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Section I 
  
6 marks 
Attempt Questions 1-6 
Allow about 10 minutes for this section 
Use the multiple-choice answer sheet for Questions 1-6 
 
    
1.  Which of the following is equivalent to 

A.    

B.   

C.   

D.  

  

2.  What is the angle between the vectors                      and        

 

A. 30° 

B. 60° 

C. 120° 

D. 150° 

 

 

  

!𝑥𝑠𝑒𝑐!(𝑥!)	𝑑𝑥	? 

2 tan(𝑥!) + 𝐶 

1
2 tan

(𝑥!) + 𝐶 

1
6 sec

"(𝑥!) + 𝐶 

1
3 sec

"(𝑥!) + 𝐶 

𝑎
∼
= #

−2
	1
	1
$ 𝑏

∼
= #

1
−2
	1
$ 
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3. With a suitable substitution                                       can be expressed as 

 

A.   

B.   

C.   

D.  

 

   

4. In 3D space, the cartesian equation                                                                   geometrically 

describes: 

 

A. A sphere radius = 3	centred at (2,0,5) and truncated by the planes 𝑦 = −4 and 𝑦 = 4 

B. A cylinder with a base in the 𝑥𝑧 plane of radius 3, centred at (2,0,5) and height of 8  

C. A spiral curve tracing the cylinder described in B. 

D. A horizontal paraboloid with a vertex at (2,0,5) and truncated by the plane 𝑦 = 4 

 

 

  

4 sin" 𝑥 cos# 𝑥 	𝑑𝑥
$
"

%
 

 

4 	(	𝑢& − 𝑢#)	𝑑𝑢
'

%.#
 

 

 

4 	(𝑢# − 𝑢&)	𝑑𝑢
'

%.#
 

 

 

4 	(	𝑢& − 𝑢#)	𝑑𝑢
%

		$
"

 

 

 

−4 	(	𝑢" − 𝑢# + 𝑢&)	𝑑𝑢
√"
+

%
 

 

 

(𝑥 − 2)+ + (𝑧 − 5)+ 	= 9			𝑦 ∈ [−4,4],		 
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5. The sides of a square are subdivided into 5 equal parts forming 25 smaller squares.  

The corners of the large square are connected to the midpoints of the opposite side, 𝑃, 𝑄, 𝑅,	and 

𝑆  as shown in the diagram below.  

 

 

 

 

 

 

 

 

 

 

𝑞
∼
= 𝑂𝑄))))))⃗ 	, and 𝑟

∼
= 𝑂𝑅))))))⃗ 	. Which of the following represents  𝑂𝐵GGGGG⃗    ? 

(Hint: let the horizontal and vertical sides of the smaller squares represent  

1 unit of 𝑖
∼

 and 𝑗
∼

 respectively) 

 

A.   

B.    

C. 	 

D.  

2𝑞
∼
+ 2𝑟

∼

5  

2𝑞
∼
+ 2𝑟

∼

3  

3𝑞
∼
+ 3𝑟

∼

5  

3𝑞
∼
+ 2𝑟

∼

5  
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6. These 3 diagrams represent the projections of a 3D curve onto the 𝑥𝑦 , 𝑦𝑧, and 𝑥𝑧 planes 

respectively.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Which of the following could be a parametric equation for this 3𝐷 curve ? 

 

A. (	|𝑡| cos 𝜋𝑡	, 𝑡	, −𝑡 sin 𝜋𝑡), − 6 ≤ 𝑡 ≤ 6 

B. (	𝑡 cos 𝜋𝑡	, 𝑡	, −𝑡 sin 𝜋𝑡), − 6 ≤ 𝑡 ≤ 6 

C. (	𝑡 cos 𝜋𝑡	, 𝑡 sin 𝜋𝑡, 	𝑡), − 6 ≤ 𝑡 ≤ 6 

D. (𝑡 cos 𝜋𝑡	, 𝑡	, −|𝑡| sin 𝜋𝑡), − 6 ≤ 𝑡 ≤ 6  
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Section II  

Attempt Questions 7-12 (56 marks) 
Allow about 110 minutes for this section 
 
� Answer each question on a new page in the answer booklet 

 
� In questions 7-12, your responses must include relevant mathematical reasoning and/or 

calculations.  

 
 
Question 7 (9 marks)  Start a new page Marks 
 

 

a) i)  Find the values of 𝐴 and 𝐵 so that  2 

 

  

ii) Hence find the exact value of  2 

 

 

  

b) By considering the dot product of two 3 dimensional vectors or otherwise,  

show that for any 𝑎, , 𝑏, ∈ 	ℝ		 

 

        		(𝑎'𝑏' + 𝑎+𝑏+ + 𝑎"𝑏")+ ≤ (𝑎'	+ + 𝑎+	+ + 𝑎"	+)(𝑏'	+ + 𝑏+	+ + 𝑏"	+) 2 

 

 

 

 

c) Find the exact value of                                           using the substitution   3 

 

 

 

 

End of Question 7 please turn over 

2𝑥 + 1
(𝑥 − 2)(𝑥 − 3) =

𝐴
𝑥 − 2 +

𝐵
𝑥 − 3 

!
2𝑥 + 1

(𝑥 − 2)(𝑥 − 3) 	𝑑𝑥
#

$
 

𝑡 = tan
𝑥
2 !

𝑑𝑥
1 + sin 𝑥 + cos 𝑥

%
!

&
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Question 8 (10 marks)  Start a new page Marks 
 

a) The points 𝐴 and 𝐵 have position vectors  𝑎
∼
= V

−3
1
2
X  and  𝑏

∼
= V

1
5
4
X respectively   

i) Find 𝐴𝐵GGGGG⃗  1 

 

ii) Find the unit vector 𝑎
∼
Y 1 

 

iii) Find the vector equation, 𝑣
∼
	,	of the line passing through the point 𝐶	(11, 7, 2) and 

 parallel to	𝑎
∼

 2 

 

iv) It is known than 𝑣
∼

 and the line through 𝐴𝐵 intersect (do not prove this).  

Show that this point of intersection is (5, 9, 6) 2 

 

v) Show that 𝑣
∼

  and 𝐴𝐵 are not perpendicular 1 

 

b) Find the exact value of  3  

 

 

 

End of Question 8 please turn over 

 
 

! 𝑥(𝑥 − 1)
"
!	𝑑𝑥

!

'
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Question 9 (9 marks)  Start a new page  Marks 

 

a) State the Cartesian equation of a sphere with a radius of 4 centred on 𝑃	(1, 2, 3) 1 

 

b) By using integration by parts or otherwise find  3 

 

c) Prove that    9𝑥+𝑦+ + 4𝑦+(𝑥 + 1) ≥ 16𝑥𝑦+     𝑥, 𝑦	 ∈ 	ℝ 2 

 

 

d) A 13 kg weight is held in equilibrium by a 5 metre rope and a 12 metre rope that are  

attached 13 meters apart to the horizontal ceiling as shown below. Taking acceleration  

due to gravity to be 10	m/s+, find the exact tension in the ropes in Newtons. 3 

 

 

 

 

 

 

 

 

 

 

 

 

 

End of Question 9 please turn over 

  

4(3𝑥+ + 1) arctan(𝑥)	𝑑𝑥	 
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Question 10 (10 marks)  Start a new page Marks 

 

a) The point 𝐶 divides the interval 𝐴𝐵 between 𝐴(5,−2,−8) and 	𝐵	(2, 10, −5)  

in the ratio 2: 1  (Hint: A representative 2D diagram should help you with this question) 

 

i) Show that the position vector  𝑂𝐶GGGGG⃗ = V
3
6
−6
X 2 

 

ii) Find the projection of 𝑂𝐶GGGGG⃗  onto the vector  𝑂𝐷GGGGGG⃗ = V
2
1
−1
X 1 

 

iii) Find the exact area of ∆𝑂𝐶𝐷 3 

 

 

 

b) Use the substitution 𝑥 = 2 tan 𝜃  to find 4 

 

 

 

 

 

 

 

End of Question 10 please turn over 

  

!
1

(4 + 𝑥!)
"
!
		𝑑𝑥 
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Question 11 (9 marks)  Start a new page Marks 

 

 

a) i)  By using integration by parts, show that   

 

   2 

 

ii) For the curve 𝑦 = ln 𝑥,	use the trapezoidal rule on the intervals with integer endpoints 

1,2,3, … , 𝑘	 to show that   

 

  2 

 

iii) Hence and assuming that ln 𝑥 is concave down throughout its domain deduce that   

 

                                                        2   

 

 

b) i) Show that   1  
 
  
  
ii)  Hence find the exact value of   2 
 
 

 

   
       
 

 End of Question 11 please turn over 

  

! ln 𝑥 𝑑𝑥 = 𝑘 ln 𝑘 − 𝑘 + 1	
(

'
 

! ln 𝑥 𝑑𝑥 ≈
1
2 ln 𝑘 + ln[

(𝑘 − 1)!]
(

'
 

𝑘! < 𝑒	√𝑘	H
𝑘
𝑒I

(

	 

!
𝑒)*+,

𝑒)*+, + 𝑒-.), 	𝑑𝑥
%
!

	&
 

 

4 𝑓(𝑥)𝑑𝑥 =
-

%
4 𝑓(𝑎 − 𝑥)𝑑𝑥
-

%
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Question 12 (9 marks)  Start a new page Marks 
 

 
a) The figure below shows the triangle 𝑂𝐴𝐵.  A point 𝐶 is produced such that 𝑂𝐶GGGGG⃗ = 2𝑂𝐴GGGGG⃗  . 

 𝑀 is the midpoint of 𝐴𝐵. A straight line through 𝐶 and 𝑀	intersects 𝑂𝐵 at the point 𝑁 

 

 

 

 

 

 

Given that  𝑂𝐴GGGGG⃗ = 𝑎
∼

  and 𝑂𝐵GGGGG⃗ = 𝑏
∼

 

i) Find 𝐶𝑀GGGGGG⃗  in terms of 𝑎
∼

 and 𝑏
∼

 2 

ii) Hence show that   2 

iii) Show that 𝑂𝑁:𝑁𝐵 = 2: 1 2    

 

 

b)  A number is divisible by 11 if and only if the difference between the sum of its digits in 

odd positions, and sum of its digits in even positions, is divisible by 11. For example, 869  

is divisible by 11  as 8 + 9 − 6 = 11 which is clearly divisible by	11.  

 

By writing a 3	digit integer 𝑁 as 100𝑎 + 10𝑏 + 𝑐 where 𝑎,	𝑏, and 𝑐 are its digits  

and 𝑎 ≠ 0, prove that 𝑁 is divisible by 11 if and only if 𝑎 − 𝑏 + 𝑐 is divisible by 11.  

(you can assume that  0 and negative multiples of 11 are divisible by 11) 3 

 

End of Exam  

𝑂𝑁GGGGGG⃗ = o2 −
3
2 𝜆q 𝑎∼ +

1
2
𝜆𝑏
∼

 






























