Sydney Girls High School

YEAR 12 HSC ASSESSMENT TASK 2 for 2020

MATHEMATICS EXTENSION 2

Reading time: 5 minutes
Writing time: 60 minutes

Topic: Proof; Vectors (Partial topic)

General Instructions:

e There are Five (5) Questions which are of equal value.

e Attempt all questions.

Show all necessary working. Marks may be deducted for badly arranged work or
incomplete working.

Start each question on a new page.

Write on one side of the paper only.

Diagrams are NOT to scale.

Board-approved calculators may be used.

White-out or correction tape is NOT to be used.

A correct answer without working will be awarded a maximum of 1 mark.
A Mathematics Reference Sheet is provided.
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Question 1 Marks
a) Write the negation of the statement: A car weighs less than 2 tonnes. 1
b) Translate the following statement into everyday language: 1

Va € Z*,3 x € Rsuch that x = Va.
¢) Write the contrapositive of the following statement: 1
if a number is negative, then it does not have a square root.
d) Consider the statement P: If n is divisible by 5, then the final digit of  is 5.
1) State the converse of statement P and call it Q. 1
ii) Comment on whether P < Q and justify your answer. 1
1 2
e) Giveng=| 4 | andb=| O | find in component form, in terms of 7, j and &:
-3 -5
) 2b-a; 1
i1) the vector in the same direction as ¢ that is 4 units in length. 2
f) Determine the logical value of the following statement and justify your answer. 2
Vx € R, 3y € Rsuchthat xy = 6.
g) By considering the contrapositive, prove that if a> — 2a + 7 is even, then a is odd. 2

End of Question 1
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Question 2 (Start a New Page) Marks

a) Giveng=i—j+2kandp=i-2j+3f, find:

) a-b; 1

i) lal; 1

i) Hence, use the dot product to find the angle between g and b to the nearest 2
degree.

b) Prove by mathematical induction that 2" > n*> where neZ, n>S5. 3
c) Prove by mathematical induction that 3" + 7" is divisible by 10, if # is an odd integer. 3
d) Use a proof by contradiction to prove that the sum of a rational and an irrational 2

number is irrational.

End of Question 2
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Question 3 (Start a New Page) Marks

a) OABCDEFG is a rectangular prism where O is the origin. O4 = OD = 4 units and OC = 2 units.

G F

O ---)B

Determine:
1) the vectors for AB and BF. 2
i) the position vectors for B and F. 2
iii)  the size of angle ZFOB, to the nearest degree. 2
b) Show by calculation that the points 4(-1, 4, -5), B(1, 1, 0) and C(5, -5, 10) are 2
collinear.

c) If x and y are positive real numbers, prove that:

1) x+12 2. 2
X
2
ii) (x+y)(l+lJ24.
Xy
End of Question 3
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Question 4 (Start a New Page) Marks

a) If /=6 and T

n+l

=T +2"+4, use mathematical induction to prove that 3

T =2"+4n for positive integers n.

b) The position vectors of the points 4, B, C and D, respectively, are:

OA =-3j—j+2k, OB =-j+3},
0C =2i+4j+k, 0D = 3k.
1) Show that AB =DC. 2
11) What shape is ABCD? Justify your answer. 1
c)
vy A
-1 J
0
Consider the curve y = l, x>0, as shown in the diagram above.
X
. . 1
1) Explain why jl\/;ldx < \/; —1, where p > 1.
X
ii)  Hence show that 0<In p<2,/p-2. 2
. Inp 1
1i1) Hence deduce that lim ——=0.
p—>®© p
d) Without the use of a calculator, prove /8! < 3/9!. 2
End of Question 4
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Question 5 (Start a New Page) Marks

a) Prove by mathematical induction that: ) (—1)""r* = (=1)"" {@} 3
r=1
b) Find a unit vector which is perpendicular to both g =2{ +4 -3k and 3
b=-4i -5 j+ 3k. Give your answer in component form.
c)
y
y=x
y=Inx+1
X
y
The graphs of y = x and y = Inx + 1 are shown. 3

Use a calculus based approach to show that Vx > 0, x > Inx + 1.

d) The area of a triangle is given by Heron’s formula as A = \/s(s —a)(s—b)(s—c) 3
where a, b and ¢ are the lengths of the sides and s = %(a +b+c).

a+b

Given that v/ab < and ab+bc+ca<a’+b* +c*, or otherwise, show that

a’+b*+c
6

A<

End of Question 5

End of Task
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