Student Number

Barker

College

TRIAL HIGHER SCHOOL
CERTIFICATE EXAMINATION

Mathematics Extension 2

Staff Involved:

PM MONDAY 11TH AUGUST

e GDH - Mr Hanlon e BHC - Mr Carruthers®
e ALY -Ms Young
50 copies
Topics Covered
TOPICS COVERED
Complex Numbers Proof Integration
Vectors Mechanics

General
Instructions:

Write your Student Number at the top of this page and on all writing
booklets

Reading time - 10 minutes

Working time - 3 hours

Write using black pen

Calculators approved by NESA may be used

A separate reference booklet is provided

Marks may not be awarded for careless or poorly arranged working
Diagrams are not to scale

For questions in Section Il, show relevant mathematical reasoning
and / or calculations

Total marks: Section | - 10 marks (pages 2 - 5)

100 .

Attempt Questions 1-10
Allow about 20 minutes for this section

Section Il - 90 marks (pages 7 - 14)

Attempt Questions 11 - 16
Allow about 2 hours and 40 minutes for this section
Answer each question in a SEPARATE writing booklet.



Section 1

10 marks
Attempt Questions 1 — 10
Allow about 20 minutes for this section

Use the multiple-choice answer sheet for Questions 1 — 10.

1 The argument of a complex number z is % .

What is Arg (zm) equal to?

A
7
I
7
c. 7
7
D. =7
7
—4 —2m
2 Let q={ -2 |and b=| 2 |, where m is areal constant. For what value of m will the vector
6 2

b—a be perpendicular to the vector b ?

A.  Oonly
B. 2only
C. Oor2

D. Oor-2



Consider the following proposition.

“If a positive integer is not a perfect square, then it is not prime.”

If a number was found which had the following properties, which would be a counterexample
to the proposition?

A. A positive integer that is not a perfect square and is prime.

B. A positive integer that is not a perfect square and is not prime.

C. A positive integer that is a perfect square and is prime.
D

A positive integer that is a perfect square and is not prime.

2t

A particle moves along a curve so that its position at time ¢ is given by x =| #°

t3

The acceleration at ¢ =1 is:
A, 2j+6k
B. i+j+6k

C. [ +2j+6k

1~

1]

ey

D. j+6

sin® x —cos® x

Which of the following is an expression for f dx?

sin x —cos x
1.,
A. xX——sin“" x+c¢
2
1.,
B. xX+—sin“x+c
2
1
C. x+§cos2x+c

1
D. X——cos2x+c



Which of the following statements is the negation of the statement

“VxeR", IyeR"such that xy =17 ?

dx, ye R such that xy #1

A
B. JxeR" suchthat VyeR", xy#1
C. Vx,yeR", xy=#l

D

Vx e R", there exists a positive real number y such that xy #1

Using the substitution x =7 —u, the definite integral j” xsinx dx will simplify to:
0
A 0
2 er

B. E—J sin x dx

4 Jo
C. EJ sinx dx

2Jo

D. J sinx dx
0

Let z be a complex number such that 2* = =
z

Which of the following is a possible value for z ?

A. e
T
T
B. e ¢
l'f
cC. e?
T
T
D. e’



Which of the following statements is the contrapositive of the statement

“if x>y>0 then 0<l<l”?

R

A. If02l or lzlthen x<yor y<0.

X X y

B. If02l and lzlthen x<yand y<0.
X x y

C. Ifozlzl then x <y <0.
.

D. If x<y<0 then 02121.

Xy

Which of the following integrals has the largest value?

A. j4sinx dx
0
T
7.

B. j sin” x dx

0

C. J41—sinxdx
0

T
D. j4l—sin2x dx
0

End of Section I
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Section 11

90 marks

Attempt Questions 11 - 16
Allow about 2 hours and 40 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11 - 16 your responses should include relevant mathematical reasoning and/or

calculations.
Question 11 (15 marks) [START THE QUESTION 11 WRITING BOOKLET]
(a) Let z=a—-2bi.Find complex numbers for the following, in the form x + iy.

(b)

(©)

(d)

(@)

(i)

(@)

(i)

(iii)

(@)

(ii)

N||>~

[3S)

Using Euler’s formula, €” =cos@+isin@, find an expression for e in terms of
cos®@ and sin@.

Hence show that sin @ = l(e’“ — e‘ig) )
2i

Use the result from part (ii) to show that sin® @ = %sin 0 —isin 30 .

6x° +3x+17 A Bx+1

Find real numbers 4 and B such that . = +— .
(x—3)(x +2x+5) x=3 x +2x+5

6x% +3x+17
(x—3)(x2 +2x+5)

Hence find J X,

Prove the following statement for positive n using a proof by contradiction.

“For each irrational number 7, \/; 1s also irrational.”



Question 12 (15 marks) [START THE QUESTION 12 WRITING BOOKLET]

(a) Assume that the tides rise and fall in simple harmonic motion. At low tide the depth of water
in a harbour was 6 m deep, and at high tide it was 10 m deep. Low tide was at 8:00 am and the
high tide following it was at 3:00 pm.

(1)  What is the amplitude of the motion? 1
(1)) What is the period of the motion? 1
(ii1)) What was the depth of the harbour at 11:30 am? 1

(iv) Starting with y = acos(nt+a)+c and by using your answers from parts (i), (ii) and
(ii1), show that the depth y m of the water in the harbour is given by

y=8-2cos gt where ¢ is the number of hours after 8:00 am. 2

(v) A boat needs at least 9 m of water to pass through the harbour. Between which times
after 8:00 am on this day could the ship navigate safely through the harbour? 2

(b) P(z)=z"-10z"+1172* =412z +1460 .

P(z) has zeroes 2a+bi and 3a+2bi, where a and b are integers.
(i)  Find the values of @ and b and hence find all the zeroes of P(z). 3

(i) Factorise P(z) into its quadratic factors with real coefficients. 1

(c) Itis given that 3* > 2x+%lnx for x>0.

By forming a series of » inequalities, show that 3" > 25’ + 2n+3+1In(n!). 4



Question 13 (15 marks) [START THE QUESTION 13 WRITING BOOKLET]

(a) Giventhat u, =1 and u,,, =2u, +(~1)"", prove that u, = %(2"“ +(-1)" ), where neZ”,

(b)

(©)

by mathematical induction.

(i)  Use a suitable substitution to show that Ja f(x) dx= fa f(a—x)dx.
0 0

T

.. . 4 sin2x
(i1)) Hence, or otherwise, evaluate j —— dx.
0 Sin2x+cos2x

The acceleration of a particle P moving along the x-axis is given by ¥ =4x’ —12x .

(1) If Pis initially at the origin with velocity u, show that its velocity is given by
vi=2x"—12x7 +u’.

(i) If u=4, show that the particle oscillates within the interval —2<x<\2.

(ii1) Is the motion referred to in part (i1) simple harmonic motion?
Give a reason for your answer.

w



Question 14 (15 marks) [START THE QUESTION 14 WRITING BOOKLET]

(a)

(b)

(©)

When an aircraft touches down on a runway, two different retarding forces combine to

ultimately bring the aircraft to rest. There is a constant frictional force of _?1 M newtons,

where the mass of the aircraft is M kg. There is also a force of _—le2 newtons, where v is

the aircraft’s velocity in m/s, due to the reverse thrust of the engines. The reverse thrust of the
engines is applied from 10 seconds after touchdown until the plane stops.

(1)  The aircraft’s speed at touchdown is 80 m/s.

Show that, at the instant the reverse thrust of the engines takes effect, v =78 m/s
and the aircraft’s displacement from its touchdown point x = 790 m. 3

d*x -1

(i)  Show that for ¢ >10, and until the aircraft stops, —- = —(25 +v° ) . 1
dt” 125

(iii) Show that when ¢>10, x = 790+62.5[1116109—1n(25+v2 )] 3

(iv) Calculate how far from the touchdown point the aircraft travels before it
comes to rest. Answer to the nearest metre. 1

Three different particles move in the xy-plane according to trajectories defined parametrically
by:
R,(1) = cos()i +sin(r)

R, (¢) = cos(2t)i +sin(2¢t) J

R, (¢) =sin(¢)i + cos(?) J

For each particle, describe:
1. the shape of the path
2. the period of the motion
3. the direction of the motion 3

A body of mass 1 kg is moving in a horizontal straight line and is acted on by a force

F=8% +36x newtons, where x is the displacement of the body in metres,
measured from the origin.

If the body is initially one metre to the right of the origin with velocity of 11 m/s,
find the displacement function x(¢). 4

-10 -



Question 15 (15 marks) [START THE QUESTION 15 WRITING BOOKLET]

4 0 3 1
(@) Therearetwolines R =|0|+A|1|and R, =|0 |+u|3|.
1 1 2 2

(1)  Show that these lines intersect and find the point of intersection.

(i)  Find the shortest distance from the point P(1,4,0) to the line R,.

1
(b) Letln:J L i for n>1.
0(1+x2)

1
2
(1)  Use integration by parts to show that 7 = 2% + 2nj NI

0 (1 +x? )’Hl

1 2n—1
n+l +

(i)  Hence, or otherwise, show that 7 = .,
n2 2n

1

dx .

(i11) Evaluate J !

0(1+x2)2

Question 15 continues on page 12

-11 -



Question 15 (continued)

(c) The faces of the tetrahedron ODEF are equilateral triangles of side length 1 unit. The base
ODE lies in the xy-plane with one vertex at 0(0,0,0) and one vertex at D(1,0,0), with F

above the xy-plane

8]

(1)  Find the coordinates of E.

(i1) Find the coordinates of F.

End of Question 15

-12 -



Question 16 (15 marks) [START THE QUESTION 16 WRITING BOOKLET]

() Find J%

by making a suitable substitution.
4x* -1

(b)  Given that the product of n consecutive numbers is divisible by 7!, use mathematical
induction to prove that n’ —n is divisible by 2, 3 and 5 for integers n > 2.

(¢) Consider the line ¢ defined parametrically by R(1) =a+ Ab and the sphere S
defined by |\~/ - g| =r.

(i)  Suppose ¢ is a tangent to S. Given that the line and the sphere have only one point
of intersection, prove that the position vector of the point of contact is given by

R(A) when A = 12'(9—@)

B

Note: you may not use the fact that the tangent is perpendicular to the radius.

(1) Hence, show that the tangent to the sphere is perpendicular to the radius at the
point of contact.

Question 16 continues on page 14

-13 -



Question 16 (continued)

(d)

An object of mass m rests on a plane inclined at a variable angle € from the horizontal. It
experiences a friction force, F, and a normal force, N. The friction force is /"= uN where u is
constant. The normal force, N, is equal in magnitude to the force the object exerts on the plane
perpendicular to the plane. Let a be the maximal angle that the plane can be tilted before the
object begins to slide down the plane.

N

mg

For some 8 > a, a horizontal force H is applied to the object so that if H is sufficiently large,
then the object will slide up the plane and if H is sufficiently small, then the object will slide
down the plane.

Show that, for the object to remain motionless, H must satisfy
mgtan(0—oa)< H <mgtan(0+a) 4

End of Paper

-14 -
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