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Section 11

Answer each question in the spaces provided. A blank page is provided at the end of each question to allow
rewriting of a part.

Your responses should include relevant mathematical reasoning and/or calculations.

Question 1 (11 marks)

(a) The area bounded by the curve y = \/; , the y-axis and the line y = 2 is rotated about 1
the line y = 3. The volume is to be calculated by taking slices perpendicular to the axis
of rotation. Which integral gives the volume of the solid formed?
Circle the correct answer.

y
’Q} y=3
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r2 r4
A. T ((?a—y)2 —1) dy B. T (x—6\/;+8) dx
JO JO
r4 r4
C. T (2—2\/;+x) dx D. Vs ((?a—)c)2 —1) dx
Jo J0
(b) Find J ! dx 2
2xVInx -



(© (1) Find real constants a, » and ¢ such that
5 a bx+c

= +
(1-2x)1+x*) 1-2x 1+x°

0
(1))  Hence, or otherwise show that J _ 5 d0=""1+1n 2
-z 1-2tan @ 4 2



(d)  Find J 3x” arccos x dx.



Use this space to re-write any question. Clearly indicate that you have done so.
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Section 11

Answer each question in the spaces provided. A blank page is provided at the end of each question to allow
rewriting of a part.

Your responses should include relevant mathematical reasoning and/or calculations.

Question 2 (9 marks)

(a) The diagram below shows the region bounded by the curve y =log, x, the x-axis and 4
the line x = e. The region is rotated about the y-axis to form a solid.

y

< —

Find the volume of the solid by the method of cylindrical shells.



(b) The graph of y =sinx for 0 <x < zis revolved around the line y = ¢ to generate the

solid shown below. Find the value of ¢ that minimises the volume.

y




Use this space to re-write any question. Clearly indicate that you have done so.
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Section 11

Answer each question in the spaces provided. A blank page is provided at the end of each question to allow
rewriting of a part.

Your responses should include relevant mathematical reasoning and/or calculations.

Question 3 (7 marks)

1
Let I = J x"e " dx, where n is a non-negative integer.

0
1
i Show that /, =1-— 1
(1) 0
e
. 1
(i)  Showthat / =nl  ——,for n>1. 2
e

12



(b) (iv)  Deduce by the principle of mathematical induction that for all n >0,

13



= 1
v) Conclude that e= limZ—| .
57!

n—0

You may assume that / — 0 as n—> 0 (Do NOT prove)

End of paper

14



Use this space to re-write any question. Clearly indicate that you have done so.

15
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Sample Solutions

NOTE: Some of you may be disappointed with your mark.
This process of checking your mark is NOT the opportunity
to improve your marks.
Improvement will come through further revision and practice,
as well as reading the solutions and comments.

Before putting in an appeal re marking, first consider that the mark is not
linked to the amount of ink you have used.

Just because you have shown ‘working’ does not justify that your
solution is worth any marks.
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Section 11

Answer each question in the spaces provided. A blank page is provided at the end of each question to allow
rewriting of a part.

Your responses should include relevant mathematical reasoning and/or calculations.

Question 1 (11 marks)

(a) The area bounded by the curve y = \/; thé\y-axis and the line y = 2 is rotated about 1
the line y = 3. The volume is to be calgulated\by taking slices perpendicular to the axis
of rotation. Which integral gives the yblume ¢f the solid formed?
Circle the correct answer.
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Find real constants a, b and ¢ such that
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(d  Find J 3x” arccosx dx.
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Use this space to re-write any question. Clearly indicate that you have done so.
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Question 2 (9 marks)
(a) The diagram below shows the region bounded by the curve y = log, x, the x-axis and
the line x = e. The region is rotated about the y-axis to form a solid.

}:

Find the volume of the solid by the method of cylindrical shells.
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Marker’s comments:
Many candidates were able to gain full marks in this section. Well done!

Those whom didn’t gain full marks mainly made silly error in substitution.



(b) The graph of y =sinx for 0 < x < zis revolved around the line y = ¢ to generate the 5

solid shown below. Find the value of ¢ that minimises the volume.
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Marker’s comments:

Significant number of candidates used the Volume by Shell method for this question, which none were successful in
getting the correct answer. A maximum of 2 marks were gained depending on the amount of “relevant” working was
shown. The Volume by slicing method was an efficient method to be used for this question and majority of the
candidates whom used this method were able to gain full marks.

Candidates whom used the Volume by slicing method but lost marks due to mainly did not state whc would minimise
the volume (either by solution above or use of second derivative — this was a skill learnt in 2 unit Advanced
Mathematics) or silly errors.



Alternative Solution (Not recommended)
¢c=sinx = x =arcsinc or 7 —arcsinc

Section 1 is defined for 0 < x <arcsinc

Section 2 is defined for arcsinc < x < —arcsinc

Section 3 is defined for 7 —arcsinc<x<7w

Note Sections 1 and 3 have the same volume

Section 1
Radius=c—y
Height = x =arcsin y

Volume Sections 1 & 3

- J r{e—)(x) v

0

= 475J (c— y)(zarcsiny) dy

0
2

T
=7T2C2—47TC+7

Section 2
Radius= y—c

Height = 2[%—x]=7r—2x=7r—2arcsiny
1
V=J27r(y—c)(7r—2x)dy

1
= 27TJ (y— c)(ﬂ—2arcsiny) dy

2
T 5 )
= — 7 c” —mwarcsine



2
. 4 .
V =21%c* —4me + warcsine + 7 —1*c’ — rarcsine

2
4
:71'202—47[C+7

Solution now follows the standard solution
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* Most studends did Hais well.
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