TRINITY GRAMMAR SCHOOL /g
MATHEMATICS DEPARTMENT

YEAR 12 2008 HALF YEARLY EXAMINATION

EXTENSION Il MATHEMATICS

STUDENT NUMBER:

ASSESMENT TASK 3

Time Allowed —3 hours (Plus 5 minutes Reading Time)
Total marks —120

WEIGHTING 30% towards final result

Outcomes referred to: E1l, E2, E6, E8 and E9 (ledeklet)

INSTRUCTIONS:

1. AttemptALL questions.

2. Show all necessary working.

3. Put your Student Numb@&NLY on each writing sheet.

4. Begineachquestion on aew page

5. Marks are shown next to each question.

6. Additional writing sheets may be obtained frdra supervisor upon request.
7. Only approved Board of Studies calculators arengted.

8. A Standard Integrals sheet is provided on aragpaheet.
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Question 1: Use a SEPARATE Writing Booklet.

Total Marks 15

(a) 0] A particle is moving along theaxis so that at any time=> 0 its velocity
d av ¢ @sz
is v and its acceleration is-.. Prove that =—~> 7 2
dt dt dx
(ii) A particle is moving along thr-axis in simple harmonic motion with

its velocity given by the equatiovf =4x—2x*. Find

(a) Its amplitude. 2

(B Its period. 2

(b)
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Princess Fiona is locked up in a tower, 80m abbgeytound.
To gain the attention of Shrek, Princess Fionavira lentil at

an angle of elevation & and an initial velocity o60ms™.

@ Derive the equations for the horizontal andical displacements
of the lentil t seconds after it is thrown. (Uge=10ms™.) 4
(i) Shrek is 300m from the base of the tower wheris hit by the lentil.

Find the values of the initial angle of projectién

correct to the nearest degree, if Shrek is 2m tall. 5
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Question 2: Use a SEPARATE Writing Booklet.

Total Marks 15

(@) It is given tha(2+ cosx)( 2- coy)= , whereO<x<7 and O<y<77.
0] Show thatcosy:mﬂ andsiny = J3sinx . 2
2+ Ccosx 2+ Ccosx
(i) Hence show thady = V3 3
dx 2+ cosx
(b) The functionf (x) is given by f (x) =a+ bsinx , X0 and f(0)=0,
wherea andb are non-zero real numbers.
0] Show that f (x) is an even function. 1
(i) Find the general solution of the equatidnx €3. 2
(i) If limf(x)=1and f(x) is continuous ak=0,
find the values o andb. 2
(©) Find j 1 ax. 2
1-x
e2x
(d) Use the substitution = €* -1 to find j —)zdx. 3
e -1
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Question 3: Use a SEPARATE Writing Booklet.

Total Marks 15

(a)
The diagram shows the graph of the functitfx) = (In x)*.
P(x, ;) is a point on the curve such that the tangerftecctirve
at P passes through the origin O.
0] By considering the gradient of the line OPwotdifferent ways,
show that P is the poilﬁez, 4). 2
(i) Find the set of values of the real number &tsthat the
equation f (x) = kx has two distinct real roots. 1
(iii) Use integration by parts to show that
_[(In x)* dx=x(Inx)* = 2xInx+ 2x+c.
Hence find the exact area of the region boundetthédyurvey = f (x),
thex axis and the line OP. 4
(iv) Find the equation of the inverse functidn®(x) . 1
(V) Find the equation of the tangent to the cupe f (x)
that passes through the origin. 1

Question 3 continued next page

4 of 12 Pages PR - 15/05/2008



(b) (continued from previous page)
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The diagram above shows two particles A and B ptegefrom the origin.
Particle A is projected with an initial velocity ¥ms™ at an angler .
Particle B is projected T seconds later with thaesénitial velocityV ms™

but at an angle off. The particles collide at a point R.

0] You may assume that the equations of the paftdsand B are:
2
For A: y= —ch(zseéa+xtam
. gx’
For B: y= —z\/zseéﬁ+xtar)8

Show that the-coordinate of the point R of collision is

_ V?cosx co3

: . 3
gsin(a + B)
(i) You may assume that the equation of the hartiab
displacement of A ix=VT cosa .
(a) Write down the equation for the horizontal dispkaent of B
(Remember that B is projected T seconds after A). 1
(8) Show that the difference T in the times of prdatis
_ 2V(cosB - cowr) )

gsin(a + B)
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Question 4: Use a SEPARATE Writing Booklet.

Total Marks 15

(a) Use the table of standard integrals to findatea enclosed between the curve
y= \/1_2 , thex-axis and the ordinates at=-1 andx=1. 2
4-x
(b) Find the volume of the solid of revolution faethwhen the area
enclosed by the curvg = \/1_2 and thex-axis between
4-X
the ordinates ak =-1 and x =1 is rotated around theaxis. 3
2
(c) Evaluate I \2-2cosX dx. 2
0
1
(d) Evaluate I Xo/1—x dx 3
0
(e) i) If1,=[x(inx)" dx; n=0,1,2,3,.... 5
1
e n
Show that , =—-—1,,; n=0,1,2,3,....
2 2
(i) Hence evaluate J'x(ln x)® dx
1
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Question 5: Use a SEPARATE Writing Booklet.

Total Marks 15

€) Two complex numbers are given by
z=3-4 andw=2-2. 6
(1) Find the values of the produaiv.
(i) Find the two square roots of
(i) Expressw in modulus-argument form and hence find the vafue .
(b) The locus of a point P which moves in the caxplane is
represented by the equatitm-(3+4i)| = 5. 4
(1) Sketch the locus of the point P.
(i) Find the maximum value of the moduluszdind write down

the value ofarg zwhen P is in the position of maximum modulus.

(iii) Find the modulus of whenargz = tan* Sj .
(©) Using the complex number=1-i:
find the real numbera and b such that az= 1—9 2
z
(d) In an Argand diagram, the point P represergtimplex numbez,
the point Q represents the complex numbeand the point R
represents the complex numlerw with O being the origin.
It is given thatz-w=iz. 3

(1 Describe the geometric properties of the trlerROR,

providing full reasoning for your answer.

(i) Find the size of the angle QPR.
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Question 6: Use a SEPARATE Writing Booklet.

Total Marks 15

(@) Consider the curve defined By* + xy—y? = 0. At the point(2, 4) on
2
the curve, find the values eqx andd—Z. 4
dx dx
(b) Consider the functiorf (x) = v
0] Show that the function is increasing for allues ofx in its domain. 1
(i) Sketch the graph oy = f (x) showing the intercepts on
the axes and the equations of any asymptotes 2
(iit) Find the values of k such that the equati:{e}lc)l(—2 =kx has
-X
three distinct real roots. 2
(c)

The graph off (x) = cosxis shown above in the intervals x< 77.

Provide separate half-page sketches of the grdphe dollowing:

() y=[f(0]’ 2

(i) y* = f(X) 2
1
(iii) y_—|f(x)| 2
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Question 7: Use a SEPARATE Writing Booklet.

Total Marks 15

(@) Solve the equatiofz]” +2i Z = 4i + 7, expressing any answers in
the formz=a+ib wherea andb are real. 3
(b) A, B and C are the angles of a triangle.
Show that{cosA+i sinA)( co8+i siB)+( cdd-i s@)= 3
(c) Using z=cosf +i sind
(1) Expressl+ z in modulus-argument form.
Hence show that (1+2)* =16co$ (gj( cos@+i sind). 3
(i) Use the Binomial Theorem expansion(dzﬂr z)4 to show that
1+4cof+ 6cos@+ 4co¥3F co84 16tE)%j B,
and find a corresponding expression for
4sin@+ 6sin@+ 4sin8+ siné. 3
(i) Hence show that
4sin@+ 6sin B+ 4sin8+ siné —tan®
1+4cof+ 6cos@+ 4co®¥F cof4d ’
and
4sin@+ 4sin@+ sin @ —tan . 3

1+4co9+ 4cos@+ cosH
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Question 8: Use a SEPARATE Writing Booklet.

Total Marks 15

(a) (i) Use the substitutior =102 sind to show that

10
j \200- X% dx = 100+ 50r,

-10

then use a geometrical argument to verify thisltesu 4

(i) A mould from a model railway tunnel is made tmyating the

region bounded by the curwe=+/200- x*> and thex-axis
between the linex=-10 and x =10 through180C°
about the linex =100 (where all measurements are in cm).

Use the method of cylindrical shells to show tihat t

volumeVem?® of the tunnel is given by

10
V =77 (100-x)/200- % dx.

-10

Hence find the volume of the tunnel ir¢

correct to 2 significant figures. 4

Question 8 continued on next page
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(b) (Continued from previous page)

The diagram shows the graph of the cupe x-e™, x=0.

This curve makes an intercept X on the x-axis, wier X <1.

The region bounded by the curve and the e x

betweenx =0 and x= X is rotated through

one complete revolution about the y-axis.

(1) Use the method of cylindrical shells to showttthe

volume V of the solid of revolution is given by
X

V= ZITI xe " dx. 3
0

(ii) Hence show that V= 277(1— X - XZ) : 4

THE END
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