Year 12 Mid-Year Examinations 2010 Extension 2 Mathematics

St Aloysius’ College
Year 12 Mid-Year Examinations
2010

EXTENSION 2 MATHEMATICS
(Additional paper)

Total marks: 75 General Instructions

Reading time - 5 minutes e Start each question in a new booklet

Working time — 2 hours e Board approved calculators may be used
e Marks may be deducted for careless or

Examination papers must NOT be removed badly arranged work

from the examination room. e Show all necessary work

SUPERVISOR’S INSTRUCTIONS:
Please issue four 8 page answer booklets.
Please collect the examination paper with the answer booklets.




Year 12 Mid-Year Examinations 2010 Extension 2 Mathematics

Question 1 (20 marks)

(a)

Use the graph of y = f(x) shown above to make half-page sketches of the following.

1

(@) y= 3)
S (x)
i) v=r(x) 3)
(i)  »*=f(x) 3
iv)  y=|/() 3)
v)  y=Inf(x) 3)
2 — f—
(b) ()  Show that 3x—5+ 4= =2x~1 1)
x+1 x+1

(i1) State the equations of the vertical and oblique asymptotes of the 2)

. 3x* —2x—1

function y=————

x+1

(ii1))  Sketch the function showing the above features. 2)

[Note that you are not required to find the coordinates of any stationary points. ]
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START A NEW BOOKLET

Question 2 (20 marks)

(a)

(b)

(©)

2 2

Y

P(asec@,btan ) lies on the hyperbola x_2 e =1 which has eccentricity e
a

foci Sand S'.

b
Y — 422

X
+

(1) Show that the normal at P is
secd tan@

(i1) The normal at P intersects the x axis at G.
Show that PG* = a’(e’ —1)(e’ sec’ 0 —1)

(iii)  Show that PG> = (e* —1)PS x PS’

P(2p,%) and Q(2¢,2) are distinct points onxy = 4.

M is the midpoint of the interval PQ, and T is the point of intersection
of the tangents at P and Q.

. . 2
Given that the tangent at (2¢,2) is x+1"y =4t

(1) Show that 7 has coordinates (ﬂ,ij
p+tq ptq

(1)  If M always lies on the line x =3, find the locus of 7 including
any restrictions.

2 2
P(acos®,bsin@) and Q(acos@,bsin @) lie on the ellipse x_z + Z—z =1
a
where a > b. Let M be the midpoint of the chord PQ, and O be the origin.

2

(1) Show that the product of the gradients of OM and PQ is — Z—z.

(ii)  Given that sin(@ + @)sin(d — @) = cos” @ —cos’ @, show that the
acute angle, a , between OM and PQ is given by

tana = %kos ec(6 + (0)|

(&)

(C))

(€))

2

2

(&)

(€))
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Question 3 (15 marks)
(a) Solve the equation (3 —i)z + (2 +3i) =8+ 7i for the complex number z. A3)

(b) Shade the region on the Argand diagram in which |z - i| <Imz and |z| <1 both hold. 3)

(¢)  Find (-3 +i] inthe form a+ib 3)
(d)  Onerootof z° +(3-2i)z+k =0 is —4+2i

(1) Find the other root, and 1
(i1) Find the value of . 1)

(e) The Argand diagram below shows an equilateral triangle OAB.

. —1+i
A complex number z is represented by the vector OA. Let w = %ﬁ

Im
A B
A
0 ”Re
Express the complex numbers represented by 4B and OB in terms of z and @ 2)
() Find the Cartesian equation of the locus of z if ‘22 +(Re z)z‘ =4 2)
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Question 4 (20 marks)

(a) A sequence is defined by 7, =1, T, =4and 7, =67, , + T, , for integers n>2. Q)
n n-1
Use induction to prove that 7, = 2x3" ~(2) for n>1
(b) (1) Show that x+ y > 2\/5 for all positive real numbers x and y. 1
(i)  Hence, or otherwise, show that logz( 42" ) > wzﬂ forall real nand m.  (3)
© @) Use induction to prove that (a+1)" —a”" > na"" for real a >0 and &)

integers n > 2.

n—1

In the following you may use the similar identity (a +1)" —a” <n(a+1)"" without proof.

1i Hence deduce that a < 7 —( 1) <a+l1 (1)
( )
n

(iif)
(o) Thestraightline y =[(a+1)" —a"x+a" —[(a+1)" —a"] 3)

intersects the curve y =x" at x=a and x=a+1 where a > 0.

Using calculus and part (ii), show that the function
fx)=[a+)"-a"x+a" —[(a+1)" —a"]—x"
has a maximum stationary value in the interval a < x <a+1

() Deducethat f(x)>0 fora<x<a+1 1)

(iv)  Using the above results and by comparing the area under y =x" for 0<x<n
where n > 2 with an approximation for that area, show that

n+l n

<1+2"+3"+...+(n-1)" +n2

for integers n>2 A3)
n+l
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