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Section I

10 marks

Attempt Questions 1-10
Allow about 15 minutes for this section.

Use the multiple-choice answer sheet for Questions 1-10.

1. The real component of the complex numbers that satisfy ‘ z—=2i ’ =3 and Imz =1 can be found

using which of the following equations?

x*=0
x' =2
x’ =8
x*=9

2. When using proof by mathematical induction to show that ( 2-2i )4" = (—64)" where 7 is an integer,

which of the following does the inductive step require the proof of?

A.

B.

C.

D.

(2—2i)' =(~64)
(2-2i)" =(-64)'
(2-20)"" =(-64)"

(2-20)"+ =(-64)""

3. The polynomial equation P (z) =0 has real coefficients and has roots which include

z=-3+1i,z=1iand z= 3. What would be the minimum degree of P(z)?

A.

B.

3

4



4. Given that ¢ =3e , which of the following expressions is equal to ( i&)fl ?

A. %ei%
B. —eii
C. —e_l%
D. —e_i%

1
5. Which of the following equations is equivalent to cosx = 2 ?

A. 2e*+e"+2=0
B. 2" =2¢"—1=0
C. 2" —e"+2=0

D. 2¢*+2e5—1=0

. T .
6. For a certain complex number z, where argz = 5 what is the value of argz’?

A 7
5
B _37
5
C. 2z
5
D, %



7. Given P(z) has real coefficients and P'(2i ) =, which is the most correct statement?

A. 2iisaroot of P(z).
B. 2i is a double root of P(z).
C. The sum of the multiplicities of the roots of P(z) is at least 3.

D. The sum of the multiplicities of the roots of P(z) is at least 4.

8. Which of the following inequalities describes the shaded region in the diagram below?

1 Im
A 2| z-i|<1<| 2=
2
B. 2| z-1|<1< z——‘
2
C. |z-i|<1<2/z-=i
2
D. |z-1]<1<2 z—%‘ _’1 1 >Re
9. Let P(n) be the statement that ikz = n(n+l)6(2n+1),n >0.
What of the following is used dukr_ilng the inductive proof to go from the line (1) below to line (2)?
P+22+3 4k +(k+1) = Gaa(G 1)21)(2(]” )+) (1)
k(k+1)(2k+1) (k+1)((k+1)+1)(2(k+1)+1)

2
+(k+1) = 2
(k+1) : 2)
A. Base Case
B. Induction Assumption
C. Aand B

D. Neither A nor B



10. The arc of the unit circle in the diagram below is described by which of the following equations?

A. arg Z—_l :% Im

zZ+1 A
B. arg Z—+1 =z 1

zZ—1 4 /.

Z_i T ""‘ T
C. ar == -1 . -

8 Z+1) 4 L, = 1 > Re

D. arg ERLl )

z=1) 4 7




Section 11

43 marks
Attempt Questions 11-13
Allow 1 hours and 15 minutes for this section

In Questions 11-13, your responses should include ALL relevant mathematical reasoning and/or
calculations.

Question 11 (13 marks) Use a SEPARATE writing booklet

a) Sketch the following on separate Argand diagrams.

1. z+z=6.

T T
——<arg(z—-1)<—.
i 5 g(z—1) 2

b) Consider the polynomial P(x) =x*—4x’+12x* —16x+16, where x is a complex number.

1. By first writing 1+ i\/g in exponential form, write (1+ i\/§)4 in the form a+ib,
where a and b are real numbers.

i, Show that P(1+i\/§):0.

iil. Given that 1+ i\/g is a double root of P(x), write P (x) as a product of two

quadratics with real coefficients.

c) State the real and imaginary parts of ¢, where z = a +ib, where a and b are real numbers.

1 1
d) i Prove, using induction that + + +..+
n+l n+2 n+3 2n+1

<1 forn>1,

where 7 is an integer.

2n

. Hence show that 2 —<1

k=n+1
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Question 12 (16 marks) Use a SEPARATE writing booklet

a) Consider the polynomial x* +ax’ + bx*> +cx+d =0, where a, b, c and d
are all integers.

Suppose the equation has a root of the form ki, where & is real, and £ # 0.

i. State why the conjugate of ki is also a root.
ii. Show that ¢ =ak”.
iii. Show that ¢* +a’d =abc.

iv. If2 is also a root of the equation, and » = 0, show that ¢’ is even.

b) Sketch on an Argand diagram the region described by Re[(3+ i )z — 2} >0.

c) Sketch the locus of w where w=—-1—i+z and | z—1 ‘ =1.

Question 12 is continued on page 9



Question 12 (continued)

d) Suppose that n lines are drawn in a plane such that no three lines intersect at the same point
i.e. not concurrent, and no two lines are drawn in parallel.

Let R, be the number of regions into which these lines divide the plane.
The diagram below shows that for n = 3 that R3 =7.

i. By drawing diagrams, find Ri, R2, R4 and Rs.

1. From these results find the values of a, b and ¢ in the recurrence relation
below that describes the numbers of lines and regions, where a, b, c€Z.

R1=a,

R,=bRy.1+cn,n > 2.

2
n+n+2
iii. Prove that R 27, n=>1.

End of Question 12



Question 13 (14 marks) Use a SEPARATE writing booklet

a) The point C divides the interval 4B so that AC : CB=n : m.

The position vectors of 4 and B are ¢ and b respectively, as shown in the diagram.

C B

, — m n
i) Prove that OC = a+ b.
m+n~ m+n

Consider the triangle OPQ below.
OR = RP and 2QU =3UR.

Let the vectors p and q be the position vectors of the points P and Q respectively.

P

R NOT TO SCALE

— 1
ii Show that OU = —(3p+4
1) ow tha 10( p q)

i) Hence or otherwise, evaluate the ratio of PT : PQ

Question 13 is continued on page 11
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Question 13 (continued)

8
b) Consider the equation (fj =-—1.
a

i.  Write down the roots, leaving the roots in modulus-argument from.

i1i. Hence show that

X +dt = (xz +2axcos%+a2](x2 +2axcos3§+a2j(x2 +2axcos%+a2j(x2 +2axcos%r+a2]

[You may assume that (x—a)(x—&) =x —2xRea+| a |2]

iii. Deduce that (x+1)° +(x—1)° can be written as that below

256cos® 2= cos> 3—”cos2 5—ﬁcos2 7—”()3 +tan? Z || x* + tan? 3z x* +tan’ R x° +tan’ ks
16 16 16 16 16 16 16

iv. Hence show that cos® - cos’ 3—”cos2 5—ﬁcos2 Jz_ L
16 16 16 16 128

End of paper
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