Sydney Girls High School

MATHEMATICS EXTENSION 2

Year 12
Assessment Task 1
2023
Reading time : 5 minutes
Writing time : 60 minutes
Total marks : 50
Topics: Complex Numbers (partial topic), Proof (partial topics)

General Instructions:

There are four (4) questions which are not of equal value.

Attempt all questions.

Start each question on a NEW page.

Show all necessary working. Marks may be deducted for badly arranged work or incomplete
working.

A correct answer without working may be awarded a maximum of 1 mark.
Write on one side of the paper only.

Diagrams are NOT to scale, unless indicated otherwise.

Board-approved calculators may be used.

Write using a black or blue pen.

White-out or correction tape is NOT to be used.

A Mathematics reference sheet is provided.

Student Name: Teacher Name:
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Question 1 (13 marks)

a) Write the negation of: 3 areal number x € R such that x*-25=0.

b)

d)

Given z=1-2i and w=1+i. Evaluate:

i) Z+W

S~

Prove by counterexample that the statement x* + y* <2xy forall x,y e R is false.
Convert ﬁ(cos(%)+ isin (%D into cartesian form.

Prove by contrapositive that: if 3n+2 is even, then n is even, given neZ".

Factorise z? +6iz+ 7. Hence solve z2+6iz+7=0.

End of Question 1
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Question 2 (12 marks) Begin writing on a NEW page.

1 .
a) Convert o into modulus argument form.
+i

b) Prove that the sum of any four consecutive numbers is always even.

¢) Given: z=2-3i isazero of p(z)=2z°+1z°-7z+65, find the other two zeros.

d) Find the square roots of the complex number 7 + 24i .

e) Given: a"-b" =(a-b)@" ' +a"*b+a"%p*+...+b™*"). Prove 3°" —1 is divisible
by 4 without using mathematical induction.

End of Question 2
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Question 3 (13 marks) Begin writing on a NEW page.

a)

b)

d)

e)

On the Argand diagram, let A represent z, =1+ iv/3, let B represent z, = 2(0052?7[+ isin Z?ﬂj

and let C represent z, =z, +2,. Find the exact coordinates of point C.

Prove the following statement is false:
“There is a Pythagorean Triad where all numbers are odd.”

Sketch the following regions, showing all important features. You do not need to include axis
intercepts.

i) |lz+i|<|z-2]

i) %< Arg(z +1-i/5) s%.

Let A and B be points in the complex plane representing 2i and 6+ 4i respectively.
Suppose AB is one side of a square ABCD. Find all the possible complex numbers
representing C and D.

. 1 .. .
Use proof by contradiction to show that — is irrational.

V2

End of Question 3
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Question 4 (12 marks) Begin writing on a NEW page.

a) Prove that a three-digit number is divisible by 9 if and only if the sum of its digits
is divisible by 9.

b) In the Argand diagram, OABC is a rectangle, where OA=20C.
The vertex A corresponds to the complex number w.
The diagonals OB and AC intersect at D.

Find the complex number that represents D in terms of w.

=V

c) Prove that 4" +111(2") +2024 is composite forall ne Z".

d) z,,z, and z, are three complex numbers which satisfy z,+z,+2z,=0 .
i) Given that the arguments of z,, z,and z, are a, 8 and y respectively,

and their moduli are 1, k and 2—k respectively, where 0 <k < 2.

Express z,, z,and z, in modulus-argument form.

i) Prove that: k*+(2—k)*+2k(2—k)cos(B—7) =1.

End of Task.
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Marks Queskon Z (continued )
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Marks Queskon 2 (continued )
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Marks Queskion 2 (conknued )

()
3 Ceiteria MarRs
e Provides correct solution 3
® Progress provin R SR TP I wen
3 proving OR
o Writes "= 1=(-0)(9"*#1" %% +1)
OR L
o Pf'ojfeSS proving (3"'6('{)( M+ l) divisible Bj 4

Writes 3= (=)™ = G+ 03"+ 27 ) +-+ (§7)
Weites 3= 1= G-+ 3"+ +3 + 1)
OR
Writes BM'l = 9"-|
OR I
Writes 2"-1 = (3"-1)(3"+ ‘)
0]

R
Writes -1 = ¥ -(-()™

V-1 = Q0 ‘/
= (61~t\(‘l""+‘("°2+---+‘1+l>\/
= (@ " )
= 4 (22" F 259"+, 4 2)
which ie divisible hj 4—.\/
Note : This wmwethod proves +Hae s+m/\jer
statemeat that Szn—l 1S
divisille \mj 3.




Comments:

N A5 ‘\f)ou can See 'FPOM ‘H"Q W\GW‘,ZMJ’-’,

ii‘uide.lims dbove s was au iw+c¢e5+mj

JLu@S{ﬁM wiHh W\anj viable qlp'proqches.

« The wost+ common d«‘#ictu mvo [ved|

starting  with
J

o (=GB P34 0)
and  then ‘\'rjmj +o chow +hat
e e 43+ 1 i even.

Students  who attempted o arque

/

ot powers of 2 ae odd ond e

UM ok W\anj odd numbers i< even,

were close and aqwarded 2 wmarks.

The c¢rucial detail vequived Hor

fFull marks s Fha e Sum

consists of 2 terwms  and 2n

& even, So he sum of an even

AuUwm ber of 00‘0‘ +€I‘w|5 Q. even, as require,(.




Question 3 (13 marks) .
. . 2r . . 2w
a) On the Argand diagram, let A represents z, =1+ i3, let B represents z, =2 cosT +isin 3

and let C represents z, = z, +z,. Find the exact coordinates of point C.
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b) Prove the following statement is false:

“There is a Pythagorean Triad where all numbers are odd.” 2

M is sutficient 4o prove that g /)Jﬂ"’jom Triad
doe¢ not exist wibgre all vumbers are odd ‘

Acsumie all numbes ace 06(/) prove fymw(oﬁon:
Lot +he Hriad of odd vumbers Le a, é, ¢ where
Q;Qf’?"/) b = 2@-/—/) l:o?F+/) f,¢,~f&2+
a2—+bz ;&2_
Lis = (20+1) " + (Z@M)L
= dp rdp+l + Pytrdg H]
= 4(p*HfH g re)+ 2

= 2(%p% priytely v 1)
2 M

) me ZF LS TS even

1

KIS = (2/‘+/)z
b E v
G(r*+c)+ |

Gn+| , nez? o RS v odd

Sinw LIS ¢ ever and RIS 1< odol
Toss 15 a conhndichar

Thot 1S : ﬂz-f-éz:_‘_c?‘ Ares rnot £x/S 7~
whapre all nuanbers asre aa@é.

Henw stalCriect ;5 false '

‘;451‘/&){ ooun+a”.exawyoL¢ waf yzo-,LawM-plL/(

“"'J masles .




c) Sketch the following regions: (show all working).
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d) Let A and B be points representing 2i and 4i+ 6 respectively.
Suppose AB is one side of a square ABCD. Find all the possible complex numbers
3

representing C and D.
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. r .. .
) Use proof by contradiction to show that — is irrational. 3
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Ruestion 4
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