Sydney Girls High School

Mathematics Extension 2

YEAR 12

2023 HSC Assessment Task 3

Reading time: 5 minutes

Writing time: 60 minutes

Total marks: 50

Topics: Complex Numbers II, Vectors and Integration

General Instructions:

e There are four (4) questions which are almost of equal value.

e Attempt all questions.

e Show all necessary working. Marks may be deducted for badly arranged work or
incomplete working.

e Start each question on a new page.

e Write on one side of the paper only.

e Diagrams are NOT to scale.

e Board-approved calculators may be used.

e Write using a black or blue pen.

e White-out or correction tape is NOT to be used.
e A correct answer without working will be awarded a maximum of 1 mark.
e A Mathematics reference sheet is provided.
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Question 1

Find JL
V8 —2x—x?

b)

1) Find the real numbers a, b and ¢ such that

5

_ax+b c

X

i1) Hence, or otherwise, find Jidx.

x> (2-x)

-2
¢) Does the point A(1, 0, 3) lie on the line r = ( 3
- 5
Justify your answer.

d)

i) Express sin# in complex exponential form.

ii) Hence, show that sin’ 8 = %(3 sin @ —sin36).

)

2(2-x)

3
-1
-2

+ .
x’ 2-x)

)

12 Marks



Question 2 (Start writing on a NEW page)

a)

2
i) Findj T _dx.
I+x

1
i1) Use integration by parts to evaluate JO 2xtan”' x dx.

b)
i) Find the values of z for which z6 = —64 where z = x + iy. Give your
answers in mod-arg form.

ii) Plot the solutions to part i) on an Argand diagram.

ii1) The plotted roots are joined to form a polygon. Find the exact area of this
polygon.

c) What is the shortest distance between the point A and a line passing through
points C and B?

A (2,3.4)

(0,1,2) C ="3]

B(-1,-34

13 Marks



Question 3 (Start writing on a NEW page) 13 Marks

P R—x 3
a) Evaluate dx.
0 X

b) A sphere S;with centre ¢ = 2t + 2) + 2k passes through g = 4 + 4 + 4k.

1) Find the Cartesian equation of 5. 2

ii) A second sphere S,, has equation (x —2)? + (y —2)?+ (z—5)? = 1. 3

Find the equation of the circle on which §; and §; intersect and state the
centre and radius of this circle.

c) Given I, , where n is an integer, n = 0:

n
2

I, = J;T cot x dx
4
i)  Show that I, + In_, = — for n > 2. 3
1) Evaluate I; and hence determine the value of Is. 2



Question 4 (Start writing on a NEW page) 12 Marks

a) Use the following definite integral property 3

I f(x)dx = jo" (F()+ f(=x))dx

% e"sin’ 3x
to evaluate: —dx.
z 1+e"
b) 4
P
Not to scale
R
B C
0O A
o

In the diagram, PQ and AB are diameters of a circle with centre O.

BA is produced to C so that BA = AC. QA produced meets PC at R.
Let 04 = a and OP = p.

Given PR = APC and Q—R) = yQ—A> for some scalars A and u, show that R is the
midpoint of PC.

Question 4 continues on page 7



c) Consider the equation z° =1.

i)  Write down, in polar form, the five roots of z° =1.

i1) Show that, for z #1,

5_
z 1= z2—2zcos 2—7[ +1|| z2=2zcos 4—7[ +1].
z—1 5 5

i11) Deduce that cos(%) and cos [4?7[) are roots of the equation 4x” +2x—1=0.

End of Task
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Question 2

(V) [l gy = f(x] -,A.Ja’*/
dx

[“) fl Iy ‘I’an-‘)t dxt vV = x‘z.
v,“ ~ v/ = 2x
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(b) (i)

Let 2=rcis

= (reis 0)° = 44

récis 6 = €4cis(m+ Zﬂk)/(o(e ho;we)

Ettucd'e moduli and arjumen{-s:

ré =64 andl  For R=-2-1,0,123:
r = {64 66 = T+ 2R
r=172 o = TF+62T\"h
9__T_l’ T T T 5T 7
T 2/ 6767258
. 2= 2(,.5#%)/ Zcfs(ig)/ 2cis %ﬂ/ Zas%"'
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=124, Ei’i/ -3 4



(v)

(iii)

N Im
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Question 3 (Start writing on a NEW page) 13 Mark
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b) A sphere §;with centre ¢ = 21+ 2j + 2k passes through g = 4i + 4] + 4k.
i) Find the Cartesian equation of §;. 2

i) A second sphere 8, has equation (x —2)2 + (y — 2)? + (z — 5)% = 1. 3

Find the equation of the circle on which S; and S » intersect and state the
centre and radius of this circle.
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c) Given I, , where n is an integer, n > 0:

T
2

L, =Lcot"xdx
4

i) Show that I + I,_, = — for n>2.

ii) Evaluate I; and hence determine the value of Is.
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