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Year 12
Mathematics Extension 2

HSC Course

Assessment 3

May, 2021

Time allowed: 120 minutes

General Instructions:

e Marks for each question are indicated
on the question.

e NESA approved calculators may be
used

e In Questions 8-10, show all relevant
mathematical reasoning and/or
calculations

e Full marks may not be awarded for
careless work or illegible writing

e Begin each question on a new page

e Write using black pen

e All answers are to be in the writing
booklet provided

e A reference sheet is provided.

Total marks — 67

Section | - 7 Marks
e Attempt Question 1-7 on the sheet
provided
e Allow about 10 minutes for this
section

Section Il — 60 Marks
e Attempt Questions 8-10
e Allow about 1 hour and 50 minutes
for this section



Section |

7 Marks

Attempt Questions 1-7

Allow about 10 minutes for this section

Use the multiple choice answer sheet for Questions 1-7.

1. Which of the following is equivalent to Vi3 ?
(A) e
B) e2
3im

(C) es

(D) e™3

2. If v is the vector from the origin to the point (2, 3,2), what is ¥ ?
(A) 7

(B) -(2i +3j + 2Kk)

(C) %(2£’+ 3j + 2k)

(D) V17
3 1
3. Leta=| 1[and b = |—-2|. Which of the following is a correct expression for proj,a ?
< 5 < 3 b2

1. . 3
) i)tk
3, 1.,
B) Fitzjtk

(C) 5 V14

(D) —2i—3j +k



4.

6.

A sphere has centre ¢ = 2i + 2j + 2k and passes through the point with position vector

v = 4i + 4j + 4k. Its Cartesian equation is:

A (x—2)2+@—-2)2+(@=z-2)?2=2
B) (x—2)2+@—-2)Y+=z-2)?%=4
(C) (x=2)24+(@y—-22%+(z-2?%*=2V3

D) (x—-22+@W@—-2)2+Ez-2)?2*=12

Consider the statement y = 2x2 + 1. Under what conditions is this statement true?
(A) Vx,Vy ER
(B) Vy,Ix e R
(C) Vx,3y eR

(D) Vx,vy =21€eR

Which of the following statements is NOT true?

(A) If an integer is divisible by 54, then it is divisible by both 9 and 6.

(B) If an integer is divisible by both 9 and 6, then it is divisible by 54.

(C) If two statements are equivalent, then each is a necessary condition for the other to be true.

(D) If two statements are equivalent, then each is a sufficient condition for the other to be true.



7. The locus of z is displayed on the Argand diagram below.
Im(z)

l(\
Re(z)

S

Which of the following is the correct equation for the locus of z?



Section 11

Total marks — 60

Attempt Question 8-10

Allow about 1 hour and 50 minutes for this section

Begin each question on a NEW page

In Questions 8-10, your responses should include relevant mathematical reasoning and/or
calculations.

Question 8 (20 marks) Begin a NEW page.
a) Forz=1++3i.

i.  Find |z| and arg(z)

ii.  Express z in polar form.

iii.  Find the smallest positive value of n € Z such that z" € R.
b) Express w in the form a + ib if % =1+i.

c) Prove that logs 7 is irrational.

d) A sphere has vector equation |1~7 - (i +3j + lf>| = 14.

Determine whether P(2, 3, 4) lies inside, outside, or on the surface of the sphere.

e) LetP(z) = z*—4z%—32z%2+50z—52.
Solve P(z) = 0 if z = 3 — 2i is a root of the polynomial.



f) For the quadratic equation z2 —3z+ (3 +i) = 0
i.  Find the square roots of —3 — 4i.

ii.  Hence, or otherwise, solve the quadratic equation under C.

g) The line [, passes the points (a,—2,4) and (5, 3, —2), while [, passes (3,8,—2) and
(2,—2,a), where a € R. Find all possible values of a if [; L L,.

End of Question 8



Question 9 (20 marks) Begin a NEW page.

a) A line passes through the points A(1,3,—2) and B(2,—1,5).

b) The diagram below shows the area under y = %from x=etox =m.

Show that the vector equation of the line AB is given by:

1 1
v=|3|+1|-4
-2 7

Determine if the point C (3, —5, 12) lies on the line.

Consider a line with vector equation:

1
2
-1

+u

-1
3
1

a) Explain why v and u are not parallel.

f) Determine whether v and u intersect or are skew.

y

Use a rectangular upper bound of the area to show that In (g)

Hence show that e™ > w€

Vi

<--1
e



c) For Va,b € R, consider the statement
al+ab>>a*h+b>*=a=>bh
i.  State the contrapositive of the statement. 1

ii.  Hence, prove the statement. 2

d) A triangular pyramid has vertices 0(0,0,0), A(1, 2, 4), B(2,—1,3),and C(—2, —1,1), as
shown below.

i.  Find the lengths of OA and OB. 2
ii.  Find the size of AOB, to the nearest degree. 2
iii.  Given that OC is perpendicular to the face AOB, find the volume of 3

the triangular pyramid OABC, to two decimal places.

End of Question 9



Question 10 (20 marks) Begin a NEW page.

a) The median of a triangle is a line from the vertex to the midpoint of the opposite side. 3
Using the diagram below, prove that the sum of the medians of a triangle is the zero vector.

C

Q= B

b) Considering z = cos 6 + i sin 6
i.  Use de Moivre’s theorem with z> to show that 3
sin560 = 16sin® 0 — 20sin3 6 + 5sin O

ii. Hence, solve 2

1
16x° — 20x3 + 5x = >

Leave your answers to two decimal places.

c) A line, which passes through (3, 2, 5), has vector equation 3
3 -1
v=|2]|+1] 2 ]
B —2

Find the perpendicular distance from Q(5,3,10) to v.
(Hint: Draw a diagram)



d) For real numbers a, b, c,d > 0, show that

. +b

l. aT >+ab

.- a+b+c+d

i. —>Yabcd

4

.. a b c d
11, Z'+:;+'E'+';;2 4

e) n points, labelled P;, P,, Ps, ..., P, are placed around a circle such that no three points
are collinear, as shown on the diagram below. Every set of three points forms a triangle.

Py

Use mathematical induction to show that, the number of distinct triangles formed is:

nn—1)mn-2)

,wh =3
c where n

End of Examination

10
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Extension 2 Assessment 3 Markers Comments’

Question 8
c) Once you arrived at 5*p=72q you had to say why this is not possible since neither 7 nor 5
to any power can be divisible by the other.

d) If you worked out the distance to be root 10 it had to be compared to the radius which is
14, or if you used 10 it had to be compared to 196.

e) This question could have been done using sums and products of the roots of the quartic
and solving simultaneously or by inspection, finding the other quadratic factor and solving it.
Either method required utmost care.

f) Finding square roots is fiddly but if an error was made, carry through was paid for part (ii)

g) Direction vectors required (in the right directions, some candidates reversed them), next
dot product =0 and then solving carefully for a.

Question 9

a)

i.+ii. Well done, just some arithmetic mistakes.
iii.

a. Direction Vectors/Vector Lines/Position Vectors same/different means nothing for the
lines being parallel. You need to tell me that the direction vectors were not scalar multiples
of each other, OR direction vectors were not parallel.

B. Relatively well done, most were able to find A and u which were not solutions to all three
equations

b)

i. Literally says use rectangular upper bound of the area, so, don’t use the lower bound,
don’t type it into your calculator. None of these are answering the question. Also, you

needed to show where 1n%was from; sometimes, it appeared, just, like magic.

ii. Please be careful when doing the algebra, here many students lost the mark due to
algebraic mistakes — like flipping the inequality randomly, or even dropping -1, adding a +1.

c)

i. Some forgot to that contrapositive meant that you had to flip the statements/reverse the
implication arrow. Others forgot to exclude the equality for the negation or the statements.
Simply stating “not” with the implication was incorrect.

ii. Many ways to do this, but you needed to PROVE and explain yourself. The key for most
methods was recognising and stating that “a® + b > 0 and NOT 0, and/or a — b < 0 and
NOT 0.



d)
i.+ii. Relatively well done, except for some arithmetic mistakes.

iii. If you aren’t going to use the facts given in the question, then you need to be very sure
that your new found “properties” are real properties, not just made up. It tells you that OC
is perpendicular to the FACE of AOB, not perpendicular to OA, or perpendicular to OB (it was
the perpendicular height)

We got a variety of triangle bases, a variety of formulas for a pyramid (IT’S ON THE
FORMULA SHEET) and a variety of heights. Some made assumptions of where right angles
lived, sometimes incorrectly, sometimes correctly. Please take a look at the solution.

Question 10
a)
There were many successful methods of completing this question. The most elegant used

vectors a, b, and b — a as vectors for side lengths of the triangle. Every method needed to

use the fact that medians of the triangle cut each side in half.
Common errors included using vectors a, b, and ¢ without any clear ideas as to what the

a+b
vectors were, incorrectly writing that a side length was Nz_N’ and assuming that a sum added

to 0 without any clear reason as to why.

b)

Part i) was generally well done, though some students got lost attempting to apply

zm—z ™,

Part ii) had a nasty trick to it. Many students accessed a mark by finding some solutions to
the equation. However, the total of five solutions were needed for full marks. The difficult
part was that the first five ordered solutions to sin 56 = %give repeated solutions in the

polynomial. This led students to believe that there were double roots.
c)

There were several opportunities for students to be lost in this question. Most commonly,
5
students used [ 3 ] as a vector (i.e. the position vector of Q). A simple diagram shows that

10
the vector from the origin is not useful.

If students realised this, they typically made good progress, either applying to dot product
or using |projab —b | Mistakes after this point were typically clerical errors.
d)

Part i) was fairly well done. Those who were stuck at this point generally started by
assuming the result that they want to prove.



Parts ii) and particularly iii) caused more difficulty. Students are advised to build familiarity

with these types of questions, being aware that they should aim to use previous parts. This

was especially efficient in using part ii) to get to iii) through a simple substitution. Students

should also indicate when they have used a previous part, or the reasoning behind any step
that is not just a simple manipulation.

e)

Potentially due to its position at the end of the examination paper, this question caused a
lot of difficulty. First, many students seemed unaware that adding the extra triangles caused
by Py, was the process needed. Instead, they seemed to make up new mathematical
equations that needed to be solved, such as claiming that it was equivalent to a convenient
series, or claiming that the total number of triangles was 3k.

Those who did realise that you needed to add the extra triangles struggled to see that the
k

2
mistakes in making it fit the answer.

k(k— .
number was ( ) or % Instead, answers such as 1 and k were used, leading to further



