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90 marks

e Attempt Questions 11 - 16
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Section | 10 marks

Attempt Questions 1 — 10

Allow about 15 minutes for this section

Shade the correct response on the multiple-choice answer sheet for Questions 1 — 10
Each question is worth 1 mark

1. What is the indefinite integral forj(cos,2 X + tan? x)dx ?

(A) lsin2x+tanx+1x+c
4 2

(B) —lsin2x+tanx+lx+c
4 2

© lsin2x+tanx—lx+c
4 2

(D) —lsin2x+tanx—lx+c
4 2

2.1f i=+/-1 and a and b are non-zero real numbers, which expression is

equivalent to ~bi ?
bi
—bi
© o

3. How many solutions does the equation sec(x) = cosec(x) have in the domain
2 <XL27m?

(A)
(B)
(©)
(D)

A W o



4. The graph off(x)_; where m and n are real constants, has
+mx—n

no vertical asymptotes if

(A) m?<4n
(B) m?=4n
(C) m?=-4n
(D) m®<—-4n

5. Given the curve y = f(x) , the curve y = f(|x|) is represented by

(A) Arreflection of y = f(x) in the y-axis
(B) A reflection of y = f(x) in the x-axis
(C) Arreflection of y= f(x)for x>0 in the y-axis
(D) A reflection of y= f(x) for x>0 in the x-axis

6. Use implicit differentiation on the equation y* = x> + xy , then g_y would equal
X

3y —2x
X

2X+Y

3y?—x

(A)

(B)

2X+y

3y°+y
2X

3y’ +y

(©)

(D)

7. The solution to the equation z° =iz ?

(A) (0,0)and (0,1)
(B) (0,0)and (0,-1)
© (00). (0., (f 1) i 1)

(D) (0.0), (0.-1), (f 3) and (i 3)



8. The graph of y = f (x) is shown below.

'1.-‘ e
........................ ';
Which of the following graphs best represent y* = f (x) ?

(A) (B)

Y y

X g X

©) (D)

¥ ¥y
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9. If w is one of the complex roots of z° =1, what is the value of
(1-0)(1-0*)(1-0")(1-o%)

(A)
(B)
(©)
(D)

o w o ©

10. For z=a-bi. Let iz%(—1+\/§i).

Which of the following is a correct expression for |«|, where @ =a+b1?

(W) (a-b)-ab
(8) (a-b)*-2ab
(© (a-b)*+ab
(D) (a-b)+2ab

End of Section |
Section 11 commences on the next page



Section |1 90 marks

e Attempt Questions 11 — 16

e Allow about 2 hours and 45 minutes for this section

e Answer each question in a SEPARATE writing booklet or answer sheet. Extra writing
booklets are available.

e In Questions 11 — 16, your responses should include all relevant mathematical reasoning
and/or calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet. Marks
(@) Given Z, =1+2i, Z,=2-iand Z, —1-4/3i.

Express the following in the form a+bi where a and b are real.

(i) Z,+7, 1
L1
i) — 1
(ii) z
(iii) (Z,)° 2
(b) (i) Expand and simplify that sin(A—B) +sin(A+B) =2sin AcosB 1
(i) Hence, or otherwise, find _[sin 3xcos xdx 2
(c) Write x*> —12x + 48 as the product of two linear factors. 2
(d) Graph the region in the Argand diagram which simultaneously satisfies 3

1<|z-i|<2 and Imz>0.

(e) (i) Express —1++/3i in Modulus-Argument form. 1

(ii) Hence evaluate (-1++/3i)° 2

End of Question 11



Question 12 (15 marks) Use a SEPARATE writing booklet. Marks

(a) Consider the function f (x) = X
1-x?
(i) Write down the domain of f(x). 1
(i) Find f *(x), the inverse function of f(x). 3

(b) The diagram shows the graph of the curve y = f (x) . The diagram is NOT to scale.

y4

y=J(x) ___
]

2™\
AN

0 3

—— e e

=
I
I

On separate diagrams, sketch the graphs of the curves listed below, showing clearly
intercepts on the coordinate axes and the equations of any asymptotes :

@ y=f(|. 1
(i) y="f(x) . 1
1

(iii) yzm. 2
(iv) y="f(2x) . 1

Question 12 continues on the next page



Question 12 continued Marks

(c) Find the roots of z°> —i =0 and sketch them on an argand diagram. 3
(d) One root of the equation x* +ax® +bx +c¢ = 0 is equal to the sum of the 3
other two roots.

Show thata®—4ab+8c=0.

End of Question 12



Question 13 (15 marks) Use a SEPARATE writing booklet.

1
(a) Use the substitution u=+/1-Xx to evaluatej.xzx/l— Xdx .
0

(b) Consider f (x) = 2_—)( . Sketch the following graphs:
+X

i) y=1(x).
(i) y=[f()].
(iii) y=+/f(x).

(iv) y=In[f(x)].

(c) Solve the equation LJF ! =1.

z+1 1-2i

End of Question 13

Marks



Question 14 (15 marks) Use a SEPARATE writing booklet. Marks

(a) Two circles intersect at A and B. A line through A cuts the circles at M and N.
The tangents at M and N intersect at C.

(i) Prove that ZCMA+ ZCNA = /MBN. 3

(if) Prove M, C, N and B are concyclic points. 2

(b) Consider the function f (x) = J3-x.
(i) Find the domain of f(x). 1

(if) Show that f (x) is a decreasing function and deduce the range of f(x). 2

. .. €0s3@+isin30
¢) Simplify ——M . 2
© Pty cos20 —isin20

(d) (i) By letting z = x+1iy, find the locus of points in the complex plane which 2
satisfy Re(z——) = 0.
Z

(if) Sketch the locus. 1

(e) If z=cos@+isind, use de Moivre’s Theorem to show that z" +in =2cosnd. 2
z

End of Question 14

10—



Question 15 (15 marks) Use a SEPARATE writing booklet. Marks

(@) In the figure below, the points P, Q and A represent the complex numbers
Z,,Z,and (1,0) respectively. Given ZOAP = Z0QR and ZAOP = ZQOR .

Im R R( \ )
®0(z,)
P(Z))
0 A(1,0) Re
Explain why the point R(Z,) is represented by the complex number Z,Z,. 3

You must support your answer with clear and complete mathematical reasons.

(b) Find the equation of the tangent to the curve cos2x+siny =1 at 3

the point x =%.

Question 15 continues on the next page

-11 -



Question 15 continued

(c) In the following Argand diagram, P represents the point 6 + ai, and

O is the origin.

O

Re

Find the complex number represented by the point B, given ZPOB = 90°

and 2|0B|=3|OP|.

(d) Sketch y =+/cos3x for -7 < x <.

(e) By applying de Moivre’s Theorem and by also expanding (cosé +ising)*,

obtain an expression for cos46 in terms of cosé.

End of Question 15

—-12 —

Marks

4



Question 16 (15 marks) Use a SEPARATE writing booklet.

(@) (i) Use the results z+7 =2Re(z) and |z|2 =27 for complex numbers z to

show that |05|2 +|ﬂ|2 —|a —ﬂ|2 =2Re(af) .

(i) The diagram below shows the angle & between the complex numbers
a and f.

) =

Prove that |a|| 5|cos 6 = Re(a3).

Question 16 continues on the next page

~13-—

Marks



Question 16 continued Marks

— 2 p—
(b) Below is a graph of y=In % .The diagram is NOT to scale.

M y
(i) Show that the equation of the inverse function is given by y=e* +e™*. 2
(i) Hence, find the area of the shaded region above. 3

(c) Two points P(x,,y,) and Q (x, +a,Yy,) lie on the parabola x* = 4ay .

(i) Show that the midpoint C, of PQ is given by : 2
(2xl +a 2% +2ax, + az)
2 8a
(if) Show that the locus of C is a parabola and state the vertex. 3

End of Question 16
End of Section 11

End of Examination

14—
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Trinity Grammar School

Year 12 Mathematics Extension 2 Half Yearly Examination 2017
Suggested Solutions

Section |

1.C 2B 3D 4D 5C 6.B 7.D 8B 9A 10.C

Question 7

Let z=x+iy and 7 =x—iy
=iz
(x+iy)’ =i(x—iy)
X' =y 4 2xyi= y+ix

Equating the real and imaginary parts

X' —y=y (1)
2xy=x (2)
Rearranging eqn (2)
x(2y-1)=0
1
x=0ory=—
T2

Substitute x =0 into eqn (1)
__VI =y

Yy +1)=0

y=0ory=-1

Substitute y= % into eqn (1)

-

L

4 2
x"'=£,x=i£

4 2

. V3 1 V3 1
Solut 0,0), (0.-1), (—.—) and (——,—
olution is (0,0), ( }(zzldﬂ( 22}



Question 9

(1-w)(-w*) (1w ) (1 w?)
(1-w)(1=w?) (1= w) (1-w*)

. [ﬂ-w)(!—w‘)]L
c [ wew W]

L

7
= [ Q‘W"WL]
f = So
pot w0
-
N VAV

= [’aujl
=9 @

Question 10

a+b/1:a+l(—1+z\/§)b

(a—;b)+1(‘rb)

| = (a—5) +(Eb)

= & —ab+1b + 30

— \/a2 —ab+ b*
:\/(az—Zab+b2)+ab

= \/(a—b)2 +ab




Section 11

Question 11
(@)
N o2+ F, s 344

G o o 2kl
Zq - 24 k(?.ﬁ)

2 P

= -§+ —5-‘{

- 3
(Y (%3\3 = Q-@.ﬂ

7, o
= | — ?:f?:-\l + B(E{\ - (E*F\
b= 3934 = 9 4 300 4
-3

n

I

(b)

MNam Aol =twleal o Aen § +a Ben A
= Lam Nee B A e

i) il.[('“"‘ 2 + i tx) doy

= ey I - e 1‘L+t

T4 7

(c)

%2 12x + 48
Cx—-—é)z + 12
(x -6) — (2J3.)
(==-6 —ZEO@—M-ZE)



(d)

é'z') (_J-i’\fg()‘ = [; (w 20§ P ;77]

e pmud AT

S [rred
= L4

Question 12

(a)

(i) 1_x2>0 ~l<x<l

(i) If y=f(x),theinverse function is

X = fyg

2 y2

x “ﬂf
x*=x’y’ =y’
y2(1+x2)=x2
Al
deni



(b)

Marking Guidelines

Criteria e

iv e

i = copies curve for x < 3 and reflects section of curve for x >3 in x-axis
ii = copics curve for x 20 and ineludes reflection of this section of curve m the p-axs

iiii » shows vertical asymptoté x =3 and sketches left hand branch correctly
* sketches right hand branch comectly showing nature at x = 4

Shows correct x intercept of 1.5 and asymptote of x = 2 as well as correct y-intercept of 2

Answ
i y=|f=|
¥ i
i
]
—
0| 3
"
jx=4
1
iv

(©)

F—i=0->z2=i

Let z=cos@+isin@

.20 =cos50+isin50=i
Equate real and imaginary parts:
cos58 =0 and sin58 =1

S == =, —

it. y= ()

.-.i’.'.;:vﬂ;n-
H

1 mark for 1 correct value of
Z

1 mark for 5 correct values
of z

1 mark for plotting the
values, showing equal
moduli and equal imaginary
parts for

Z,Z; and z,, z;

Comment: This question
was marked very generously




(d)

o 3 2
T 4 o —+ b P ol

roats 0() /g’ oésr—,g

xg(~%)=-c
o, = 2
s a

Question 13

@)
A= m u‘f\\u\x-o) az
v andl xe2y  u=z©

ad dx = - ZaMdwe

{ ° 1
J xm,/l —-x dx = JQ‘M1>‘ M, — 2 dw
(v 1 t s W
j 26 () g
o]

- f
J'?.M.—+M++7.M ab__

[
3 5 1
2\4._4#&. 47::"
"i -— =

5 7
b

- —

o5

"

W



l—k
2R

:""L"l'*

]”"E'EM.. N=ﬂr .3 o
k-—'-'lf j..:ﬁ'

2-v ) .

T =1z

r —> ot
FrapR 5 4 =t):

R + .
. s
I fﬁ;lﬁ

2-—1'&)
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“%EJ[éﬁF]

= 3{:-—!)

(24n)d "

il lz] 2

* A

-] al +

Nete: The x —tutLrcopts .
Oud the x- Coerdivatg
sﬁl‘lmr rﬁlu‘h
;} = flx) }wg l-ﬁe_ 8
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- o]

_ A - e
(i) | ¢
|
' 3
B i Lk SO,
x = | \____.-""-—b
Y= 2 2

Cic) mﬂ-b—f.:—?*‘?

k} = 2=k is (x,0)

P
(1,0} i3 A ;:1,-1.+L¢ml

"};mni‘ "J..r b /:_4__1

T4

-~
L

el " e

+ 4
"'\.__‘_\. .
t}!

=)

y = tu

i

L (2=n) — Ju (2¥n)-




(©)

1 1
_+__=
z+1 1-2i
1 _1_a+20
z+1 5
1o ta
z+1 5 5
1 4-2i
z+1 5
5 44 2i
Z+l=—x———
4-21 4+2i
20+10i
+1=
20
741=141
i
Z=—
2

Question 14
(@)

Two eircles intersect at A and B.

A A line through A cuts the cireles

M X b i %4 at M and N. The tangents at M
and N intersect at C.

Xy

B

i. Prove that ZCMA+ ZCNA= ZMBN.

Solution: Join AB.
LCMA ZMBA (angle in alternate segment),
ZCNA ZABN (angle in alternate segment),
;L LOCMA+ LCNA = ZMBA+ ZABN,
= ZMEN.

ii. Prove M, €', N, B are concyelic.

Solution: ZCMA+/ZCNA+ ZMCN = 180° (angle sum of ACMN),
o LMBN + ZMCN = 180°.
So MCNB is a cyclic quadrilateral (opposite angles supplementary).

(b)




Iy Tim = (3-at) "
(y 3-7x 30 and x 2o
3 = Vi

9z x egnd x>0

Domasr s peze g

™ E4e) o (3—xi)_i v L a2 (Chan rats)
y

3 s

i

T kA

Az !

V3x~-xix

Sre VEEZR 20 fr all xis e doman
S0 <0 fr o<z<q and

7109 15 ‘wndipred ot 20 and et
oA X 20 o x>9 f"(x)_g-wm

o OP(JLJ is a aﬂwreo&—ﬂaﬂ d‘—fwaf)m

K (%) nage 1E) e ::,-O)
:{f(x) e o ?w&« %~ %)

[t}

il

(c)
c) Cos 3844336 | cos36 iA 5038 | cosBE + 15nC
oS 26 = L5286 CoSEE — A S 25 cos 2l 4 L5226
E0S, 56 4 L S0 5

Coad 2l & S/pr2E

= = cis 56

b

~-10 -



(d)

S R lr L) - o
Ft(z— = )71.::

[z

Pe (Ceitqdaly) - T 44 ). o

x? 442

3 2

= -l:.\':j —2C
4

= =
iy - i) =

L=

s (o
c:.ru:tﬂ.:cz-.jﬁ i

el

lre === (e \ja.g-:.'l
e ey, (o)
(e = Y

/]
N

()

’E«A'—’ G5 (I\SB < _£ .0 (:"-.9\
7 = Cazé—-«@\ t £ 0=

= Ccﬁ.:(r’\@]-— ,:E'E,Tﬁ (nE—)\)

‘—2’\* ,.L:‘ = c%(AEb 4 ST (nB) ::a%(n@;‘)—-,{? ";;ﬂ*{?:é\—
T = Dosn®)

Question 15
(a)

11—



ZAOR =ZA0Q + ZQOR
=ZA0Q + LZAOP
le argz; =arg z, +argz,
the triangles ORQ and OPA are equiangular and hence similar

.. their sides are proportional
OR_0Q _|z|_[z|

oP 0A |5 I
2| =|Z2HZI|
: 1

=2,z

~.Z; =2,.2 i.eR represents the complex number z,z,

(b)

slope tangent = j: : ( differentiating implicitly)
—2sin2x + u::u::nrs.yﬁ =0
dx

d :
cos y—y=251n 2x

dx
Q _ 2sin 2x 7
dx cosy

T T

At (—,—), slope of tangent = 2
6 6

Equation of tangent is

T T
-Z=2x-%)
) 6 6

y=2x—-—
6

(©

- 12 —




lr It (t‘)
P(6:2)
o > b(T)
B
- 3 [of)

i R R G
- -9 + 34
Z

+1 .
o 3a — 9<. (fie!
.‘lIB M{ —1_' / iy )

y =c0s3x Y =4/C0s3x m—
—}f -:);# _£ = _E E [ 1=£ i ir
6 2 6 6 2 6

—13-—



(e)

D(u.,c3~+'u_:.e)‘+ = B 4 N "L) D - M\
A -
(r®reme) = yﬁ@)rgw’em\e o 'm0
L O ¢ sin & } 9‘;29)
T cetG - bemlDsinO F gt 4+t (a e OSinO— 1>
\;1 ’ T . W
= & 6&.’128 (AR 8 A - 9
ot b® = cos B - N
10/l ®) ¥ (\—-w"@)
fcm“ea,éwe\ca/ L
) < ] .
. ot — beot® rot® [~ 2T
. Qe -gesP
Question 16
@)

G) [l +(p7= | 2=
Ll o+ pE - @-p&=¢)

ol rpf —emp G )
=L *‘f?fz -CJ-I—.LIJ—,E:{; +fgra")

= ap +Af

1l

:ol-g' -!‘Q_?-) = g_ﬁe_@‘g-)

(i) coo© =M e A = dop
al+l| ¢
= 2 Re(#4)
Taled (p]

= [al[plene = Ra&F)

14—
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_z2x y2ax, +a”

Jz Sa
4 5:2(22-1“") .|-,,.2’¢L(:"7;:%_“) +a.1'/

'*Kéaﬂ

4"

Fa
43" - gar+a” -
2/2/(% ;; J,;.-ZGI-/"(‘%
g a.
4Lﬁ{ﬂi+a“+¢é%
42" +a™

= /ba. '/

= 42" +a’™

= b qy —a"
v

the verten s

' a parabola ( @.%) )
o
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