Trinity Grammar School

Mathematics Department

2013

HALF-YEARLY EXAMINATION

HSC ASSESSMENT TASK 3

Year 12

Mathematics Extension 2

General Instructions

e Reading time — 5 minutes

e Working time — 3 hours

e Write using black or blue pen

e Only approved calculators for this course
are allowed in this task

e A table of Standard Integrals (if required)
in this course is supplied

e Show all necessary working

e Write your Board of Studies Student
Number (Year 12 HSC) or Name (Year 11)
and your Class teacher on the question
paper and on any answer sheets or writing
booklets used to write your responses to
the questions submitted

e If you do not attempt a question you must
submit an answer sheet or writing booklet
for that question clearly indicating N/A
and your Student Number or Name.

e HSC Assessment Weighting: 30%

Board of Studies Student Number
(Year 12 only)

Class Teacher:

Name:
(Year 11 only)

Do NOT write solutions on this question
paper. Any working on this question paper
will NOT be marked.

Total marks — 100

10 marks

o Attemtpt all Questions
e Allow about 15 minutes for this section

90 marks

e Attempt all Questions
e Allow about 2 hours 45 minutes for this
section
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Section | 10 marks

e Shade the correct response on the multiple-choice answer sheet provided
e Each question is worth 1 mark

1 Which of the following complex numbers has a modulus of 1?
A 1+i
1+i
B -
(B) 1-i
©€) @+
(D) 1+i

2 The locus defined by arg (ij _o7 isa
z+1) 11
(A) circle
(B)  minor arc of acircle
(C)  semi-circle

(D)  major arc of acircle

3 If S and R represent the two complex numbers z, and z, respectively such that
ki(z, —z,) =—z, where k is a non-zero real number, then AOSR is

(A)  right-angled at S
(B)  isosceles with OS = OR
(C)  isosceles with OS = SR

(D)  right-angled at O
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x>0 X+ X

2 j—
The value of "m[—mxa] givena>0is

(A) 0
1
(B) %a
< -
a

(D)  undefined

A curve is defined by the equation 2x* —y* =7.
The slope of the curve at the point where y =-3 is

A 4
| -2
© 2
(D) 4

Let In:j(lmz() dx.Forn >1

X
1o
(A) I,=nl_,+=InX
X
1 n
(B) l,=nl,,+=(nX)
X
©) In:nIH—Elnxn
X
1 n
(D) I,=nl_,——(nXx)
X
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3x+3
8 Part of the graph of f(x)= % is shown below.
X

=

Not to scale

Let g(x) =x+1. The solution to the inequality f(x)>g(x) is

(A) X<—2 or 1<x<4
(B) X<-2 or 1<x<4
©) X<—2 or 1<x<4

(D) X<-2 or l<x<4

1

9 The value of J X(x*+1)° dx is

0

w2
® =
© =
o =
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10

P(2) is a polynomial in z of degree 4 with real coefficients.

Which of the following statements must be false?

(A)

(B)

(©)

(D)

P(z) =0 has no real roots
P(z) =0 has four real roots
P(z) =0 has one (repeated) real root and two non-real roots

P(z) =0 has only one real root and three non-real roots

End of Section |
Section Il commences on the next page
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Section 11 90 marks

e Begin each question in a SEPARATE writing booklet or answer sheet
e Show all relevant mathematical reasoning and/or calculations

Question 11 (15 marks) Use a SEPARATE writing booklet

@ Use the table of standard integrals or otherwise, to find J

dx
Joxi—a4

T

(b)  Evaluate JZ sin®ycos’y dy.

0

3
(©) Q) Using division, express X
1+x

in the form q(x)+L, where d and
d(x)

g are polynomials in x and r is a constant.

1
. X .
(i)  Hence, evaluate J —— dx, correct to two decimal places.

01+\/;

Initially, use the substitution u = \/;

1 _ A B
(2x-1)(x+2) 2x-1 x+2°

(d) Q) Find real numbers A and B such that

(i) Hence or otherwise, find J; dx.
3sin x—4cos X

Page 8 of 16



Question 12 (15 marks) Use a SEPARATE writing booklet

@ Given the complex number z=7-3i, find

(i | 2-7|
(i) arg(z-7)
(b) Q) Express o = 1£ in modulus-argument form.
—i

(i) Use the principle of mathematical induction to prove de Moivre’s
theorem, which states that (cos@+isin@)" =cosnd+isinngd where

n is a positive integer.

iii Hence, using de Moivre’s theorem, find @’ in the form X+ vi .
g y

(©) Sketch the region in the Argand plane satisfying the following inequalities
simultaneously.

T 57
—<argz<=—
6 6

1<Im(z) <2
|z|<4

(d () Find the values of h and k such that 3+2x—x* =k —(x—h)>.

oy

1
(i) Hence, show that J
0

dx
J3+2x—X2 -
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Question 13 (15 marks) Use a SEPARATE writing booklet

(a) Let f(x)=x*—4x.

On separate % page number planes, sketch and show the important features of

the graph of
Hh  y=f(X
(i)  y=|f()]
(i) y'=f(x)

: 1
(iv) y= m

(b) Sketch and describe the locus of the complex number z =x+yi such that

2| z—-z,|=|z2-1,|,

7 ..
where 21:§+2| and z, =—1-i.

(© It is known that ax* +4bx+c =0 has a double root atx = cr .

(i)  Showthat a® = —g.

(i) Hence or otherwise, solve the equation, 27x* —32x+16 =0, given
that it has a double root.

Question 13 continues on the next page
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Question 13 continued

(d) The diagram below shows the velocity v (in m/s) of a particle at any time t >0.

%
A

On a suitable number plane, sketch a possible graph of the displacement
X (in metres) of the particle at any time t >0, given the particle is initially
at rest, 3 m to the right of O.

Question 14 commences on the next page
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Question 14 (15 marks) Use a SEPARATE writing booklet

(a)

(b)

Thecurves y=x>—4and y= 1 intersect at the points P(«,y,), Q(A,Y,) and
X

R(7,Y,) -

Q) Explain why o, #and y are the roots of x® —4x—1=0.

(i)  Hence, form a cubic polynomial equation whose roots are o, > and y*.

(iii)  Hence, state a cubic polynomial equation whose roots are prl ? .

(iv)  Hence or otherwise, prove that OP* +0Q? + OR* = 24 where O is the origin.

1 1 1
The point P with coordinates (p,q) lies on the graph x2 +y2 =a2,a>0.

The tangent to the curve at P cuts the x-axis at (m, 0) and the y-axis at (0, n).

Q) Use implicit differentiation to show % - |2 .

X X
(i) Find, in terms of p and/or g the value of m and of n.

(iii)  Provethat m+n=a.

Question 14 continues on the next page
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Question 14 continued

(©)

Not to scale

Copy this diagram into your writing booklet.
The points A, B and C lie on the circumference of the circle shown above.

The altitudes BN and AM of triangle ABC meet at H. The interval AM is
extended to meet the circle at D.

Prove (with reasons) that HM = MD.

Question 15 commences on the next page
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Question 15 (15 marks) Use a SEPARATE writing booklet

@ (i) Show that z = —1++/3i is a root of the equation z* —4z° -16z-16=0.
q

(ii)  Hence, find all the other roots of z* —4z°-16z-16=0.

(b) A helicopter H is moving vertically upwards with a speed of 10 m/s. The
helicopter is h metres directly above a point O which is situated on level
ground. After some time t (in seconds), the helicopter is observed from a
point P, which is also on level ground, at a distance of 40 m from O.

Let ZHPO =@ radians and PH = x metres.
When h = 30 metres,
Q) find the rate of change of ZHPO;

(i) show that the rate of change of PH is 6 m/s.

1

(© For integersn>0, let |, =J dxz :
o [@+x9)"

Q) Show, using integration by parts, that |, = 2—1“%) +(2n —1)In} :

(i) Hence, evaluate 1.

Question 16 commences on the next page
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Question 16 (15 marks) Use a SEPARATE writing booklet

(@  Let p(x)=ax"+bx®+cx* +dx+e where a, b, ¢, d and e are integers.

Suppose « is an integer root of the equation p(x)=0.

(i)

(i)

() ()

(i)

© O

(i)

Prove that « must be a factor of the constant e in the expression
p(x) = ax* +bx® +cx® +dx +e.

Prove that the polynomial g(x) =4x* —x®+3x*+2x—3 has no integer
roots.

2
Prove that % =di(%v2j, where v (or velocity) is a function of x
X

(or displacement) and t is time in seconds.

A particle moves in SHM on a horizontal line and its acceleration is
given by X=36-9x, where X is the particle’s displacement (in metres)
after t seconds.

(o) Find the particle’s period and state its centre of motion.

B) If the particle is initially at rest at x =6 m, find, using (b)(i)
its amplitude.

Prove, using the substitution u=a—x that

Jaf(x) dx:Jaf(a—x) dx.

. .
Xsin x
Hence, evaluatej — dx.
o 1+C0s” X

End of Section |1
End of Examination
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Standard Integrals

X" dx = —— X" nz-Lx=#0,ifn<0
n+1
(1
—dx = Inx , x>0
J X
ax 1 ax
e dx = —e¥, a=0
a
1.
cos ax dx = —sinax, ax0
a
) 1
sin ax dx = ——cosax, a=0
J a
) 1
sec” ax dx = — tan ax, a=0
J a
[ 1
secaxtanax dx = —secax, a=0
J a
1 1 4 X
——dx = “tan"=, a=0
Ja +x a a
I
1 4 X
dx = sint =, a>0, —a<x<a
J aZ—X2 a

J#dx = In(x+x/x2—a2), x>a>0

Jﬁdx = In(x+x/x2+a2)

Note Inx=log,x, x>0
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