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Section II 
 

Answer each question in the spaces provided. A blank page is provided at the end of each question to allow 
rewriting of a part. 
 

Your responses should include relevant mathematical reasoning and/or calculations. 
  
 

Question 1 (11 marks) 
 

(a) The area bounded by the curve y  x , the y-axis and the line y = 2 is rotated about  1 
 the line y = 3. The volume is to be calculated by taking slices perpendicular to the axis 
 of rotation. Which integral gives the volume of the solid formed? 
 Circle the correct answer. 
 

 

A.  (3 y)2 1 
0

2



 dy      B.  x  6 x 8 

0

4
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
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C.  2 2 x  x 
0
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
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

dx      D.  (3 x)2 1 
0

4
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
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(b) Find 
1

2x ln x



 dx .           2 
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(c) (i) Find real constants a, b and c such that       2 

2 2

5

(1 2 )(1 ) 1 2 1

a bx c

x x x x


 

   
 

 

 
 

 
 

 
 

 (ii) Hence, or otherwise show that 
0

4

5 9
ln

1 2 tan 4 2
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      
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(d) Find 3x2 arccos x



 dx .          3 
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Use this space to re-write any question. Clearly indicate that you have done so. 
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Section II 
 
Answer each question in the spaces provided. A blank page is provided at the end of each question to allow 
rewriting of a part. 
 
Your responses should include relevant mathematical reasoning and/or calculations. 
  
 

Question 2 (9 marks) 
 
(a) The diagram below shows the region bounded by the curve y  log

e
x , the x-axis and  4 

 the line x = e. The region is rotated about the y-axis to form a solid. 
 

 
 
 Find the volume of the solid by the method of cylindrical shells. 
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(b) The graph of y  sin x  for 0  x   is revolved around the line y  c  to generate the  5 

 solid shown below. Find the value of c that minimises the volume. 
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Use this space to re-write any question. Clearly indicate that you have done so. 
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Section II 
 
Answer each question in the spaces provided. A blank page is provided at the end of each question to allow 
rewriting of a part. 
 
Your responses should include relevant mathematical reasoning and/or calculations. 
  
 

Question 3 (7 marks) 
 

Let In  xne x

0

1



 dx , where n is a non-negative integer. 

(i) Show that I0  1
1

e
           1 

 

 
 

 
 

(ii) Show that In  nIn1


1

e
, for n 1.         2 
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(b) (iv) Deduce by the principle of mathematical induction that for all n  0,   3 
 

I
n
 n!

n!

e

1

r!r0

n

 . 

 
  Note:  ! ( 1)!n n n    for n  , where 0! 1 . 
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(v) Conclude that e  lim
n

1

r!r0

n

 .         1 

 
  You may assume that I

n
 0 as n (Do NOT prove) 

 

 
 

 
 
 

 
 

 
 

End of paper 
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Use this space to re-write any question. Clearly indicate that you have done so. 
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Marker’s comments: 

Many candidates were able to gain full marks in this section. Well done! 

Those whom didn’t gain full marks mainly made silly error in substitution. 

 



 

Marker’s comments: 
Significant number of candidates used the Volume by Shell method for this question, which none were successful in 
getting the correct answer. A maximum of 2 marks were gained depending on the amount of “relevant” working was 
shown. The Volume by slicing method was an efficient method to be used for this question and majority of the 
candidates whom used this method were able to gain full marks. 
 
Candidates whom used the Volume by slicing method but lost marks due to mainly did not state whc would minimise 
the volume (either by solution above or use of second derivative – this was a skill learnt in 2 unit Advanced 
Mathematics) or silly errors. 
 



Alternative Solution (Not recommended) 
 

 
 
Section 1 is defined for  
Section 2 is defined for  
Section 3 is defined for  
 
Note Sections 1 and 3 have the same volume 
 

 
 
Section 1 
Radius =  
Height =  
 
Volume Sections 1 & 3 

 

 
Section 2 
Radius =  

Height =  

 

 

c = sin x⇒ x = arcsinc or π − arcsinc

0 ≤ x ≤ arcsinc
arcsinc ≤ x ≤ π − arcsinc
π − arcsinc ≤ x ≤ π

410 Chapter 7 Applications of Definite Integrals

Explorations
69. Max-Min The arch y ! sin x, 0 " x " p, is revolved about the

line y ! c, 0 " c " 1, to generate the solid in the figure.

(a) Find the value of c that minimizes the volume of the solid.
What is the minimum volume? #p

2
#, #

p2

2
$8
#

(b) What value of c in !0, 1" maximizes the volume of 
the solid? 0

(c) Writing to Learn Graph the solid’s volume as a function
of c, first for  0 " c " 1 and then on a larger domain. What
happens to the volume of the solid as c moves away from !0, 1"?
Does this make sense physically? Give reasons for your answers.

70. A Vase We wish to estimate the volume of a flower vase using
only a calculator, a string, and a ruler. We measure the height of the
vase to be 6 inches. We then use the string and the ruler to find
circumferences of the vase (in inches) at half-inch intervals. (We list
them from the top down to correspond with the picture of the vase.)

(a) Find the areas of the cross sections that correspond to the
given circumferences. 2.3, 1.6, 1.5, 2.1, 3.2, 4.8, 7.0, 9.3, 10.7,

(b) Express the volume of the vase as an integral with respect to
y over the interval !0, 6". #

4
1
p
##6

0
C(y)2 dy

(c) Approximate the integral using the Trapezoidal Rule with 
n ! 12. $34.7 in3

Circumferences

5.4 10.8
4.5 11.6
4.4 11.6
5.1 10.8
6.3 9.0
7.8 6.3
9.4

6

0

y

c

0

x

y ! sin x

y ! c

!

Extending the Ideas
71. Volume of a Hemisphere Derive the formula V ! %2 %3& pR3

for the volume of a hemisphere of radius R by comparing its cross
sections with the cross sections of a solid right circular cylinder of
radius R and height R from which a solid right circular cone of base
radius R and height R has been removed as suggested by the figure.

72. Volume of a Torus The disk  x2 & y2 " a2 is revolved about
the line x ! b %b ' a& to generate a solid shaped like a doughnut,
called a torus. Find its volume. (Hint: !a

$a ' a( 2( $( y( 2( dy ! pa2%2,
since it is the area of a semicircle of radius a.) 2a2bp2

73. Filling a Bowl

(a) Volume A hemispherical bowl of radius a contains water to
a depth h. Find the volume of water in the bowl. ph2(3a $h)/3

(b) Related Rates Water runs into a sunken concrete
hemispherical bowl of radius 5 m at a rate of 0.2 m3%sec. How
fast is the water level in the bowl rising when the water is 4 m
deep? 1/(120p) m/sec

74. Consistency of Volume Definitions The volume formulas
in calculus are consistent with the standard formulas from
geometry in the sense that they agree on objects to which both
apply.

(a) As a case in point, show that if you revolve the region
enclosed by the semicircle  y ! ' a( 2( $( x( 2( and the x-axis about
the x-axis to generate a solid sphere, the calculus formula for
volume at the beginning of the section will give  %4%3&pa3 for
the volume just as it should.

(b) Use calculus to find the volume of a right circular cone of
height h and base radius r.

R

√������R2    h2

Rh

h

h
–

52. Partition the appropriate interval on the axis of revolution and measure the
radius r(x) of the shadow region at these points. Then use an approxima-

tion such as the trapezoidal rule to estimate the integral !
b

a
pr2(x) dx.

54. For a tiny horizontal slice,
slant height ! (s ! ' ((x)2 &( ((y)2(  ! ' 1 & (g( )(y))2( (y. So the 
surface area is approximated by the Riemann sum 

"
n

k!1
2p g(yk)' 1 & (g( )(y))2( (y. 

The limit of that is the integral.

V !#
p(2c2p $

2
8c & p)
#

Volume → ∞

10.7, 9.3, 6.4, 3.2

71. Hemisphere cross sectional area:
p(' R2 $h( 2( )2 ! A1
Right circular cylinder with cone removed cross sectional area:
pR2 $ph2 ! A2 
Since A1 ! A2, the two volumes are equal by Cavalieri’s theorem. 
Thus,
volume of hemisphere ! volume of cylinder $volume of cone

! pR3 $ #
1
3

#pR3 ! #
2
3

#pR3.

74. (a) A cross section has radius r ! ' a2 $x( 2( and 
area A(x) ! pr2 ! p(a2 $x2).

V ! #a

$a
p(a2 $x2) ! #

4
3

#pa3

(b) A cross section has radius x ! r)1 $#
h
y

#* and

area A(y) ! px2 ! pr2)1 $#
2
h
y
# & #

y
h2

2
#*.

V ! #h

0
pr2)1 $#

2
h
y
# & #

y
h

2
#*dy ! #

1
3

#pr2h
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c − y
x = arcsin y

V = 2 2π c − y( ) x( )
0

c
⌠

⌡
⎮ dy

= 4π c − y( ) 2arcsin y( )
0

c
⌠

⌡
⎮ dy

= π 2c2 − 4πc + π 2

2

y − c

2 π
2
− x

⎛
⎝⎜

⎞
⎠⎟
= π − 2x = π − 2arcsin y

V = 2π y − c( ) π − 2x( )
c

1
⌠

⌡
⎮ dy

= 2π y − c( ) π − 2arcsin y( )
c

1
⌠

⌡
⎮ dy

= π 2

2
−π 2c2 −π arcsinc

 

  π
2

  Q x, y( )

  P x, y( )



 

 
Solution now follows the standard solution 
 
 

V = 2π 2c2 − 4πc +π arcsinc + π 2

2
−π 2c2 −π arcsinc

= π 2c2 − 4πc + π 2

2
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