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Year 12 Mathematics Extension 2 outcomes

MEX12-1 understands and uses different representations of numbers and functions to model, prove
results and find solutions to problems in a variety of contexts

MEX(12-2 chooses appropriate strategies to construct arguments and proofs in both practical and
abstract settings

MEX12-3 uses vectors to model and solve problems in two and three dimensions

MEX12-4 uses the relationship between algebraic and geometric representations of complex
numbers and complex number techniques to prove results, model and solve problems

MEX(12-5 applies techniques of integration to structured and unstructured problems
MEX12-6 uses mechanics to model and solve practical problems

MEX12-7 applies various mathematical techniques and concepts to model and solve structured,
unstructured and multi-step problems

MEX12-8 communicates and justifies abstract ideas and relationships using appropriate language,
notation and logical argument



Section |

10 Marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1. What is the value of i***?
A. 1
B. -1
C. i
D. —l
2. A cubic polynomial P(z) has all real coefficients.

z=3 and z=2+1i are two roots of P(z) = 0.

Which equation describes P(z)?

A. P(z)=2-72"-17z+15
B. P(z)=2"-72"+17z-15
C. P(z)=2"+72" =35z +15

D. P(z)=2"+72"+35z-15



\/§+i

Given that z = e which of the following is equal to z° ?
+i
A. Zﬁeﬁi
B. 4\/§€Ei
Yz,
C. 2\2e 2
Lo,
D. 42e 12

ABCD is a thombus. It is given that AB=g,and BC =b.

d
A i B E
b NOT TO
- SCALE
D F @

BE is an extension of AB such that AB:BE =4:3.

The point F is the midpoint of CD.

Which expression gives the vector FE in terms of ¢ and b ?

A. —11a+b
6~ ~
B. —5a+b
447¢%
C. —lla—b
6~ ~
D —Sa—b
4477



5. Which of the following Argand diagrams represents the solutions to the equation:

Arg(z—i)=Arg(z+l)?

A. Im(z) , B. Im(z) ,

1 c/ )
1 o _ /
9 ' o
/ © Re(2) 0 Re(2)

c. Im(2), D. Im(2) ,

f > >
& Re(z) 0 / Re(2)
10 —1¢

6. Which of the statements is logically equivalent
to the one shown opposite.

A. If you may enter, then you are authorised.

B If you are authorised, then you may enter.

C. If you are not authorised, then you may enter.

D If you may not enter, then you are not authorised.




A particle of unit mass is projected vertically upwards from the ground with initial

velocity of u m/s.
The particle is affected by a gravitational force, g, and a resistive force equivalent to —kv* ,

where the particle’s velocity is v m/s. Let k be the constant of proportionality and x be the
displacement, in metres, from the ground after 7 seconds.

Which of the following is the maximum height, H, of the particle?

0 u
A H-= v B. H= "kvz dv
u 8+—— 0 &§+—
2 2
0 u
C H= u > dv D. H = v ~dv
_kb _
u 8 ) 0 & 7

The curve r(t) = (tz,t4,t6) is defined for all real values of z.

Which of the following graphs best represents its projection onto the xz-plane?

A z B .
10 + 10 &
5+ S
| 4 , > x : : ; : : :
_3 1 2 3 -3 -2 -1 1 2 3
-5+
~10 +
C z D. .
10 0 10 T
5+ ST
: : | 4 : > x ’ * * ; ‘ ‘
3 s 1 2 3 3 2 -1 1 2 3
5 -5+
~10 + -10 T




10.

A car journey is split into two parts.
During the first part the average speed is V" km/h.
In the second part, the average speed is U km/h.

U+V m.

Kimie concludes that the average speed for the whole journey is

Which of the following is NOT a counterexample to this conclusion?

A. The car initially travels 100 km at 20 km/h, and then travels 100 km at 40 km/h.
B. The car initially travels 120 km at 60 km/h and 80 km at 40 km/h.
C. The car initially travels for one hour at 100 km/h and then two hours at 50 km/h.

D. The car initially travels 60 km in two hours and then travels 40 km in three hours.

T

Consider the definite integral, 7 = J xsinx dx.

0

Using the substitution x = 7 — y, what is the value of /?
E

A. J siny dy

B. EJ siny dy

C. %J siny dy

D. J siny dy

End of Section I



Section 11

90 marks
Attempt Questions 11 - 16
Allow about 2 hours and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Section II, your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet.

(a) Letz =-1-5i and z, =2—1i.

(1) Calculate i(z, —z,). 1
(i) Write a+tib in the form @ = x +iy, in terms of a and b. 2
2
(b) Consider the statement about integers 2

If k* —14k is odd, then £ is odd.

By considering the contrapositive prove that the statement is true.

X 2 -7
(c) Let P| y | be any point that is equidistant from Q| -3 | and R| 1
z 4 0
(1) Show that the equation of all such points P is 18x—8y +8z =-21. 2
(i) Give a geometric description of P. 1
(d) Solve z*+(5+5i)z +(6+15i) = 0. Give your answer in the form z = x +iy. 3
b 147
(e) Use partial fractions to find J — dx. 4
L(x=2)(x+3)

End of Question 11

8-



Question 12 (15 marks) Use a SEPARATE writing booklet.

a) Use mathematical induction to prove thatif S, =a¢and S —S  =ar"',n>2,
( ) p 1 n n—1

then §, =M

, h>1.
1-r

(b) Consider the complex number z =1+ i3
(1) Write z in mod-arg form.

(i) Show z* =2/2i.

(i)  Find all values of n for which z" is purely imaginary.

1
(¢) (1) Find the Cartesian equation for the line / that passes through the point | -2
4
2 5
and is parallel to the line with equation r =| =1 |+ 4| 2
3 -1

(i) Determine where the line / meets the x-z plane.

(d) Prove that log, 9 is irrational.

(¢) If w is a complex solution of z* =1, simplify the expression (1+ a))2 + (1 +’ )2.

(f)  Write the negation of the following statement Ixe R,V yeR":xy=1.

End of Question 12

—9—



Question 13 (15 marks) Use a SEPARATE writing booklet.

1

(a) Evaluate J log, (x2 +1) dx.

0

(b) Consider the spheres S, and S,

S ix?=2x+ )y’ +4y+z°—4z=0

S,:x*+y* + 22 +10x+2z+10=0.

Explain why S, and S, intersect at a single point. (Do NOT find this point.)

(¢c) Consider the complex number z =cos0+isin6.

(i)  Show that 2" — i = 2isin n0.
z

(1))  Hence, or otherwise, find the constants a, b and ¢ such that

sin’ 0 = asin 50 + bsin 30 + ¢sin 6.

Vs

(iii) Hence evaluate 16J25in56’ de.

0

Question 13 continues over page

-10-



Question 13 (continued)

(d) A cube has a pair of opposite vertices 4 (—1,—1,—1) and B (1, 1, 1).

Another pair of opposite vertices are X and Y, as displayed in the diagram below.

Y B(1,1,1)

A(-1,-1,-1) X

. 28
If o is the acute angle between AB and XY, show that sin2¢ = N

(e) Three positive number a, b and c satisfy the following conditions

a>b>cand a+b+c<1.

By considering (a +5+ c)2 or otherwise, prove that a® +3b> +5¢” <1.

End of Question 13

-11-



Question 14 (15 marks) Use a SEPARATE writing booklet.

(a) Use the substitution of u =sin x —xcos x, evaluate 3

g X
j —*
% l—xcotx

(b) Consider the following four equations, where a >0 and 5> 0. 3
Do 2ab
a+b
U= ab
g & +b
2

0~ a’+b’

2

Show that D<U < B<O0.

(c) The triangle ABC in the complex plane is formed from the points 4A(«), B(f) and C(y). 3

The complex numbers «, £ and y satisfy these two conditions:

y—a
L—a

=1-i and a+f+y=0.

Calculate |a| : |ﬂ|

Question 14 continues over page

-12-



Question 14 (continued)

(d) Two magpies, A and B, are observed flying.

Their initial respective positions are:

(L -2j+ 4/;) metres and (_2£ +aj+ 6]5) metres, where a is a constant.

They are travelling with constant velocities and these are respectively:

(2+3j+6k) m/s and (3i+12; +4k) ms.

Determine the constant a, if the distance between the two magpies is least after 5 seconds.

(¢) By considering (1+i)(4—i)’ prove that tan™' (%) +2tan” (—j = %

End of Question 14

—-13-



Question 15 (15 marks) Use a SEPARATE writing booklet.

(a) Abody of unit mass falls vertically from rest, under gravity, from a height of 100 metres
2
above the ground through a resisting medium. The resistance to its motion is I?W ,

where v is the speed of the body (in m/s) after falling a distance x metres.

2

(i) Show that the acceleration X of the body is given by ¥ =g _JE'

(1)) Determine the terminal velocity V of the body.

(ii1))  Show that the velocity v of the body, after it has fallen a vertical distance x,

is given by

(iv) Determine the distance fallen when the velocity of the body first reaches %

: 1
(b) LetS, = tan"l[ ]
2 5y

Prove by induction that tan(S,) = o

n+l

Question 15 continues over page

—14-



Question 15 (continued)

(¢) The solutions of Z * =1 can be joined to form a regular pentagon in the complex plane,
as shown below.

Im(z)

=Re(z)

24\

(i) For n>3, show that the perimeter of the regular n-gon formed by the solutions

of z"=11is P, =2nsin(£j.

n

sin x

(i) It is known that as x — 0 then — 1. (DO NOT prove this.)

X

Using part (1), show that as n —> o0, P, > 27.

End of Question 15

-15-



Question 16 (15 marks) Use a SEPARATE writing booklet.

P

(a) Let 1/, =J xx dx where n=1,2,3,.... .
o €
(i) Calculate 1.

1
el

4]
(i) Deduce that Ykl =, ~I, + — .

1
k= 1264

(b)  The diagram shows a regular tetrahedron OABC with sides of length 1.

NOT TO
SCALE

B % A

Let X and Y be points on the edges such that ‘ﬁ‘ : ‘YC“ = ‘E‘ : ‘ﬁé‘ =x:1-x, where 0<x<1.

Let Od=a, @:@, and OC=c.
. 1
(1) Showthatg-@:@g:g-gza.
(i) Show that ‘O—Y‘ —Jl—xtx?.
(iii)  Determine the range of values of ZYOX.

End of Paper

-16-



2025 Abbotsleigh Extension 2 Trial Solutions

1. What is the value of i*%*?
A1
B. -1
C. i
D. i
As
i‘t=1
2024 — 1
i2025 =i
Answer is C
2. A cubic polynomial P(z) has all real coefticients.

z=3andz= 2+ are two roots of P(z) = 0.

Which equation describes P(z)?
A, P(z)=2"-7z"-17z+15
B. P(z)=2" -7z +17z2-15
C. P(z)=2+7z" -352+15

D. P(z)=2"+7z"+35z-15

Roots are z = 3,2 + i,and 2 — i (complex conjugate).

Sum of roots,
b
_E=3+(2+i)+(2_i)=7
b=-7

So, answer is either A or B.

Product of roots,

d
——=32+)2-D=15
d=-15

So, the answer is B.




3+i . - . . 5
TR which of the following is equal to z7?
+1

3. Given that z =

tf
A, 24281

X
B. 4\461?13

19x.

C. 20/2e?

197,
)

D. 422

V3 +i = 2cis (%)

1+i=12cis (%)

z=£(%)=icis(z—z)= Zcis(—l)
\/fcis(%) V2 \6 4 12

=2 c1s<—i—) 4\/—c1s<—5—> 4\/—c1s(

191‘[)
12

12

So, the answer is D.




4. ABCD is a thombus. A8 = g and

= g
.

A

D F C

BE is an extension ofﬁl such that AB : BE = 4 : 3.

The point F is the midpoint of CD.

Which expression gives the vector FE in terms of @ and b ?

[
f—

A —a+b
P
s

B. —aq+b
2478

C Ea—b
P
q

D —a-b
2972

FE =FC + CB + BE

As AB:BE=2BE=34aB=3qa
3 4 4

So, the answer is D.




5. Which ot the following Argand diagrams represents the solutions to the equation:
Arg(z—i)=Arg(z+1)?

A Im(:)A

» 2
54_«/&3&'”

~1..°A

C. Im(z)

Arq(yi) .
Re(z)

1

Im(z)*

Im(:)A

2 A (2-0)
_é/rf\’ (%*% >
(,

Re(z)

o—
O/ Re(z)
—]c

The argument formed from z and the point (0,1) is equal to the argument formed

from z and the point (—1,0).

From the diagram above you can see that B results in the arguments being

supplementary rather than equal — hence the answer is A.




6. Which of the statements is logically equivalent
to the one shown opposite.

A. If you may enter, then you are authorised

B. If you are authorised. then you may enter

C: If you are not authorised, then you may enter

D. If you may not enter, then you are not authorised

(Not authorised) —» (May not enter)

Is equivalent to its contrapositive,

(May enter) —» (Authorised)

So, the answer is A.

7. A particle of unit mass is projected vertically upwards from the ground with initial velocity of & m/s.

The particle is affected by a gravitational force, g, and a resistive force equivalent to E,ln’2 ,

where the particle’s velocity is v m/s.
Let & be the constant of proportionality and x be the displacement, in metres, from the ground after ¢
seconds.
Which of the following is the maximum height. A, of the particle?

A0 U
A H- Yy B. H- Y v
A
+— +
u g 5 0 g 2
~0 U
c. H= ‘an dv D. H= ‘hz d‘\
u & 7 0 377

Equation of motion being projected upwards, so gravity and resistance are negative.

Finding x in terms of v.

1. 5
a= —g—Ekv
dv_ 1 2
va——(g+ikv )

v
—g+—kTvzd’U=dx

Journey to max height is x: 0 - H, and v:u - 0.
- f OLdv = f de
T
Flipping the sign of the integral with the negative,

The answer is B.




8. The curve r(¢) = (r2,14,r6) 1s defined for all real values ofr.

Which of the following graphs best represents its projection onto the xz-plane?

-3

-5+
_]_0 £
C z D. z
10 4 10
51 5+

: ; } : { > x | | |

3 2 1 1 2 3 3 2 -
-5+ 5+
~10 + “10 1

Projection onto the xz-plane implies that y = 0.
x=t*andz=t°®
z=(t?)3 = x°
But, as x = t?, and tis a real value x > 0.

So, the answer is C, as this BEST shows a cubic, compared to D.




9. A car journey 1s split mnto two parts.
During the first part the average speed 1s V' km/h.

In the second part, the average speed 1s U km/h.

T

4 km/h.

Kimie concludes that the average speed for the whole journey 1s .

Which of the following 1s NOT a counterexample to this conclusion?

Al The car mitially travels 100 km at 20 kin'h. and then travels 100 km at 40 km/h.
B. The car initially travels 120 km at 60 km'h and 80 km at 40 km/h.
C. The car initially travels for one hour at 100 km/h and then two hours at 50 km/h.

D. The car mnitially travels 60 km in two hours and then travels 40 km 1n three hours.

Going through each option:

A:
Uu+v
—— =30km/h
2
Total distance, 200km. Total time, % + % = 7.5 hours

Average speed, % = 26.6km/hNot, 30km/h, so this is a counterexample.

B:
60 + 40
2

Total distance, 120 + 80 = 200km. Total time

= 50km/h

120

80
0 + i 4 hours

Average speed, % = 50 km/hSo, this is NOT a counterexample!

The answer is B.
(Alternatively, thinking about it — if they travel for the same time in both legs then the average

speed matches the equation).




T

10. Consider the definite integral. /= | xsinxdx.
Ca]

Using the substitution x = 7 — v, what is the value of I?

A. J sin y dy
¥ 3

B. ,TJ sin y dy
0

T

. T
C. — | sinydy
2

JO

sin y dy

=
L_?.

0

X=m—-Yy
dx_ 4
dy
dx = —dy

X=m=m—Yy

y=0
x=0=m—y
y=m

™ 0
I= f xsinxdx = f (r—y)sin(mr —y) X —dy
0 b4
Flipping the sign first, then applying obtuse angle fact, then expanding brackets.

1=] (m — y) sin(m — ) dy
0
I=] (m —y)sin(y) dy
0

I =f 1t sin(y) dy—f ysin(y)dy
0 0

Note, that second integral is what we started with!

I= f msin(y)dy — I
0

T T
I = —f sin(y) dy
2Jo

Answer is C.




Question 11

(a) Letz=-1-5/and z, =2—i.
(1) Calculate i(z, —z,).

a+ib

(1) Write in the form @ = x +iy,1in terms of @ and b.

=2

i(zy—2zy) = i[(-1-50) —(2-1)]
i(zy—2,) = i(-3—4i) =4—3i

a+ib_a+ib

Z, 2—i
a+ib 2+4+i 2a+ai+2bi—0>b
2-i 2+i 22112
2a—b _a+2b
5 T3

(b) Consider the statement about integers
If /> —14F is odd, then & is odd.

Prove by contrapositive that the statement is true.

Contrapositive,

(k is even) — (k? — 14k is even)

Assume k = 2M,where M is an integer

k? — 14k = (2M)? — 14 x 2M
k? — 14k = 2(2M? — 14M)

Hence, k?* — 14k is even as M is an integer.




x) 2) -7

(c) Let P| v | be any point that is equidistant from Q| -3 | and R| 1
Z ) X 4 / \ 0 /
(i)  Show that the equation of all such points P is 18x -8y + 8z =-21.
(i) Give a geometric description of P.
|@QP| = |RP]

VE-22+ @ +32+@-92=Jx+ N2+ (- 12+ (2)
Squaring and expanding...
x> —4x+4+y>*+6y+9+22-8z+16 =x*+14x+ 49+ y* — 2y + 1 + z*
Simplifying...
29-50=18x—-8y + 8z
18x -8y +8z = -21

As required.

P is a plane that bisects PQ and is perpendicular to PQ. (Plane was needed)

(d) Solve z* +(5+5i)z+(6+157) = 0. Give your answer in the form = = x +iy.

Quadratic formula.

_ —(5+50) +/(5+5i)%—4(6 + 15i)
Z= 2
_ —5-5i++25+50i —25-24—60i —5—5i+V—-24—10i
zZ= 2 = 2
Need to find Vv—-24 - 10i=a + ib
—24 — 10i = a® + 2abi — b*
a’? — b? = —24, and — 10 = 2ab

ab = -5
By observation, a = —1,b = 5 so...
—5—-5i+ (-1 +50)
Z:
2
zZ= > =
Or
—4 —10i
zZ= =—-2-5i




M 14 7x

i X. 4
(€ Fnd J (x—2)(x+3)

Partial fractions...

147« _ A B
x—2)(x+3) x—2 x+3

1+7x=A(x+3)+B(x—2)
1+7x=3A-2B+ (A+ B)x
1=34A—-2B,and7=A+B
B=7-A
1=34-2(7-4)
1=54-14
A=3-B=4

fl 1+7x d_f( 3 . 4)d
L, (x=2)(x+3) = L,\x—-2 x+3 .

1

3In|x — 2| +4In|x + 3|
-2
(3In1+4In4) — (3In4+4In1) =In4




Question 12

n-1

(a) Use mathematical induction to prove thatif S, =c¢ and S, —S_, =ar . nz=2.

1-7"
then S, :y. nzl.
_r

Basecase:n=1

S1 = a(given)

Formula,
a(1-11) ]
1=y, = a (as required)
As required.
Assume: n =k
5, = a(1—1rk)

1-r
Prove:n=k+1

Si+1 — Sk = ar**1=1(by definition)

. a(1-r") ]
Sks1 = ar* + N (by assumption)
ar*(1—-r) +a(1-1%)
k+1 = 1—r
ark —ar*!' + a — ar*
Sk+1 = 1—r
S B a(l _ rk+1)

As required.




(b)
(1)  Write z in mod-arg form.
(i) Show \/{: =22

L

(11) Find all values of n for which =

Consider the complex number z =1+7 NES

is purely imaginary.

Arg(z) = arctan? =3
Vit s° ;
Mod(z) = (12 ++V3 =2
j— 2 3 n
z=2cisy
1
. 3m .
z3 =23cis— =8cosm + 8sinm = —8
Va3 = V-8 = 2V2i
n _ 2N cig—
z cis
Purely imaginary means cos ("?") =0
Sn=— 4wk
gt =2" "
Where k is an integer.
_3, g 6k+3
n=ZTT T




.’1\
-2
v

4

(c) (i) Find the Cartesian equation for the line / that passes through the point

A

rd Y rd - Y
2 5

-1

-
ol
\ J

+ A

2

=y

and is parallel to the line with equation r =

(i1) Determine where the line / meets the xz plane.

B0

x=1+5u
x—1
F="5
y=-2+4+2u
y+2
m=To
Z=4—pu
u=4-z
x—1 y+2
5 > =4—-z
Line meets xz plane when y = 0.
ﬂ_z_l
2

x=1+5x1=6
z=4-1=3
(6,0,3)




(d) Prove that log, 9 is irrational. 2

Assume rational.

a
log,9 = 5’ where a and b are integers with no common factors > 1

SRS

2b=9

2¢=9P
But, as a and b are both integers, then 2% = EVEN and 9” = 0DD.
So, this cannot be true.

Therefore log?9 is not rational.

ke) If o is a complex solution of =* =1, simplify the expression (1+ (f)‘j2 +('l + o’ ). 2

z3 =

z2 -1

-

0
From factorizing, and knowing z = 1 is a root.

(z-1)(Z*+z+1) =0

(w-1D(w*+w+1)=0

(w*+w+1)=0
w+w=-1 (w+1)=-w?and (w?>+1) = —w
1+ w)?+ 1+ w??=(—w?)?+ (—w)?
1+ w)?+ 1+ w?? = 0* + w?
Q1+l +1+0) =) X0+’ =w+w?=-1

NOTE: Expanding the expressions early will reduce to the correct result, but this is not

recommended as the powers could be larger (e.g. (1 + w?)!?, good luck expanding that!)

(f)  Write the negation of the following statement Ixe R*.VyeR :xy=1. 1

-Ix e RT,vyeR*:xy =1
Is equivalent to...
vx e RT,-Vye R :xy =1
Is equivalent to
vx e Rt, 3y e Rt : q(xy =1)
vxeRY,IyeR ' :xy #1
For all real numbers, there exists another number such that their product is not

one.




Question 13

1

(a) Ewvaluate j loga(.l'
0

: +1)d.1‘.

By parts.
u=In(x*+1)

du _ 2x
dx  x2+1

2x
xZ2+1

X x dx

j: In(x? + 1)dx = (ln(xz +1) X x): — j:

1 °2x*+2 -2
f In(x? + 1)dx=(In2 —1In1) —f —
0 1 x“+1

1 1
f In(x?> + 1)dx =In2 — f (2 —
0 0

dx

)ax

x2+1
1

1
f In(x* + 1)dx =In2 — (Zx —2tan”! x)
0 0

1
f In(x? +1)dx=In2—-[2—-2tan"! 1 - (0 — 2tan"10)]
0

1 4
j ln(x2+1)dx=ln2—2+5
0

Consider the spheres S; and S, . where

S - x” —2x+_1'3 +4_1‘+:2 —4-=0
S, x*+y +22+10x+22+10=0

(b)

Explain why S, and S, intersect at a single point. (Do NOT find this point.)

(]

S;:(x—1)?*+(y+2)2%+(z-2)?°=1+4+4=9

Sphere with centre (1,—2,2) and radius 3 units.
Sy:(x+5)2+(?+(z+1)2=-10+25+1=16

Sphere with centre (—5,0,—1) and radius 4 units.

Distance between the centres?
V62 +22+32=7

Equivalent to the sum of the radii - hence they will touch once.




(¢) Consider the complex number z =cosf+isin®.

. 1 .
(1)  Show that z" ——; = 2isinnb.

(i1) Hence. or otherwise, find the constants a. b and ¢ such that

sin"@=asin 580+ bsin 38 +¢csinb.

a2

(111) Hence evaluate 16-[ sin” 8 dé.
0

L]

z" = cis(n@)

1 cosnB — isinnf

— X —
cosnl +isinn@ cosnO —isinnl

Zn

1 cosnf —isinn@ 0 — isinng
— = - =cosnb —isinn
z"  cos?0 +sin%0

n

1
V4 —Z—n= cosnl + isinn0O + cosnb — isinnb = 2i sinnb

Proofs involving De Moivre’s are fine.

1 5
(zl — ;) = (2isin0)® = 25isin® 0

Now, expanding the LHS.

2

B)z+ (et x(-2) + ()2 x(-2) + ()2 x(-2) +§)m < (-
Q=)

I 1 1 1 [, 1 , 1 1
z> — 5z +10Z—10—+5———=<Z ——)—5(2 ——)+10(z——>
z z3 z° z> z3 z

Then, using the identity from part (i) again.

s 1 ; 1 1 . . .

(z ——5) — 5(z ——3> + 10(z——> = 2isin50 — 10isin 30 + 20isin @
Z z z

Combining the two results,

25isin® @ = 2isin 50 — 10isin 30 + 20isin 0

1
sin® @ = Fsin 50 —FsinSO +Fsin0




F

(111) Hence evaluate IGJ. “sin’ 6 dé.

0

I /1 5 10
16f sin® 0doO = 16f <§sm50—ﬁsm30+ﬁsm0>d0
0 0
n n
2 2
16f sin50d0=f (sin560 — 5sin 360 + 10sin 0)do
0 0

s

4

2 . cos 560 5cos 360 2
16 | sin°0dO = | - + —10cos @

0 5 3

0
4

16[7'50610—(0 0+0) <1+5 10)—128
, o - 53 ~ 15




(d) A cube has a pair of opposite vertices 4 (-1. -1, -1) and B (1, 1. 1).
Another pair of opposite vertices are X and ¥, as displayed in the diagram below.
¥y

B(1,1.1)
A(-1,-1,-1) X
If @ 1s the acute angle between AB and XV, show that
. 248
sin2a = 5 2

_— 2
AB =12
2

Without loss of generality we can assume that X and Y are formed to be

parallel with the axes, so X=(1,-1,—-1)and Y =(-1,1,1).

—_— _2
XY=<2)
2
|AB| = |XY| = V12 = 2V/3
AB - XY = |AB| x |XY|cosa = —4 + 4 + 4

12cosa = 4

1
cosa =

From an acute triangle or (sin? x = 1 — cos? x) we can conclude that,

. V8
s1na—3

. . 1 V8 2v8
stacz2cosa:smac=2><§><?=T




(¢) Three positive number a, b and ¢ satisty the following conditions a=zb=¢ and a+b+ec <1

S 2 .
By considering (a+b+e¢) or otherwise, prove that a®+3b* +5¢" <1.

Initially, following the instructions.
a+b+c<1
(a+b+c)? <1
a’+ab+ac+b*+ab+bc+c*+ac+bc<1
a® + b%* + c®> + 2ab + 2ac + 2bc < 1
Now, as
a=b=>c

Then by multiplying by ‘2b’

2ab > 2b? > 2bc
Or multiplying by ‘2a’

2ac > 2bc > 2c?
Which means,

2ab > 2b? ...and ... 2ac > 2c% ...and ...2bc > c>

a’?+b%+c%+2b*+2c2+2c2<a*+b*+c*+2ab+2ac+2bc<1
a’?+3b%* +5c¢%2 <1

As required.




Question 14

(a) Use the substitution of u =sin x—xcos x . evaluate

X
x
J _ X a
z l—xcotx

u=sinx —xcosx

du
— =COSX—COSX + xSsinx = xsinx
dx
j X d j X d f xsinx d
—_—— dx = ——— dx = - X
1—xcotx 1 — o SOSX sinx — x cos x

sinx

xsinx 1 .
j - dxzj—du=ln|u|+C=ln|smx—xcosx|+C
sinx —xcosx u

So...

4 x L
f — C  dx= [lnlsinx—xcosxl]
m 1—xcotx L

2
4
=ln|0—1t><—1|—ln|1—§><0| =Inn

Obviously changing the bounds is a valid approach.




(b} Consider the following four equations. where a >0 and b>0.

Show that D=U < B=0.

(Va-vb) =0
a—2Vvab+b =0
a+b>=2Vab

a+b>2\/ab
2ab — 2ab

From earlier,

a+b=>2Vab

a+b
2 =>Vab

B=U

If you can’t see a pathway, contradiction works! Assume

a+b> a? + b2
2 2

a’? + 2ab + b? >az+b2
4 2
2a? + 2b%? — a? — 2ab — b?
0>
4
a? — 2ab + b?
4
a — b)?
S ( )
4
Contradiction as (a — b)? > 0, therefore B < 0 as required!

0>

0

B>0

NOTE: Students should avoid assuming the AM-GM inequality in situations where

it is naively similar.




(¢) The triangle ABC in the complex plane is formed from the points A(e). B(F) and C(y).

The complex numbers «, £ and y satisfy these two conditions:

Y7% 1§ and a+B+y=0.

pf—a

Calculate ‘a‘| |ﬁ‘

—2a—-pF=p—-if—a+ia
2B +if =a+ia
B(—2+i)=a(l1+1i)

a -2+1i
B~ 1+i
a —2+1i
|E‘= 1+i‘
| -2 +i]
1Bl 11+
|a|_\/§_\/ﬁ
Bl V2 2

Methods that involved geometric implications sadly got very
muddled and confused - as the length of the numbers are not equal,
so, yes, when considered like vectors they appear as at a triangle
with a vertex at the origin. (But there isn’t much more that can be

concluded due to different magnitudes)




(d) Two magpies, 4 and B, are observed flying. 3

Their initial respective positions are:

(i -2j+ 411) metres and (—2i+ aj+ 6/1) metres, where @ 1s a constant.

They are travelling with constant velocities and these are respectively:

(21’+3J’+ 6/1:) /s and (31’+121’+4/g) ms.

Determine the constant a, if the distance between the two magpies is least

when 7 =5 seconds.

2 3
vg=1|3 Vp = 12
6 4
2t 3t
x,=(3t)+¢ xp =12t |+ ¢
6t 4t
1 -2
tZO,XA: -2 t=0,xB= a
4 6
2t+1 3t—2
Xq=1|3t—2 xg=\|12t+ a
6t + 4 4t + 6

Distance between the two,

3t—2 2t+1 t—3
12t+a|—|3t—2 9t+a+2
4t + 6 6t+4 —2t+2

DIST =/ (t—3)2 + (9t + a + 2)2 + (2 — 2t)?

When max distance occurs, so does max DIST?
DIST? = t> — 6t + 9 + 81t* + 9at + 18t + 9at + a®> + 2a + 18t + 2a + 4 + 4 — 8t + 4¢>
DIST? = 86t% + 22t + 18at + 17

This is a quadratic, so the minimum distance occurs at the turning point, when

the derivative is zero.

d(DIST?)
——— =172t + 22+ 18a =0
dt
t =5,iswhen it occurs (from question)
882 +18a=0

a=-—49
NOTE: Using t = 5 before finding the max distance results in an

incorrect result as time is a variable and the nature of the function in

terms of time needs to be considered.




(e) By considering (1+7)(4 1)’ prove that tan‘t{j—z}rztan—l (ﬂ: % _

Expanding algebraically...
A+D(@—-D>=Q+i)(17—-8i) =23 +7i
Then, considering the arguments

1 7
Arg(1+1i) = %,Arg(tl — i) = —arctan (Z>,Arg (23 + 7i) = arctan (ﬁ)

And so by applying the addition of arguments...

3+ 2 % arctan ) = arctan (57)
— X — — | = N
) arctan 4 arctan 23

3 = arctan ) + 2arctan )
4—arcan 23 arcan4




Question 15

(a) A body of unit mass falls vertically from rest, under gravity, from a height of 100 metres

2

above the ground through a resisting medium. The resistance to its motion is .

where v is the speed of the body (in m/s) after falling a distance X metres,

2
(i)  Show that the acceleration X of the body is givenby x=g —;EE . 1
(i) Determine the terminal velocity I of the body. 1
(111) Show that the velocity v of the body, after it has fallen a vertical distance x, 1s given by
1.-2=V3[1—eﬁ]. 3
(iv) Determine the distance fallen (in metres) when the velocity of the body first reaches ; 2
F =ma
1.72
———=1ma
100
m=1
vZ
a=mg——
9~ 100
Terminal velocity occurs when acceleration is zero.
VZ
-——=0
100
V? = 100g
V=109
dv v?  100g — v?
vVX—=g-—
dx 100 100
v d dx
v =
100g — v? 100
2V o= — Y (using V2 definition f lier)
—— av = ——— (usin ejintiion yjrom eartier
vz — 1?2 50 g
X
In|V? —v*=——+C
| |=-35
t=0,x=0,v=0
In|V2|=C
2 2 X 2
In|V2 —v?| = ——+ In(V?)

50




X
VZ _ vZ = e 50 X eln(Vz)
_X
Vz_v2=V2xe 50

_x -
V2=V2—-V2?xe 50:V2(1—e 50)

|4
‘DZE,X_?
2
(z) =r(-e®)
1 X
Zzl—e 50
_x 3
e 50:1
X 3
—%—lnz




= o 1
(b) LetS = » tan 1(—]

n

Prove by induction that tan(S, )= 5
' n+

Base case,n =1

5. = arctan ()
1 = arctan (7
1

1
anS)=3=171

Assume,n = k

k

tan(Sk) = k_+1

Proveen=k+1

1

Sk+1 = arctan <m> + Sk

1
tan(Sy,1) = tan (arctan (m) + Sk)

tan (arctan (ﬁ)) + tan(Sy)

tan(Sk+1) = 1
1 —tan <arctan (m» x tan(Sy)
1 + k
2 k+1
tan(Sy,q1) = 20k + ;) 2 (using the assumption and tan(tan™! x) = x)

I+ D2 *k+1
Multiplying by 2(k + 1)3
(k+ 1)+ 2k(k + 1)?

an(Si) = =013k

(k+1)(1+2k(k+ 1))
2k3 + 6k + 6k +2—k

tan(Syq) =

(k+1DQRK*+2k+1)

tan(Sy,q1) = 2k3 + 6k2 +5k + 2

Now, knowing that the desired denominator is k+2

(k+1)(2k*? + 2k + 1)
(k + 2)(ak? + bk + ¢)

tan(Sy.1) =

Applying polynomial division / by observation

(k+1)(2K*+2k+1) k+1
(k+2)2k2+2k+1) k+2

tan(Sy.1) =

As required!




: LS .. :
(¢) The solutions of 2~ =1 can be joined to form a regular pentagon in the complex plane.
as shown below.

()

(i)

Im(z)

z, /

Re(2)

z, \

1

For n = 3. show that the perimeter of the regular n-gon formed by the solutions

of z"=11s P, =2n"sin(£].
n

Y . (Do NOT prove this.)

It is known that as x = 0 then
x

Using part (1). show that as n >, P — 2.

The length of one side, S, can be found with the cosine rule.

The angle is 27” and the adjacent sides are 1.

2
52=12+12—2x1x1xcos(7)

52 =2(1—cos(2x%))

From the reference sheet,

T
$2 =2 x 2sin?2—
n

(4
S =2sin—
n

There are n sides, so

.
P, = 2nsin—
n




: 5 .. .
(¢) The solutions of Z~ =1 can be joined to form a regular pentagon in the complex plane.
as shown below.

Im(z)

:j/

"Re(z)

\

by

(1)  For mn=3, show that the perimeter of the regular n-gon formed by the solutions

of z"=11s P, zlnsin(E]. 2
H

Alternatively, you could use right
angled trig to find the length of
half of one of those sides.

As, |z,,| = 1, then

sin (E) B leniqth

This then concludes that the

length of one side is 2 sin (g)

And then P,, = 2nsin (g)




sin x

(11) It 1s known that as x > 0 then — 1. (Do NOT prove this.)

x
Using part (1), show that as n >, P, > 27.

Asn > o
T

__)O
n

So,

As required!




Question 16

1
4 A"
(a) Let I = — dx where n=1. 2.3......
b @
(1) Calculate I,.
1 1
4 x 4
I, =] —dx =f xe *dx
o € 0
Integration by parts,
u=x v=—e"*
u =1 v =e"*
1 1
_x\% z
I1=(_xe x) —f 1x —e*dx
o Jo
1 1
1 —x\ %
I=-gxei-0-(e7)
1 1 e 0 ( .
1 1
I, = ——1—<e 4—e°)
4e4
1 1 5
Li=1-75-—=1-—5
et 4et 4e4




e+l

(i) Show that kL, =I,—1,+ /1 g 3
prt
1
zxk+1
Iji1 = - dx
0
By parts,

u= xk+1 v=——e*
u = (k+ 1)x* vV =e*

1

1

—x\4 z

Ipiq = (—xk+1e x) —f (k+ 1Dxk x —e*dx
0 0

R ik
’k+1:_(Z) e4—0+(k+1)f0;dx

(1)k+1
—\2
Iyyr =——F—+ (k+ DI,
e4

N

@ _
Ijys — Iy +——F— =Kl

et

As required.

(Alternative approach on next page.)




NN

1
._1_

(i) Show that Ky =1, ; — I, +=

[ ]

e

2 xk
Ik = —xdx
0
By parts,
u=e>* xk+1
YTkt
u =—e™”* v = xk
T
k+1 4 4 xk+1
I,={e* - —e *) X d
T\ k1) , <k+1>x
k+1 1
(%) e 4 1 %xk+1
I, = -0 d
k k+1 kT 1f0 ex N

As required.

NOTE, if you accidentally get an expression involving ‘k-1’ - you can
substitute u=k—-1,u=kandu+1=k+1

This should then get you to the desired result (if you are careful...)




n )
(if) Deduce that Y &I, =1, -, +————
= 12¢*
Induction: n = 1 From part (ii)

1 (1)2 1 X
Zk1k=11=12—11+ & -+ —
k=1 et e4 16e4

Desired result is,
1
1 1
_ 1-(z) _
kly=I, - 11 +————=1,—-1, + I
k=1 12e4 16e4
As required.
Assume: n = Q
Q
N 1-(3)
Zk’k = IQ+1 _Il +—1
k=1 12e4
Prove: n=Q+1
Q+1 Q
k=1 k=1
1,¢
_ 1-(3) .
=lgy1 — 11 +——F—+(Q + 1)Iy,1 (Assumption)
12e4
From part (ii)
(1)Q+2
4
Q@+ Dlgyq =1Igyp —Igs1 +—7
et
Q Q+2
N 1-(3) @
Zka=IQ+1_Il+—1+IQ+2_IQ+1+ 1
k=1 12e4 et
Q Q+2
N 1-(z) +12(3)
Zklk:IQ+2—11+ 1
k=1 12e4
1\¢ 1,2 0+1
1-(3) (1-12(3)) - (Y
Zk1k=IQ+2—I1+ 1 =IQ+2—I1+ 1
k=1 12e4 12e4
As required!




Alternatively, the sum is in fact telescoping - that is.

Z kI, =11, +2I,+ 313+ -+ (n—1)I, 1 +nl,
k=1
Using part (ii)
2

iklk 12—11+@ +| 15 (%) @

n+1

1) 1
HRWANG)

+ + I _In 1+ 1
et et

1 S 1
k=1 et et e

So, as this sum keeps going you see that the middle I; terms cancel out! So, we are left with.

n 1 1 2 1 3 1 n+1
D ki ==tt e+ () +(5) ++(3)
k=1 e4

. . 1)\2 1
That last term is a GP with n-terms and a = (—) , = (—)

1
Zklk=_ll+ln+1+ 1 1
et 1-7 12e%

As required!




(b) The diagram shows a regular tetrahedron OABC with sides of length 1.

NOT TO
SCALE

Let X and ¥ be points on the edges such that ‘ﬁ‘ ‘E‘ = ‘ﬁ‘ ‘Y_B" =x:1-x,where 0<x<1.

Let a=g. ﬁ=@,and %=§.

b | =

(1) Show that a-b=b-c=a-c=

As OABC is a regular tetrahedron, each side is an equilateral triangle.

T o
Hence, the angles formed are 3 radians.

mr 1
a-b=|a|><|b|><cos§=5
Similarly,
T 1
a-c=|a|><|c|><cos§=5
mr 1
b-c=|b|><|c|><cos§=5




(i) Show that ‘a" =Al—x+x° .

OY = 0B + BY
0Y =b+(1-x)BA
0Y=b+(1-x)(-b+a)
(—)7=(1—1+x)b+(1—x)a

oY = (1-x)a+ (x)b
[0Y|" =0V - OF = [(1 - x)a + (x)b] - [(1 — )a + (x)b]
|W|Z=(1—x)2xa-a+2x(1—x)><a-b+x2><b-b

From part (i) and that the lengths are 1.

) 1
= —X)° X X(1—X) X=—4+Xx*X
oY = (1 —-x)?% x1+2x(1—x) >+ 2x1

|W|2=1—2x+x2+x—x2+x2
|ﬁ/>|2=1—x+3|c2

|W|=\/1—x+x2

NOTE: Length needs to be found using the dot-product as ‘a’ and ‘b’
are not perpendicular to each other, so you cannot use the formula

on the reference sheet.




(111)  Determine the range of values of /YOX. 4

0X - 0Y = |0X| x |0Y| x cos YOX

So, we've found oY earlier, we need to do the same OX.

00X =0C+CX
0X =c+ (1- x)Z‘Tf
0X=c+(1-x)(—c+b)
0X = (x)c+ (1 —x)b
0X = (1-x)b+ (x)c
This is identical to OY, so we can conclude that
[0X| = 1-x+ 2

Going back to the dot-product.

0X - 0Y = |0X| x |0Y| x cos YOX

{(1—x)b+(x)c}-{(l—x)a+(x)b}=\/1—x+x2x\/l—x+x2 X cos 2YO0X

1-x)?*xab+(A—-x)xxb-b+x(1—x)xa-c+x*xb-c
1—x+ x2

cos2Y0X =

Asa-b=a-c=b-c=%andb-b:1,factorizingout%

(1-2x)?%+2x(1—x) +x(1 —x) + x?

2Y0X =
cos 2(1—x + %9

1—2x+x2+2x—2x2+x—x2+x2_ 1+ x—x2
2(1 —x + x2) T 2(1—x+x2)

cos2YO0X =




14+ x — x?

2YO0X =
cos 2(1 — x + x2%)

The range of values of cosine will determine the range of possible
values of the angle.
As 0 < x <1 - the max/min will occur at either the ends and/or when

the derivative is zero.
1
x=1,and x = 0,cos 2Y0X = 2

2Y0X = i
3

Now, for the derivative...

d(cos LY 0X)) —lx 1-x+2)x(1-2x)—(1+x—x%)x(—1+ 2x)

dx 2 (1—x+ x2)2
d(cos2Y0X)) 1 1-2x—x—-2x>+x*-2x3+1—-2x+x—2x*—x*+2x3
dx =2 (1—x—x2)2
d(cos LYO0X)) _ 1 o 2 —4x
dx 2 (1—x+x2)2

When this is zero,
1-—-2x
0=
(1 —x+ x2)?

1
*=3

d(cos2Y0OX
0 ( D>0

=5 dx
d(cos 2Y0OX
x=1, ( ) <0
dx

1. :
Hence, x = 5 1s a maximum.

So,

2 5
cos2Y0X = = 6




Conclusion is that,

1 5
E < coss2Y0X < —

6
Note, it is strictly greater than % asx+0or1l.

<5> < 2Y0X < i
arccos (=) < =3
Note, the change in direction as cosine is decreasing in [0, g]

ALTERNATIVE method to finding the max:

1+ x—x?
2(1 — x + x2)

cos2Y0X =

Start completing the square...

zyax—_ug_x}+1__Cﬁ_x+1‘%)+1
cos T2t —x+1)

1\ 3] 1,2 3
2[("—7) +Z‘ (x-32) +3
Maximum occurs when denominator is smallest and numerator is

largest. Clearly, this is when x = 2 as

(r2) <yana(x-2) 4
g \*73z) szpant{*73

vV

W
W




