =J @dx for all positive integers n.
X

1

n+1ln_ 1 .
n nx2"

(i1) Hence, use the reduction formula in part (1) to find 7.

(1) Show that 7/, =

r2 n+l
| oA=L
|
) W N R C e )
B n+l x" . n+l (nx )dx
_ (x—l)nﬂi N n JZ(x_l)anx
n+l x" n+l), x"™
B n+l
(0
1 n
I:
" (n+1)2"+n+1 !
(n+1)ln —%+n ol

» :(nJrlj]n_ 1,,
n n2

b(i)Generally well done. Many people started by integrating I,, however it was more efficient to
integrate from I,,, ; here. Also many choices for the parts to integrate by. They were all accepted
as long as you did so correctly. Make sure you put your equation into the form given in the
question before subbing in. To get full marks, you had to show evidence that you had evaluated,
rather than jumping to the answer given in the question.

n

(i) I, :J (1—% dx
1 X

=[x—1nx]l2
=1-In2
12:(2)(1-1112)-%

=§—2m2
2

-13 -



241 1
132( 2 jlz_zxzz
zi(i_zlnzj_l
202 8

=1—7—3ln2
8

b(ii)Generally well done. You could have started from I3 or I;. Most common mistake was not
keeping track of terms or unsuccessfully adding fractions. Common mistake was using the formula
incorrectly: I = I, thenn = 2.

1
(k+1)° = k(k+1)

(c) (1) Given that k is a positive integer, prove that

111
k(k+1) &k k+1

If x,,x,,...,x, are positive integers, not necessarily consecutive, such

1 1 1
that 1< x, <x, <..<x,, prove that —+—+—+..+— <1

X X X X,

for k € N. 2

(i)  Itis given that

(}) e < K+ 1\
e (ka—l) < (ka—\)1

SO
CO N

‘l N .
> Slance *, l-:.z ... s.n e wnot vu,««g-ao.f'\l\a

cornrs e PN(.

L L )
— -—:L
all pl
) \
& —
R X
e
1 R
. |
—
&n'.\ (ﬂ\-\)
) )
- e— b J I ) |
° 2 l r . r~ f —P—?'v * R



\ )

<T /™~ =~ + -

N -

l*-)\ Axd n (IH-D

foom part 1)

|_. Lp.__‘-‘-_l_._
2 3 N

N\
< (" IS @ posiihe
) ) ) .
—_— = Y. ... * \n te
x> Ay 2 < L

c (i)

Two main methods used, LHS — RHS or starting simple and building up. You should be concluding
your proof. Working from the result was not accepted without justifying each line.

c (i)

Not well done. To get both marks you had to correctly apply the given results as well as deal with
the fact that the numbers were not necessarily sequential: don’t ignore information given in the
question. A common mistake was subbing in x; for k, instead of k + 1. Proof by induction was not
relevant in this question.

-15-
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