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Section I – Multiple Choice 
 
10 Marks 
Attempt questions 1−10 
Allow approximately 15 minutes for this section. 
 
Use the multiple-choice answer sheet for Questions 1−10 
 
 
1 Which one of the following is an exponential form of ? 
 

 A.  
 

 B.  
 

 C.  
 

 D.  
 
 
 

2 If , then which of the following is z equal to? 

 
 A.  or   
 
 B.  or  
 
 C.  or  
 
 D.  or  
 
 
 

3 If , then which of the following is an expression for z? 

 
 A.  
 
 B.  
 
 C.  
 
 D.  
 
 
 

3i −1

2e
− 2iπ
3

2e
− iπ
6

2e
2iπ
3

2e
5iπ
6

z2 = 4 cos5π
3

− isin 5π
3

⎛
⎝⎜

⎞
⎠⎟

1+ i 3 −1− i 3

1− i 3 −1+ i 3

3 + i − 3 − i

3 − i − 3 + i

z = cos4θ − isin4θ
cos4θ + isin4θ

cos8θ + isin8θ

cos8θ − isin8θ

sin8θ + icos8θ

sin8θ − icos8θ
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4 Which of the points on the Argand diagram below best represents the complex number 

? 

 
 
 A. Q 
 
 B. R 
 
 C. S 
 
 D. T 
 
 
5 If  where  and . 
 
 Which of the following statements is false? 
 
 A.  
 

 B.  
 
 C.  
 
 D.  
 
 
 
 

4cos − 2π
3

⎛
⎝⎜

⎞
⎠⎟
+ 4isin − 2π

3
⎛
⎝⎜

⎞
⎠⎟
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Question 3 

The	implied	domain	of	the	function	with	rule	 f x x

x
( )

arccos( )
=

− −

3

2
2π 	is

A.	 [1,	3]
B.	 [–1,	1]
C.	 [0,	1)	∪	(1,	2]
D.	 [–1,	0)	∪	(0,	1]
E.	 [1,	2)	∪	(2,	3]

Question 4

0

Im(z)

Re(z)

Q P

R

S

T

4

3

2

1

–1

–2

–3

–4

–4 –3 –2 –1 1 2 3 4

On	the	Argand	diagram	shown	above,	 4 2
3

cis −⎛
⎝⎜

⎞
⎠⎟

π 	is	represented	by	the	point
A. P
B. Q
C. R
D. S
E. T

z = a + ib a ≠ 0 b ≠ 0

z − z = 2bi

z
2
= z × z

z + z = z + z

arg z + arg z = 0
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6 For any complex number z, which of the following describes how to find ? 
 
 A. Reflect z in the Imaginary axis. 
 

 B. Reflect z in the Real axis. 
 

 C. Rotate z by  in a clockwise direction about the origin. 

 

 D. Rotate z by  in an anti-clockwise direction about the origin. 

 
 
 
 
7 If , where x and y are non-zero real numbers, which of the following 

is a real number? 
 

A.  

 

B.  

 

C.  

 

D.  

 
 
 
 

8 The points A and B represent the numbers  and  respectively, where 
 and  then which of the following is a true statement about the distance 

AB? 
 
 A.  
 
 B.  
 

 C.  
 
 D.  
 
 

u = i5z

π
2

π
2

z = x + iy

1
z

1
z

1
z
− 1
z

1
z
+ 1
z

z1 =αe
2iπ
3 z2 = βe

π i
6

α , β ∈! 0 < β <α

AB =α + β

AB =α − β

AB = α 2 + β 2

AB = α 2 − β 2
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9 The point R on the Argand diagram below represents a complex number r 

where . 

 

 
 
 
 Which of the following points best represents the complex number ? 
 
 A. P 
 
 B. Q 
 
 C. S 
 
 D. T 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

r = 2
3

SPECMATH EXAM 1 PT1                                                                           6

PART I  – continued
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PART I  – continued
TURN OVER

Question 8

The point W on the Argand diagram above represents a complex number w where |w| = 1.5.
The complex number w–1 is best represented by the point
A.    P
B.     Q
C.    R
D.    S
E.     T

Im(z)

Re(z)

2

2

W Q

T

RP

S

–2

–2

O

r −1

 

T 
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10 Let  and , where  and  are shown in the 
Argand diagram below and  and  are acute angles. 

 

 
 
 Which one of the following statements is necessarily true? 
 

 A.  

 

 B.  

 

 C.  

 
 D. The relationship between  and  cannot be determined. 
 
 
 
 
  

z1 = r1 cosθ1 + isinθ1( ) z2 = r2 cosθ2 + isinθ2( ) z1 z1z2
θ1 θ2

2015	SPECMATH	EXAM	2	 4	

SECTION 1 – continued

Question 7

If	 z i= +3 3 ,	then	z63	is
A.	 real	and	negative
B.	 equal	to	a	negative	real	multiple	of	i
C.	 real	and	positive
D.	 equal	to	a	positive	real	multiple	of	i
E.	 a	positive	real	multiple	of	1 3+ i

Question 8
A	relation	that	does not	represent	a	circle	in	the	complex	plane	is	
A. zz = 4
B. z i z i+ = −3 2
C. z i z− = + 2
D. z i− + =1 4
E. z z+ =2 4

Question 9
Let	z1 = r1cis(θ1)	and	z2 = r2cis(θ2),	where	z1	and	z1z2	are	shown	in	the	Argand	diagram	below;	θ1	and	θ2	are	
acute	angles.

Im(z)

Re(z)

z1z2

z1

O

A	statement	that	is	necessarily	true	is
A. r2 > 1

B. θ1 < θ2

C. 
z
z

r1

2
1>

D. θ1 = θ2

E. r1 > 1

r2
r1
<1

r2
r1
>1

r2
r1
= 1

r1 r2
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NESA 
Number           Q11  

 

Section II 
 
43 marks 
Attempt Questions 11–13 
Allow about 1 hour and 15 minutes for this section 
 
Answer each question in the spaces provided. A blank page is provided at the end of each question 
to allow rewriting of a part. 
 
In Questions 11-13, your responses should include relevant mathematical reasoning and/or 
calculations. 

 
 

Question 11 (15 Marks) 
 
(a) Let  and  
 

(i) Find .          1 

 
(ii) Find .          1 

 
(iii) Evaluate .         2 

 

(iv) Express  in the form , where .     2 

 
 
 
 

Question 11 continued on page 8 

u = 3− i w = 4+ 3i

Im(uw)
2

© OCR 2018

1

2 (i)

2 (ii)

−iw
2

© OCR 2018

1

2 (i)

2 (ii)

u + w
2

2

© OCR 2018

1

2 (i)

2 (ii)

u
w

a + ib a, b∈!
2

© OCR 2018

1

2 (i)

2 (ii)

2

© OCR 2018

1

2 (i)

2 (ii)
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Question 11 (continued) 
 
(b) (i) Find the two square roots of .      2 

Leave your answer in the form x + iy, where x, y ∈ ℝ. 

  
 (ii) Hence solve .      3 

Leave your answer in the form x + iy, where x, y ∈ ℝ. 

 
 
 
 

Question 11 continued on page 9 
 

16+ 30i2

© OCR 2018

1

2 (i)

2 (ii)

z2 + (1+ i)z − (4+ 7i) = 02

© OCR 2018

1

2 (i)

2 (ii)
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Question 11 (continued) 
 
(c) On the Argand diagram below, P represents the complex number z.    1 
 Mark in the point that represents the complex number . 
 

 
 
 

(d) Let  and . 

 (i) Express w in modulus-argument form.      1 

  
 (ii) Hence, or otherwise, express z3w in modulus-argument form.   2 

  
 

Additional space for Question 11 on page 10  

z − z

z = 2 cosπ
3
+ isinπ

3
⎛
⎝⎜

⎞
⎠⎟

w = −2+ 2i 32

© OCR 2018

1

2 (i)

2 (ii)

2

© OCR 2018

1

2 (i)

2 (ii)
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Use this space to re-write any questions for Question 11. 
 

 
End of Question 11 

8

© OCR 2018

10

(answer space continued on next page)
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NESA 
Number           Q12  

 
Question 12 (15 Marks) 
 

(a) The complex number z is given by . 

 It is represented by the point P on the Argand diagram below. 

 (i) Let Q represent the number  and R represent the number .   2 
  

Mark the points Q and R on the diagram below. 
 

 
 

 (ii) Now,  is a point representing , where .  2 

If the points Q′, O and R′ are collinear, where Q′ represents the point  and 

R′ represents the point , find w in the form , where . 

 
 
 
 
 
 

Question 11 continued on page 12 

z = 2 cos 4π
9

+ isin 4π
9

⎛
⎝⎜

⎞
⎠⎟

z2 1
z

′P w = 2 cosθ + isinθ( ) π
4
<θ < π

2
w2

1
w

a + ib a, b∈!
2

© OCR 2018

1

2 (i)

2 (ii)

2

© OCR 2018

1

2 (i)

2 (ii)
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Question 12 (continued) 
 
(b) (i) Express  in the form .      1 

 
 (ii) Hence, write  in the form .     1 

  
 
 (iii) Hence find the prime factorisation of .     2 

  
 
(c) Given that , find the exact real values of  and . 3 

  
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Question 12 continued on page 13 

(8+ 7i)(5+ 4i) a + ib
2

© OCR 2018

1

2 (i)

2 (ii)

(8− 7i)(5− 4i) a + ib
2

© OCR 2018

1

2 (i)

2 (ii)

122 + 672
2

© OCR 2018

1

2 (i)

2 (ii)

(4− i)2 + (8θ + i)(3φ − i)+8i = 43 θ φ
2

© OCR 2018

1

2 (i)

2 (ii)

2

© OCR 2018

1

2 (i)

2 (ii)

2

© OCR 2018

1

2 (i)

2 (ii)
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Question 12 (continued) 
 

(d) The complex number q is given by , where .    4 

 Show that  and that . 

 

  

 
 

Additional space for Question 12 on page 14 
 
  

q = eiθ

1− eiθ
0 <θ < 2π

Req = − 1
2

Imq = cos
θ
2

2sin θ
2

8

© OCR 2018

10

(answer space continued on next page)

2

© OCR 2018

1

2 (i)

2 (ii)



 14 

Use this space to re-write any questions for Question 12. 
 

 
End of Question 12 

8

© OCR 2018

10

(answer space continued on next page)
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NESA 
Number           Q13  

 
Question 13 (13 Marks) 
 

(a) In the Argand diagram below, OPQR is a square with P representing the 
number 4 + 3i. Note that  and . 

 

 
  

(i) By considering a rotation of P about O, find the number corresponding to  2 
the point Q. Leave your answer in the form in the form , where . 

 
 (ii) Write down the number corresponding to R.      1 

Leave your answer in the form in the form , where . 

 
 
 (iii) OPQR is rotated about O so that the image of P, P′, is on the imaginary axis. 1 
 

Find the complex number(s) corresponding to the point P′. 

Question 13 continued on page 16 

∠POQ = 45° OQ = 2OP

CHAPTER 1: Complex Numbers 1E Vectors and the Complex Plane 33

In the case where λ is imaginary, the two vectors are perpendicular, since mul-
tiplication by i is equivalent to a rotation by π

2 . Hence AB ⊥ CD. The sign of
Im(λ) determines whether the rotation is anticlockwise or clockwise.

WORKED EXERCISE: Let z1 and z2 be any two complex numbers representing the
points A and B in the complex plane. Consider the complex number z given by

the equation
z − z1

z2 − z1
= t where t is real. Let the point C represent z.

(a) Show that A, B and C are collinear.

(b) Hence show that C divides AB in the ratio t : 1 − t.

SOLUTION:

(a) First note that
−→
AB represents z2 − z1 and that

−→
AC represents z − z1. Since

z − z1

z2 − z1
is real it follows that AB and AC are parallel. Further since A is

common to both lines, it follows that A, B and C are collinear.

(b) If t < 0 then
−→
AC has the opposite direction to

−→
AB and the order of the points

is CAB. If t = 0 then A and C coincide. If 0 < t < 1 then both
−→
AC and

−→
AB

have the same direction and
−→
AB has the greater magnitude. Hence the order

of the points is ACB. If t = 1 then C and B coincide. If t > 1 then the

vectors again have the same direction but
−→
AC has the greater magnitude,

hence the order is ABC. In all these cases the ratio of the magnitudes is

AC : AB = |z − z1| : |z2 − z1|
= |t| : 1 .

Hence in all cases the point C divides AB in the ratio t : 1 − t.

Exercise 1E

x

y

A i!" # $

C i!% # $&

B

O

1. In the diagram on the right, OABC is a parallelogram. The
points A and C represent 5 + i and 2 + 3i respectively. Find
the complex numbers represented by:

(a) the vector OB,

(b) the vector AC,

(c) the vector CA.

x

y

P i!' # $&

O

Q

R

2. In the diagram on the right, OPQR is a square. The point P
represents 4 + 3i. Find the complex numbers represented by:

(a) the point R,

(b) the point Q,

(c) the vector QR,

(d) the vector PR.

x

y

O

P

Q
A

B
3. In the diagram on the right, intervals AB, OP and OQ are equal

in length, OP is parallel to AB and P̸OQ = π
2 . If A and B

represent the complex numbers 3+5i and 9+8i respectively, find
the complex number which is represented by Q.

SGS Mathematics Year 12 Chapter 1: Complex Numbers Complex 27/9/16 Copyright c⃝ 2016

a + ib a, b∈!
2

© OCR 2018

1

2 (i)

2 (ii)

a + ib a, b∈!
2

© OCR 2018

1

2 (i)

2 (ii)

2

© OCR 2018

1

2 (i)

2 (ii)
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Question 13 (continued) 
 
(b) Let , where . 
 It is given that the complex number 

 

is purely imaginary. 
 
(i) Show that .       2 

 
 
(ii) Hence find u.          3 

 
 

Question 13 continued on page 17 
 

u = cosφ + isinφ 0 <φ < π

u2 + 5
u
− 2

2cos2φ +5cosφ − 3= 0
2

© OCR 2018

1

2 (i)

2 (ii)

2

© OCR 2018

1

2 (i)

2 (ii)
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Question 13 (continued) 
 
(c) Let , where .       4 
 

 You may assume the following identity. Do NOT prove! 
 

 

 

 Deduce that  

 [You may make use of the result in Question 12 (d)] 

 

 
 

Additional space for Question 13 (c) on page 18 
 

z = cosθ + isinθ 0 <θ < 2π

z + z2 + ...+ zr( )
r=1

n

∑ = nz
1− z

− z2

1− z( )2
1− zn( ), z ≠ 1

sinθ + sin2θ + ...+ sin rθ( ) =
r=1

n

∑ (n+1)sinθ − sin(n+1)θ

4sin2 θ
28

© OCR 2018

10

(answer space continued on next page)

2

© OCR 2018

1

2 (i)

2 (ii)



 18 

(c) Extra writing space for part (c) ONLY. 

 
 

Additional space for Question 13 on page 19 
 

8

© OCR 2018

10

(answer space continued on next page)
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Use this space to re-write any questions for Question 13. 
 

 
End of paper 

 

8

© OCR 2018

10

(answer space continued on next page)
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Question 11 (15 Marks) 

(a) Let  and  

(i) Find . 

(ii) Find . 

(iii) Evaluate . 

(iv) Express  in the form , where . 

u = 3− i w = 4+ 3i

Im(uw)
2

© OCR 2018

1

2 (i)

2 (ii)

−iw
2

© OCR 2018

1

2 (i)

2 (ii)

u + w
2

2

© OCR 2018

1

2 (i)

2 (ii)

u
w

a + ib a, b∈!
2

© OCR 2018

1

2 (i)

2 (ii)

2

© OCR 2018

1

2 (i)

2 (ii)



Question 11 (continued) 

(b) (i) Find the two square roots of . 
Leave your answer in the form x + iy, where x, y ∈ ℝ. 

(ii) Hence solve .
Leave your answer in the form x + iy, where x, y ∈ ℝ.

16+ 30i2

© OCR 2018

1

2 (i)

2 (ii)

z2 + (1+ i)z − (4+ 7i) = 0

2

© OCR 2018

1

2 (i)

2 (ii)



Question 11 (continued) 

(c) On the Argand diagram below, P represents the complex number z.
Mark in the point that represents the complex number .

(ii) Hence, or otherwise, express z3w in modulus-argument form.

z − z

2

© OCR 2018

1

2 (i)

2 (ii)

2

© OCR 2018

1

2 (i)

2 (ii)

(d) Let  and . 

(i) Express w in modulus-argument form.

z = 2⎜cos
π
3
+ isinπ

3
⎛
⎝

⎞
⎟⎠

w = −2+ 2i 3

Note:



Question 12 SOLUTIONS 

(a) The complex number z is given by . 

It is represented by the point P on the Argand diagram below. 

(i) Let Q represent the number  and R represent the number . 2 

Mark the points Q and R on the diagram below. 

Given  and  then: 

Q corresponds to  and R corresponds to 

Comment: 

This should have been a ‘gift’ question. 
Yet many students did not take any care with working out the scales needed to answer this question 
correctly. 

z = 2 cos 4π
9

+ isin 4π
9

⎛
⎝⎜

⎞
⎠⎟

z2 1
z

arg zn( ) = narg z zn = z
n

4cis 8π
9

⎛
⎝⎜

⎞
⎠⎟

1
2
cis − 4π

9
⎛
⎝⎜

⎞
⎠⎟

 



 

Question 12       SOLUTIONS (CONT’D) 
 

(a) (ii) Now,  is a point representing , where .  2 

If the points Q′, O and R′ are collinear, where Q′ represents the point  and 

R′ represents the point , find w in the form , where . 

 
 and  

As then  and  

 

 
 
As points Q′, O and R′ are collinear then  

  

 

 
Comment: 
 
Many students are using notation that doesn’t make sense e.g.  – no penalty this time. 
 
Too many students ignored the simple geometric solution that one would expect to use given that 
the diagram was provided. 
 
Students should make sure they make sure that they know in what form the answer needs to be 

expressed BEFORE starting the question. Some left it as  or just . That said some 

found  instead of P. 
 
  

′P w = 2 cosθ + isinθ( ) π
4
<θ < π

2
w2

1
w

a + ib a, b∈!

′Q ⇔ 4cis2θ ′R ⇔ 1
2 cis(−θ )

π
4
<θ < π

2
π
2
< 2θ < π − π

2
< −θ < − π

4

2θ +θ = π

∴θ = 1
3
π

∴w = 2cisπ
3
= 1+ i 3

arg( ′Q )

2cisπ
3

θ = π
3

′Q

 

  θ

  θ

  θ



 

Question 12       SOLUTIONS (CONT’D) 
 
 
(b) (i) Express  in the form .      1 

 
 

 
 
 

 (ii) Hence, write  in the form .     1 
 
 
   and so  
 
 
 (iii) Hence find the prime factorisation of .     2 
  
 

 
Let . 

  [from part (i)] 
 

As  then  

 
 

Clearly a product of primes. 
 
Comment: 
 
Parts (i) and (ii) were well done, all but one or two students showed working. 
Students need again to be reminded that just because a question is worth 1 mark doesn’t mean that 
working is not required. 
What working is required? 
In Questions 11-13, your responses should include relevant mathematical reasoning and/or 
calculations. 
 
Part (iii) is a “Hence …” and so students who did not show how they got their final answer were not 
able to score the maximum marks available. 
 
 
  

(8+ 7i)(5+ 4i) a + ib

(8+ 7i)(5+ 4i) = 40+ 32i + 35i − 28 = 12+ 67i

(8− 7i)(5− 4i) a + ib

zw = z × w (8− 7i)(5− 4i) = 12− 67i

122 + 672

zz = z
2

w = (8+ 7i)(5+ 4i)

∴ w
2
= 122 + 672

w = (8+ 7i)× (5+ 4i) w
2
= 8+ 7i

2
× 5+ 4i

2
= 113× 41

∴122 + 672 = 113× 41

 

 

 



 

Question 12       SOLUTIONS (CONT’D) 
 
 
(c) Given that , find the exact real values of  and . 3 
  

 

 

 
By equating real and imaginary parts: 

 

 
Re-arranging (1):   
Substituting (2):   

     

 

     

 
    From (2),  and  have the same sign. 
 

 or  

 
Comment: 
 
This question was well done by most, though many students didn’t realise that  and  have the 
same sign. 
 
If students have issues with writing the Greek variables  and  then they should start the solution 
with something like: 
 
Let  and . 

 
 

  

(4− i)2 + (8θ + i)(3φ − i)+8i = 43 θ φ

∴16−8i −1+ 24θφ −8θi + 3φi +1+8i = 43

∴16+ 24θφ + i 3φ −8θ( ) = 43

16+ 24θφ = 43
24θφ = 27 −(1)

3φ −8θ = 0
3φ = 8θ − (2)

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

3φ ×8θ = 27
(3φ)2 = 27

∴9φ 2 = 27⇒φ 2 = 3

∴φ = ± 3

∴θ = 3
8
×φ

= ±3 3
8

θ φ

∴θ = 3 3
8
,φ = 3 θ = − 3 3

8
,φ = − 3

θ φ

θ φ

x = φ y = θ

 



 

Question 12       SOLUTIONS (CONT’D) 
 

(d) The complex number q is given by , where .    4 

 Show that  and that . 

 

  

 

 and  

 
 
Alternative proof on next page 
 
 
 
 

  

q = eiθ

1− eiθ
0 <θ < 2π

Req = − 1
2

Imq = cos
θ
2

2sin θ
2

q = eiθ

1− eiθ
× e

− iθ
2

e
− iθ
2

= e
iθ
2

e
− iθ
2 − e

iθ
2

=
cos θ2 + isin θ

2

−2isin θ
2

w− w = 2i Imw⎡⎣ ⎤⎦

= − 1
2
+
cos θ2

−2isin θ
2

1
i
= −i⎡

⎣
⎢

⎤

⎦
⎥

= − 1
2
+ i cos

θ
2

2sin θ
2

∴Req = − 1
2

Imq = cos
θ
2

2sin θ
2

 



 

Question 12       SOLUTIONS (CONT’D) 
 

 

 
 
 
Comment: 
 
Most students who tried the first solution (or equivalent) were generally more successful. 
 
Students who tried to tried to take shortcuts generally were not able to finish the proof without 
fudging. 
 
Many errors were caused by a poor understanding (and application) of complex conjugates. 

(d) q = cosθ + isinθ
1− cosθ − isinθ

× 1− cosθ + isinθ
1− cosθ + isinθ

=
cosθ + isinθ( ) 1− cosθ + isinθ( )

1− cosθ( )2 + sin2θ

= cosθ − cos2θ − sin2θ + isinθ
1− 2cosθ + cos2θ + cos2θ

= cosθ −1+ isinθ
1− 2cosθ + cos2θ + cos2θ

= cosθ −1+ isinθ
2 1− cosθ( )

= − 1
2
+ i × 2sin

θ
2 cos

θ
2

2 2sin2 θ
2( ) Reference sheet:1− cos2A = 2sin2 A⎡⎣ ⎤⎦

= − 1
2
+ i cos

θ
2

2sin θ
2












