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General Instructions 
 
• Start each question in a new booklet 
• Board approved calculators may be used 
• Marks may be deducted for careless or 

badly arranged work 
• Show all necessary work 

 
 
SUPERVISOR’S INSTRUCTIONS: 
Please issue four 8 page answer booklets. 
Please collect the examination paper with the answer booklets. 
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Question 1  (20 marks) 
 
(a)
 

 
Use the graph of )(xfy =  shown above to make half-page sketches of the following. 
 

 (i) 
)(

1
xf

y =           (3) 

 
 (ii) ( )xfy =           (3) 
 
 (iii) )(2 xfy =           (3) 
 
 (iv) )(xfy =           (3) 
 
 (v) )(ln xfy =           (3) 
 
 

(b) (i) Show that 
1

123
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453
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+
−−
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+
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x
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x       (1) 

 
 (ii) State the equations of the vertical and oblique asymptotes of the    (2) 

  function 
1

123 2

+
−−

=
x

xxy  

 
 (iii) Sketch the function showing the above features.      (2) 
  [Note that you are not required to find the coordinates of any stationary points.] 
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START A NEW BOOKLET 
 
Question 2 (20 marks) 
 

(a) )tan,sec( θθ baP lies on the hyperbola 12

2

2

2

=−
b
y

a
x  which has eccentricity e  

 foci S and S ′ . 
 

 (i) Show that the normal at P is 22

tansec
eabyax

=+
θθ

     (3) 

 
 (ii) The normal at P intersects the x axis at G.        (4) 
  Show that )1sec)(1( 22222 −−= θeeaPG  
 
 (iii) Show that SPPSePG ′×−= )1( 22        (3) 
 
 
(b) ),2( 2

ppP  and ),2( 2
qqQ  are distinct points on 4=xy . 

 
 M is the midpoint of the interval PQ, and T is the point of intersection 
 of the tangents at P and Q. 
 
 Given that the tangent at ),2( 2

tt  is tytx 42 =+   
 

 (i) Show that T has coordinates 







++ qpqp

pq 4,4       (2) 

 
 (ii) If M always lies on the line 3=x , find the locus of T including    (2) 
  any restrictions. 
 

(c) )sin,cos( θθ baP  and )sin,cos( ϕϕ baQ  lie on the ellipse 12

2

2

2

=+
b
y

a
x   

 where a > b.  Let M be the midpoint of the chord PQ, and O be the origin. 
 

 (i) Show that the product of the gradients of OM and PQ is 2

2

a
b

− .   (3) 

 
 (ii) Given that θϕϕθϕθ 22 coscos)sin()sin( −=−+ , show that the   (3) 
  acute angle, α , between OM and PQ is given by 

  )ec(cos2tan 22 ϕθα +
−

=
ba

ab  
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START A NEW BOOKLET 
 
Question 3 (15 marks) 
 
(a) Solve the equation iizi 78)32()3( +=++−   for the complex number z.   (3) 
 
(b) Shade the region on the Argand diagram in which ziz Im≤−  and 1≤z  both hold. (3) 
 
(c) Find ( )73 i+−  in the form iba +         (3) 
 
(d) One root of 0)23(2 =+−+ kziz  is i24 +−  
 
 (i)  Find the other root, and        (1) 
 (ii)  Find the value of k.         (1) 
 
(e) The Argand diagram below shows an equilateral triangle OAB.   

 A complex number z is represented by the vector OA.  Let 
2

31 i+−
=ω  

 
 Express the complex numbers represented by AB and OB in terms of z and ω   (2)
  
 
(f) Find the Cartesian equation of the locus of z if 4)(Re 22 =+ zz     (2) 
 
 

Re 
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START A NEW BOOKLET 
 
Question 4  (20 marks) 
 
(a) A sequence is defined by 11 =T , 42 =T and 126 −− += nnn TTT  for integers 2>n .  (5) 

 Use induction to prove that 
5

)2(32 1−−−×
=

nn

nT  for 1≥n  

 
 
 
(b) (i) Show that xyyx 2≥+  for all positive real numbers x and y.   (1) 
 

 (ii) Hence, or otherwise, show that ( )
2

222log2
++

≥+
mnmn  for all real n and m. (3) 

 
 
 
(c) (i) Use induction to prove that  1)1( −>−+ nnn naaa  for real 0>a  and   (3) 
  integers 2≥n . 
 
 In the following you may use the similar identity 1)1()1( −+<−+ nnn anaa  without proof. 
 

 (ii) Hence deduce that 1)1(
1 +<

−+
< − a

n
aaa n

nn

     (1) 

 
 (iii)  
  )(α    The straight line ])1[(])1[( nnnnn aaaxaay −+−+−+=    (3) 
   intersects the curve nxy =  at ax =  and 1+= ax  where 0>a . 
    
   Using calculus and part (ii), show that the function  
   nnnnnn xaaaxaaxf −−+−+−+= ])1[(])1[()(   
   has a maximum stationary value in the interval 1+<< axa  
 
  )(β  Deduce that 0)( >xf  for 1+<< axa      (1) 
 
 (iv) Using the above results and by comparing the area under nxy =  for nx ≤≤0  
  where 2≥n  with an approximation for that area, show that 
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  for integers 2≥n     (3) 
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