Section |

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer question sheet for Questions 1-10.

1 What are the centre and radius of the sphere with equation :
xr+y*4+zt—2x+6y+4z—-2=07

A. Centre (1,-3,-2), Radius=4
B. Centre (-1, 3, 2), Radius=4

C. Centre (1,-3,-2), Radius= 16

D.  Centre (-1, 3, -2), Radius = 16

onsider the following statement:

2 is odd then n is odd.”

Which of the following 1ion of the statement?

¥neN,ifn?isnot

“ 3In e M. ifn? is not odd then n is also not odd.

3 Ifw= % , then what is the modulus of w?
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Consider the vector a = 2i — bj + 6k.

If a has a magnitude of 443 umits, what 1s the exact value of b 7

A, W2
B. 42
C. 4
D. 8

A particle 18 moving in simple harmonic motion. The displacement x of the particle 1s
givenby x =1+ 4 sin (Zt—%).

Which of the following 1s the first ime the velocity of the particle 15 at a mimimum?

Im
A. frudeir
5
I
B_ —
10
7T
C. —
0
2
D. —
1




7 In the Argand diagram the point E represents a complex number.

|l_ 3
When this number 1s multiplied by ( V3 +i }4 (% - :—EE ) it gave a new complex number.
y L
o F
LG
> X
; 0
. .E

HI-

Which of the following points represents the new complex number?

A F

B. G

C. H

D I

8 The equations of two lines £, and £, are
-1+t(2%) 1+ t(8+2%)
n=| —-5+¢t(6-2%) | and 7= 2 + 6t

=gqpfr=2*) -3 + t(5+24)

where t is a real number and 4 is a constant.

For what value of A are the two limes £, and £, parallel?

A 4
B. 3
C. 2
P 1
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A particle initially at rest at the onigin starts to move along the x axis. Its velocity at any time t
in seconds is v m s~ 1.

3
The acceleration of the particle is givenby a = (1 + v*)7.

Which of the following is the correct expression of the velocity v ?

A, v=tan (cos' t)
B. v=tan (sin”' t)
C. v=sin"? (tan t)

D. v=cos (sin"!'t)

The complex number z satistics | z + a| = a. where a is a positive real number.
The greatest distance that z can be from the point P representing the complex number

ka + a (k + 1)i. where k is a positive real number, is (E\E + 1).:1.

What 15 the value of k7

A 2
B. 3
C. 1
D. 4



Section 11

90 marks
Attempt Questions 11 - 16
Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are
available

For each question in Section 11, your responses should include relevant mathematical
reasoning and/or calculations

Question 11 (16 marks) Use a separate Writing Booklet

(@)  Consider the complex numbers @ = 2i and f =3 +1i.

Evaluate (@ — f)?, leaving your answer in exponential form.

(b) 3 2
Consider the line £ with equationr = | =2 |+ A| 6 |
; 5 4

Show that the point A ( 2,-=5,3) lies on the line £.

() Solve z? — z + (4 — 2i) = 0. Give your answers in the form x + yi, where x and y are
real.

(d) PQRS is a parallelogram with vertices P (2,4,3), @ (4,3,1),R(3,2,5) and
S (x,y,2).

Find the coordinates of § and the length of the diagonal | Qs |

(e) A particle is moving along the x axis in simple harmonic motion centred at x = 2 and with
amplitude 3.
The velocity of the particle is given by v* = p + gx — 6x*, where p and g are constants

Find the value of p and g, and the period of the motion.

End of Question 11



Question 12 (15 marks) Use a separate Writing Booklet

(a)

(b)

(c)

(d)

(e)

Prove by counterexample, that the assertion [2x+1|<5=|x| <2, is false.

Consider the statement P in the set of integers,
“If 5n* + 8n is a multiple of 16, then n is even.”

Prove that the converse of P is true,

Find all the 4" roots of 1 + V3 i. Give your answer in exponential form.

The polynomial Q(z) = z* — 8z% + pz? + gz — 80 has root 3 + i, where p and q are real
numbers.

(1) Find all the roots of Q(z).

(1) Write @(2) as a product of two real quadratic factors.

A particle starts from x = In (e* + 1) and moves with initial velocity e and acceleration
given by v* (e* +Inv ), where v 1s the velocity of the particle,

Find an expression for x, the displacement of the particle, in terms of v.

End of Question 12



Question 13 (15 marks) Use a separate Writing Booklet

(a)

(b)

(c)

(d)

(e)

On the Argand diagram provided in the Question 13 Writing Booklet, sketch the region

represented by the intersection of the inequalities:

T 2n
1 <|z+1| <2 and 7 <arglz+1) < —.

dx
FindJ _—
V6 —5x —x?

3

Use contrapositive proof to prove that = If p is divisible by 5 then p can be

expressed as a sum of five consecutive integers™.

: (Ztanf +3) sec? @
Find ;
b j sec2 @ +tand de

b 2k Zk+2 .
() Show < s for k = 0.
k+2 k+3

(1) Use mathematical induction to prove that

T

Zn 1

1 2 3
ST a Tt Y ae

n+2 fn+2)

End of Question 13

forn=1



Question 14 (16 marks) Use a separate Writing Booklet

(@) Given that z" + %ﬂ = 2 cosnf. where z = cosf + i sin 6.

Express cos® @ in terms of cos né.

(b) Find the intersections of the line r = 3£ +2j - E + t(2£ -j=- 2{5) with the sphere
(x=3) +(y—-2)+(z+1)% =36.

(c) Two vertical posts CE and BD stand on a horizontal planc ADE.
Using 1 as the origin, the vectors b and ¢ represent the locations of the top of cach post, #
and €.

Show that A ABC is right angled at A.

Question 14 continues on page 9



Question 14 (continued)

(d)y (1)

(1)

(¢)  The Argand diagram below shows the five roots of the equation z° =iorz® —i = 0.

(1)

(1)

(1)

Using the AM-GM inequality, or otherwise. prove that, if x =1, then

Hence, or otherwise, prove that, for @ > 1,5 >1 the following inequality holds

a’ b*
T S
b=1 a-=1

=8

y.-'n. im

e 2

qw
e 10

M

e

Gim (54 —7Fim —3im

2 HE g P n . . W .
Show thate 1o +ew 4 e 10 +g 10 = Ztsmﬁ—ZtsmG

R 1 3 < T 1
Hence, show that sin ——sin— = —.
10 n 2

Hence, by using the identity sin(A + B) — sin(A — B) = 2cos Asin B,

L s A ¢
show that cos = singy = 7-

End of Question 14




Question 15 (15 marks) Use a separate Writing Booklet

(a) Two lines, L; and L, are represented by position vectors ry and r, respectively.

The vector equations of these two lines are

-1 -1 =] 1
r,z(—l)-}-i( 2) and 7'2:( 1)+,u(—1),
N 1 1 - - 1
where A and y are real numbers,

Show that Ly and Ly are neither parallel nor intersecting lines.

(b) (1) Show thatif cosx = A(3cosx + 4sinx) + B(4cosx — 3sinx),

3 4
lhenA—EundH—E.

J <
Hence, determine
ﬁ\f’ 3 cos

(11)

s X

X+4sinx

(¢)  The numbers a,, for integers n 21, are defined as @ =2, a, =56 and a, =a,_, +6a,_, for
nzi.

Use mathematical mduction to prove that, for all integers n =1,

a,=5(-2)" +4x3".

[£]

T

PRy, : 1 2
Use the substitution t = !;.';m,f1 or otherwise, evaluate fnz -
2 5 sin x+1

End of Question 15

10



Question 16 (13 marks) Use a separate Writing Booklet

(a) , ;
Let [, =‘sz"-u'1—_r‘afr where n=0,1,2,....

L]

(1) State the value of /. 1

(11) Use integration by parts to show that for n=1,2.3.... 3
_ 2n-1

n n-l
2n+2 :

(1i1) L .
Hence, calculate j ¥ 1—x"dx .

0

(b)  Prove by contradiction that fora > 6; V2a+ 2 > Va + 8. 3

(¢} The point A, which represents the complex number z; = —5 — 40, hes between
two parallel lines €4 and £,.

The cquations of £; and ¥, arc v = 5 and v = —12 respectively.

The point B, which represents the complex number zg, hes on £4.The point C,
which represents the complex number z, lies on €5 such that AC = 2AB and

ZBAC=ZE
[i]

L

ra
-

i £,

Find the exact value of the complex number 2. 4

End of paper

11



2024 Year 12 Extension 2 Mathematics Assessment Task 4
Marking Guidelines

Section | (1 mark each)

Multiple-choice Answer Key

Question Answer
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Question 1

x4+ y? 422 —2x+6y+42z—-2=0

X2 =2x+y +6y+zt+4z=2

22 —-2x+14y2+6y+9+224+4z4+4=2+1+9+4
(x—1+(y+3)?+(z+2)*=16

Centre (1, -3, -2)

Radius = 4

Answer: A

then not Q".

For a statement."¥ n € N, if P then Q" its negation statementis“3In €

en n is odd ”, the negation statement would be

"

So, as the statement is "¥n €
“In € M ,ifn®is not odd the

1|Page



Question 3

1+20 12

W= Sa Ty
1 2 2 2
— —_ + | =
o] (3) (3)
_ |5
B ]
5
3
Answer: C
Question 4

Letu = log, x

du

1 1
- du e dx
dx x’ X

whenx=¢,u= log,e =1

whenx =1, u= log,1=0

J‘“—(Ing,_. 21 dx = J‘lug du
1 X V]

],
= 211~ 0]

1
4

Answer: B

lel'rur-',r-



Question 5

la| = J22+ (=b)2 + 62 = 43

4+ b?+36 =48

h? 4+ 40 =48
b* =8
= \B8=2072
Answer: A
Question 6

As x =1+ 4 sin (Zt —%) then
v = 8cos (Zt—f) = ElcusZ(t—l)
5 10
A cos curve without any horizontal translation when t = 0 it has maximum and its first minimum will be at

t= %T , where T is the period. As this curve is translated by % to the right then the first maximum is at

t= :r—n and as its periodis T = %" = 1, then the first minimum is at
t= 1+_l>'c ==
10 2

5

Answer: A

3 I P a g =]



Question 7

\E + i =2cis % this means

4 2w
(V3 + i)' = (2)*cis — = 16 cis —

2

P 2= () ()

1.

2

1 VI N 1\ v %
(;—4—{) =(7) es(3x-3) =g eistm

,ad 1 AN
Hence, (V3 + i) (4——4—1 )
16 cis 2= x — cis(—m) = 2cis (—E)
3 8 3
50, the new complex number will be twice as far from the origin as E. Also, the new complex number will
have an argument which is rotated —E radians

from E. The point H is in this position.
Answer: C

4|Fage



Question 8

£, and £, are parallel if the components of their directional vectors are in the same ratio.

24 8+24
Thismeans | 5§ —24 | =k 6
7-2% 5424

A
So, 2* =k (B8 +2% ) thatisk =ﬁf (1)
+

F
mma—zﬂ:aktmnskzﬁ%g-[m

From (1) and (2), we get
24 6 — 24

8+24 6

6x2* =48-8x2'+6x2t -2

22 1 8x2* 48 =0

(22 +12)(2%*-4)=0

24=-12 or 2% =4

Mote: 2% = —12 is invalid this indicates that 2+ = 4,
thatis A = 2 is the only solution.

Mote: To check solutions, we substitute 4 = 2 into
the directional vectors of £, and £, we get

24 4
(5—21)=(2)am
FigA 3
8 424 12 4
(5 )-(s)-2(2)
5424 9 3

This indicates that #; and £, are parallel.

Answer: C

E|Page



Question 9

d

—=(1 +v2)2

dt 1

S =

“ iR

fﬂ't-J —_— dv

(1 +v?)Z

t=j—dv

(1+1v2)Z

letv = tan ¥, so dv = sec?0 df
and 1 +v2 =1 + tan®8 = seci

t= %seczﬂdﬁ
(sec?8)?
1
=i 2
= fseﬁﬂ secB do
1
= jsecﬂ ag
t= [cos@ d@
t=sinB+rc

So,t=sin(tan"v)+¢c
When t=0,r=10

so 0 = sin(tan™10) + ¢, thatis

¢ = 0. This indicates that
t=sin(tan"'v)

sin“!t=tan" ' v

v=tan (sin~! t)

Answer: B

B|Page



Question 10

As the complex number z satisfies | z+a | = a,
then it lies on a circle with centre C(—a, (1) and
radius a. The diagram shows the circle with centre C and the point P.

y=a(k+1) ya  Pka,a(k + 1))
ka
a 4
a
C(—a,0)
a Ol kala *
B
x=ka

From the diagram above we can see that PE is the greatest distance that z can be from the point P.
Using Pythagoras’ theorem in triangle APC, we get

PC=ya?(k+1)*+ a? (k+1)?

PC = /2 a2 (k + 1)2,thatis PC = a (k + 1DV2.

So, PB=PC+CB=a(k+1)VZ+a

But PB = (3v2 + 1) a, this means

a(k+DVZ+a= (3vZ+1)a

Dividing by a, which is a positive real number, we get

(k+1V2+1=3v2+1

(k+1)VZ= 3VZ thatisk+ 1= 3
Therefore, k = 2.

Answer: A

7|Page



Section Il

Question 11 (a)

Criteria Marks
o Provides correct solution in exponential form. 3
e Finds correct argument or modulus of (e — )2 2
s Finds correct expression for (a — £)° in x + iy form. 1
Sample answer:
(@—B)* =2-2i\3
r=vV44+12=4
i
g = -3
_m
(@—p)? =4e73
Question 11 (b)
Criteria Marks
e Provides correct solution 2
e Justify that the point A ( 2,—5,3) lies on the line £. 1

Sample answer:

To showthat A ( 2,—5,3) lies on the line £ we substitute its coordinates into the equation of £.
We get

2 3 2
3 5 4
Now, we need to verify that there is only one value for A in the solutions of the following three equations.

2=3+4+24dand -5=—-2+64Aand 3=5+44

—-1=22 —3=641 —2=41
A= - A= - A= .
B -2 R

As A = —% is the common solution for the above equations then A lies on the line £.

B|Fage



Question 11 (c)

Criteria Marks
e Provides correct solutions 4
e Substitutes + ( 1 + 4i) back into the equation, however, makes 3
minor errors in solution.
¢ Indicate that v —15 + 8i =+ ( 1 + 4i). 2
14+ =15 +80 1

* [ndicate that z = :

Sample answer:

We cansolve zZZ2—z+ (4 —2{) =0
Using the quadratic formula.

F=

F=

ik v 1—4(4-2i)

2

1 £++1—-16+8i

2
L4+ =15 4+ Hi

- 1

MNow, let (a + ib)? = —15+ 8i
a’?—b*+2abi=-15+8i

Equating reals, we get

a*—b*=-15 (2)
Equating imaginaries, we get

2ab

=8 (3)

Equating moduli, we get
al+b?=17 (4)

(2) + (4] gives

2a? =2, thatisa? = 1.
So,a=%11.

Mow, whena = 1,b = 4 and

whena = —1,b = —4,
So, V=15 +8Bi=+(1+4i) (5)

By substituting (5) in (1), we get

Z=

F=

F=

9|pa

14 (1+4i)
2
14 (1+4i) s 440}
_—erZz s —
2 2
2 + 4i =4
) ar Z = 2

1+2i or z=-2i.




Question 11 (d)

Criteria Marks
o Provides correct solution 3
e IndicatethatS = (1,3,7) 2
1

z—5 2

x—3 -2
e [ndicate that( y—2 )2 ( 1 ) or equivalent expression.

Sample answer:

As PQRS is a parallelogram then @' = RS.

Now, we equate the components of the two vectors, we get

x—3=-2andy—2=1and z—-5=12
x=1 y=73 Fi=F
80, 5(1.3.7)-

. 1—4 —3
AISG,QSZ(E—S)Z( 0 )
7 -1 6

|ﬁ| =/(=3)+ 02 +6%2 = 3+/5 units.

10|Page




Question 11 (e)

Criteria Marks
* Provides correct solution 4
e Indicate évz =15+ 12x — 3x°. 3
e |ndicate 0 =p+ 59— 150 and D =p — g — 6. 2
* Indicate that v = 0 when x = 5 and when x = —1. 1

Sample answer:

As the motion is simple harmonic motion with centre at x = 2 and amplitude 3 this indicates that
v =0whenx =5 and whenx = —1.

By substituting into v* = p + gx — 6x°, we get
O0=p+59—-150 (1)and0=p—qg—6 (2)
By subtracting (2) from (1), we get

0 = 6g — 144, thatis g = 24.

By substituting into (2], we get
O0=p—24—6,thatisp = 30.

So, v2 =30 + 24x — 6x°

1
—p? =15+ 12x — 3x*

2

2G4y 6

- dx - B
a = —6(x — 2) this means
n? = 6,thatisn =+6asn>0.

oty 2n w46
Hence, the period is T = = = ;’
W

Question 12 (a)

Criteria Marks
s Provides correct solution 2
* Makes some progress 1

Sample answer:

Consider x =-3:
then |2(-3)+1|=5 but |x|>2

Hence the assertion 15 false.

11|Page



Question 12 (b)

Criteria Marks
e Prove that 5n* + 8n = 16 (5m* + m) which is s divisible by 16. 3
e letn = 2m, showthat 5n* + 8n = 5(2m)* + 8 x 2m or similar 2
progress.
s Indicate that the converse of P would be “ If n is even, then ) |
5n* + 8n will be a multiple of 16.”
Sample answer:
The converse of Pwould be “ If n is even, then
5n* 4+ Bn will be a multiple of 16."
Proof: Asniseven, let n = 2m , where m is a positive integer.
So5n* 4+ 8n = 5(2m)* + 8 x 2m
=5x16m* + 16m
=16 (5m* + m)
Let 5m* + m = k, where k is a positive integer.
So, 5n* + 8n = 16k
Hence, the converse of P is true.
Question 12 (c)
Criteria Marks
A dw. A dyw 4 pEw A iliw 3
o Statethatthercotsare 24 g1z, 2a g1z, 2ag 12 =2+g 22
1 19w 1 - ism
or 29 12 = 2ag 1z,
5 in 2
e Indicate equating r*e*? =2e7.
' 1

e Indicate that 1 +3i = 2e T

Sample answer:

Let z = re'? be a fourth root of 1 + /3.
This meansz* = 1 +v3i ..

im
Now, as 1+ v3i = 2e = then

z* = 1+ /3 i can be written as re*? = 2¢7.

1
This indicates that r* = 2, thatisr = 2% asr > 0,

b g
and cos 468 = cos =

bi s . T 2nm
So, 48 = =+ 2nm, thatis 8§ = —4+ —,
3 12 4
n Tm 13m 19m
Therefore, 8 = — ,—,— or —.
12 " 12" 12 12
Hence, the four rootsof z* = 1 + V3 iare
1 im 1 i 1 i1am 1 —i1im

2apgiz, dapgiz, 2apg iz =29g 12

1 g 1 —ism

or Zeap 1z =24 12 .

12| Page




Question 12 (d)(i)

Criteria Marks
# Provides correct solutions 3
e |ndicate aff = — 8. 2
s Statethedrootsare 3+1i(,3—i,a,f. andindicatethata + f = 2, or similar 1
progress.

Sample answer:

Q(z) = z* — 8z* + pz* + qz — 80

As the coefficients of this polynomial are real, the conjugate of the root 3 + i, whichis 3 — i, is also a root.
Now, lettherootsbe34+i,3 —1{,a,f.

The sum of the roots is

3+i+3—i+a+ =8 thatis a+ = 2.

The product of the roots is
aff(3+i)(3—i)=-—280

10 @ § = — 80, thismeansa f = — 8.

The quadratic equation with o and f is
z2-22—-8=0
(z—4)(z+2)=0.50,z=4o0r— 2.

Hence, the four rootsare 3+, 3 —1i, 4,—2.

Question 12 (d){ii)

Criteria Marks
s Provides correct solution. 1
Sample answer:

Using part (i), we can write
Qz)=(z—-3—-i)z—-3+i)z—4)(z+2)
=({(z—3)*—i*)(z* —2z-8)
=(z°—6z+9+1)(z"—2z2—8)
= (z? — 62z +10)(z2 -2z —8).

13|Page



Question 12 (e)

Criteria Marks
s Provides correct solution 3
e Indicatethatu = e* + Inv,sox = fﬁ du. 2
dx 1
i i SR - S 1
* Indicate that ooy g

Sample answer:

Note: the initial velocity is e which is positive.

S0, the particle will start moving in the positive
direction and as its acceleration a at the that time is
e’(e* +Ine) = e?*(e* + 1),which is also positive, then
the velocity will increase and a will always be positive.

dy .
a=v—= v? (e* + Inv), that is

dr dx 1
_—=1 94+IH1.7 50 — = ——
dx ( ) dv  vie*+Inv)

Integrating both sides, we get

1
J‘dx:[v{e4+lnv]dv

1
x_fl? (e* + Inv) o

Let u = e* + In v this indicates that du = “idv

x:_[i du = In u + ¢ this means

x=In(e* + nv) +ec.

Whent =0, x=In(e* + 1) and v =e.

This indicates In(e* + 1)=In(e* + lne)+c So,c=0.
Hence, x = In (e* + Inv).



Question 13 (a)

Criteria Marks
» Provides correct solution 3
o Graph with minor error such as incorrect line marking or shading 2
» One correct graph 1

Sample answer:

b £ N

.f; fqu “.,

f A b §

i A iy i
o1t LAY L
-4 B = = 0/ ] 2 3

\ .\\. ’f

Y ‘1\- -’.‘." J

N\ e 1+ I

1S|Page




Question 13 (b)

Criteria Marks
* Provides correct solution 3
e Completing the square and forming the integral or equivalent merit 2
o Completing the square and attempt to form integral or equivalent 1
merit

Sample answer:
6—5x— x2=6- (x?+ 5x)

=6—-(12+5x+i—5 +%

_ e 512
=23+
J’ dx 3 f dx
V6 —5x — xZ J4g 5.2
7~ (x+3)
— gin~1 [I;E} +c
= sin~?! [Z{I:;] +c
= (Ex: 5) +c
Question 13 (c)
Criteria Marks
* Use contrapositive proof to prove that the statement is true. 2
e [Indicate that there are no integer g such that 1
p=g+@+1)+(g+2)+(g+3)+(g+4).

Sample answer:

To prove the given statement by contrapositive we need to prove “If p can not be expressed as a sum of
five consecutive integers then p is not divisible by 5".

Let us assume that p can not be expressed as a sum of five consecutive integers, this indicates there are no
integer g suchthatp =g+ (g+1)+(g+2)+(g+3)+ (g +4).

This means that p # 5q + 10, thatis p # 5(g + 2). So, p # 5r, where r = g + 2 is an integer and this
shows that p is not divisible by 5.

Hence, by contrapositive the statement is true.

16| Fage



Question 13 (d)

Zu+3

Hence, I = [ e

Criteria Marks
s Provides correct solution 3
e Indicate that [ :1r‘1(1+14t+113]|-|hj'2—z du 2
(u+2)+3
or similar progress.
e [ndicate the use of the substitution u = tanf so du = sec? 8 df. 1

Sample answer:

{2tanf + 3) seci i
j sect @ + tand
2
f=f [ZtanE:-:-EJsec Edﬁ'
1 +tan- 6+ tanf
Let u = tan# so du = sec?® 6 dF

J- 2u+3 2u+1+2
1+u+uf ]‘.+1.[-i-u2

2u+1

T+utol "“*de“

.
=1n|1+u+u3|+[—du
1+ u+ u?

2
Note:1+u+u?= (u + %) +% which is positive.

I=In{1+u+u2}+j du

2
132 3
(w+2) +7
4 2 1
I=ln(1+u+u? +—tan'1—(u+—)+k
( ) 73 3

V3
I=In(l+tanf + tan?@) + i« ta -1(zlanﬂ+ 1)+k
V3 V3

17| Page




Question 13 (e)(i)

Criteria

Marks

* Provides correct solution

Sample answer:

2k 2k + 2
+ 2 k+3
2k kE+3 2k + 2 k+2
= b4 —_— b4
k+2 k+3 k+3 k+2

Consider

2k* + 6k — (2k*+ 6k + 4)

(k+2)k+3)
. B
T (k+ 2)(k +3)

2k 2k +2
So,

<0
k+2  k+3

2k 2k + 2

<
k+2  k+3

<Qask=0.

for k = 0.

Hence,

Question 13 (e)(ii)

Criteria

Marks

e Satisfactorily use Mathematical Induction to prove the statement

- 1 k k+1 2k 1 k+1
™ — L1}
Indicate e k+2)l @ (k+3) “k+z (k+2)l ' (k+3)

or similar progress.

e Indicate an attempt to prove

1 2 k k+1 2k + 2 1
?+F+m+{k+2}! (k + 30 k+3  (k+3)!

Sample answer:

n in 1

1 2
?+;+'“+L’n+2}! < myoracs ey forn=1
Form=1
IHS=—= =  RHS==—=—=2
=1 3 3 z

11
As = < S the statement is true for n = 1.

Assume the statement is true for n = k, thatis
1 2z k 2k 1
oot Yo ke e WM

Our aim is to prove the statement is true for
n=k+1,thatis

1 2 k k+1 2k + 2 1

T RS N, ) T S W T Ry "W S 0

k+1

Starting from the assumption (1) and adding T

on both sides, we get:
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1+2++ ke +k+1¢:2k 1 k+ 1
ETRAT k+2)! (k13! k+2 Gz T+

< 2k _1{k+3}+ k+ 1
k+2 (k+3)  (k+3)

2k (k+3)—(k+1)
“E+2  (k+3)

- 2k 2
k+2 (k+3)

= 2k 1
k+2 (k+3)

Note: The above inequality is valid as we are
subtracting a smaller term.

2k < 2K*2 by subtracting ”H%an both sides, we get:

k+2 — k+3 )

Now, from part i)

2k 1 2k +2 1
k+2 (k+3) k+3 (k+3)

Now, from the above, we can state that

i ke +k+1 {2k+2 1
Tk +2) " k+3) k+3 (k+23)

2
_i+

1+
BT

Hence, if the statement is true forn = k, itis
alsotrueforn=k + 1.

The statement is true forn = 1, and by
mathematical induction it is also true for~
n=2,3,4andsoon.

Hence, the statement is true for all integers
n=1
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Question 14 (a)

Criteria Marks
e Correct expression for cos® @ in terms of cosn8. 3
& Correctly applies z™ + % = Z cosnb to the expanded form. 2
e Expands (z + 5}5 correctly using Binomial expansion. 1

Sample answer:

1. 6 1
{z+;} = z%+ 6z* + 1522 +2{}+—+—4 76

1 1 1
64 cos® @ = z° +—+E-(z + )—|—15(2 — )—FED
64 cos® 8 = 2cos 68 + 12 cos 46 + 30 cos 28 + 20

1
cos® @ = ﬁ(cns 68 + 6cos48 + 15 cos 26 + 10)
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Question 14 (b)

Criteria Marks
» Provides correct solutions 3
o Solution with a minor error or equivalent merit 2
* (Obtaining parametric equations or equivalent merit 1

Sample answer:

Parametric Equations are:

=342t
y=2~-1
z=—-1-—2t

(3+2t-32+(2-t—-2Y2+(—-1-2t+1)>=36
(26) + (—£)* + (-2t)* =36

42+ t2 +4t2 =36

Ot2 = 36
t2=4
t= 42

t=—2;x=3+2(-2)=-1
t=2; x=3+2(2)=7
t==2, y=2—-(-2)=4
t=2; y=2-(2) =0
t==2; z=-1-2{(-2)=3
t=2; z= -1-2(2) =-5

~ Points of intersection are (—1,4,3) and (7,0, =5)
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Question 14 (c)

Criteria Marks
* (Correctly using dot product to show sides at right angles 2
e finding the dot product or equivalent merit 1
Sample answer:
£ABC can be found using the dot product of b and ¢
b ¢ = |bllclcosB
Ifcos90° =0, thenb - ¢ = 0and £ABC = 90°
b-¢c =1x44+48x(—2)+3x4
=4-16+12
=0
s~ LABC = 90° and A ABC is a right triangle.
Question 14 (d)(i)
Criteria Marks
s Provides correct solution 2
s Makes some progress 1

Sample answer:

Method 1: using the AM-GM inequality,

x—=1+1

l

I
[S%]
P
|
by

[

Method 2;

(Vx=T-1) 20
x=1=-2x=1+120
x=2afx-1

X :
=2 since Afx=1=0

x=1
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Question 14 (d)(ii)

Criteria Marks
s Provides correct solution 2
* Makes some progress 1

Sample answer:

Using the AM-GM inequality,

W ) b-

Na-1¥p-1

=2 g —b— since a, b >0
Ja—=14Jb-1

>2x2x2 using part (1)

=8
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Question 14 (e)(i)

Criteria Marks
& Correctly evaluates the expression with full working out shown to get the 1
result,
Sample answer:
‘3f_ﬂ+£+ﬂ+ﬂ 9]T+_I9?i’+ :'r+__n‘ —'?;rr+__—;|1'+ —TE+__—3IT
0 +el0+e 10 +e 10 = (cos—+{sin—+ cos— + {sin —) + (cos sin cos is
£ ( 51{] ulrt_m c 51{] ml[]') (cos 10 [ si T in ll])
Note: cos — + cos— = 0 and cos — + cos —= = 0
10 10 i0 i0
= itain 2= 4 5in &) + icsin =2F + sin 2=
= i{sin G + sin m] + i(sin s + sin - )]
Note: sin — = sin— and sin — = sin — = — sin—
10 10 10 10 10
Stai T Siad In
= 2isin— — 2isin—
11 10 I 10
Question 14 (e)(ii)
Criteria Marks
= Correctly evaluates the expression with full working out shown to get the 1

result.

Sample answer:

Recall that the sum ofthe roots z° —i =0

Sim i —7im —3im .
€10 +el0+¢e 10 +e 10 +i=10

IR I
I 5in ]_D I sin ]_ﬂ [ =

m 3m
2sin——2sin—+1=10

10 10
. m . 3E+]—D
sml{} Elﬂlﬂ 2—
.3 .rx 1
SIHﬁ-SlHﬁ—E
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Question 14 (e)(iii)

equating result from part e)ii) with the given trigonometric identity
or equivalent.

Criteria Marks
* (Correctly proves the given result 2
= Makes progress such as evaluating A and B correctly when 1

Sample answer:

Using the given identity

sin(A+ B) — sin(A — B) = 2 cosA sinB
LetA+H=—"|5§ (1)and A —B== (2)

10
By adding (1) and (2), we get

24 :ﬂ thatis A =%
By 5uh5tltutfng in (1), wegetB = E
From the above, we can state that

sin%— Einl_:] — EEﬂsiﬁlﬂ% —;

Hence c-:]s sin =2
4 5 w4

Alternative method

am =1
Using smvm — San = we get
3m m an T
g eie] T 10 ) we{ TE— TG 1
2 2 2

2 cos = sinl"—]
5 0 2

Hence, cus— smi =
10 4
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Question 15 (a)

Criteria Marks
s Justify that the lines are not parallel and do not meet indicating they are 4
skew lines.
e |ndicate that the solutionof —1 —A=—-1+u and 3
—14+24 =1—pu doesnotsatisfy 1+4 =—-1+4+pu

e Justify that the lines are not parallel. 2

-1 1 1
* |ndicate test'tng( 2 ) =k ( -1 )

1 1

Sample answer:

Ly and L; are skew lines if they are not parallel and not intersecting.
First, let us check if they are parallel by considering the components of their directional vectors and suppose they are
in the same ratio.

-1 1
mismeans( 2)=k(—1)
1 1

So,—1=k (1)

Also, 2 = —k, thatisk = —=2. (2)

From (1) and (2), we can see that k is not the same

S0, their directional vectors are not in the same ratio and this indicates that they are not parallel.
Mow, we check if they are intersecting by eguating their parametric equations.

The parametric equation of the line L; or the coordinates of any point on Ly are
A(-1-1,-1+22,1+ 1) (A)

The parametric equation of the line L, or the coordinates of any point on L, are

Mow, we equate the coordinates of the above two points, we get
-1—-A=-1+u, thatis p=-A4. {3

Also, =1+ 24 =1—p, thatisy =2-=24. [(4)

By equating (3) in (4), we get

—A=2-21.50,1=2 Also,aspu=-1=-2.

Now, by substituting A = 2 into (A) the parametric equations of Ly, thatis (=1 —A,-1+24,1+ 4).
We get (-3, 3, 3) and then we substitute u = —2

into [ B | the parametric equations of L, thatis

(=14+p,1=—p ,—14+pu ),weget(=3,3,-3).

As the points obtained are not the same, then there

is no common point between the lines Lyand L.

Hence, the lines Lyand L, do not intersect. From the above, we can conclude that L; and L are skew lines.
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Question 15 (b)(i)

Criteria Marks
* Provides correct proof to solution 1
Sample answer:

COSX= ;4{34:(15:-:+ 451n x}+B[4cus.x—35inx}
cosx=(34+4B)cosx+(44-3B)sinx
x=0=>1=34+4B8 (1)

x=§:»u=4d4—33 (2)

3 . 4
= = ) e
Ix(D+4x(2)= 4 T and 4x(1)-3x(2)= B P
Question 15(b)(ii)
Criteria Marks
# Provides the correct solution 4

« Recognises the integral of uv’ + u'visuv + ¢
e Rearranges the terms to yield uv' + u'v
* Makes some progress such as replacing cos x with the identity from
part b}i)
Sample answer:

= P | L

]
| w

(3cosx+4sinx)+ %[43:}51 —33inx]}
d.

J‘ E COsXx J‘ 5
L I L 2y
ﬂ.BCGbI+4S!ﬂ‘C Y3cosx+4sinx

g

4 LN
3J (3cosx+4sinx)e” EHCDH_ESIM}E

i
JIcosx+4sinx J3cosx+4sinx

:%J (3cosx +4sinx)” L +§(3msx+4sinx}'%[—35inx+4msr}e>{ dx

FE

W
u

i ul\ir.I
\ dx F
ﬁ r 1
=EJ{EH' 1 v]dx
:% I,'Im'].a’x
= —uv+r
25

= %[3{:4@51+rilsi:-1:rr]'a‘f.e-*'S +e

o
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Question 15 (c)

Criteria Marks
= Provides correct solution 3
s Attempts to prove true forn = k 2
e Praovestrueforn=1andn=2 1

Sample answer:

28| ©

Let P, be the proposition that a, =5(-2) +4x3" forn € Z*.

Since 5(-2) +4x3' =—10+12=2 and 5(-2)" +4x3* =20+36 =56, both P, and P, are

true.

Assume both F, , and F, | are true, where k-2 21, ie.k 23, thatis
- =S[—2}L "+4x3 P and q, , = 5(—2]*'! +4x3"

Then:
a,=a, +6a, ,
k-l k-1 yk-2 k-2
=5(=2)""+4x37 4 6(5(-2) T +4x37)
5(=2)"" 430(=2)"" +4x3" +24x3"
=(=2)"" [-10+30]+3" 2 [12+ 24]
=20x(-2)"" +36x3"
=5(=2) +4x3
oo P, 1s true whenever both P, , and P, | are true.

Smce £} and P, are true, then P, 1s true by mathematical mduction.
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Question 15 (d)

Criteria Marks
o Provides correct solution 3
» (Correctly uses the t —substitution and the limits for integration 2
e Attemptsto use ¢ —substitution 1
Sample answer:
x
t =tan-
2
dt 1 4 1+tan® x
—_— = = gectx =——
dx 2 2
dt  1+t*
dx 2

When x :E, t=tanZ=1
2 4
Whenx:E, t:tanE:i__
3 [ v3
2t
1+t2

sinx =

X 2
Bz tl LR

_'fl 2 2
=)L eage X 1412 dt
Vi
J-1 2(1+r3] 2 it
- (1+1)2 {1+t2]

J-1 4 -
— 1
e 2
7 (1+8)
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__41_ 1
e
V3
_ gt 3]
12 1443
1 V3-—-3
=47 |
=-2(+3-2)
=4-—2v3
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Question 16 (a)(i)

Criteria Marks
e Provides correct solution 1
Sample answer:
1 1 T
b= jx:’” | —x"dx =f 1—x"dx =’I as it represents the area inside the unit circle in the first quadrant.
o ik
Question 16 (a)(ii)
Criteria Marks
e Provides correct solution 3
o (Correctly integrates by parts or equivalent merit 2
» Makes some progress 1

Sample answer:

1
L= I.TI" V1—x"dx
= _ix:"" x x+fl = x" dx

e (e
T o« ax\ 3 )

_ Tln-!x_%(l_r_]f _I(E;i—l}r" x—%(l—x*)))dx
. u
20-1) ¢ 5.2 2\
=0+ - e o
3 i
- |
=I[2"3 ”IIEJ'-E(|_I3}J1—xldx
2n—1
= { 3 }{flr—l - 'I’JI }
!":M{fjl-l_jfﬂ}
3
3!“':{En_l.}fﬂ—l_{:}rn_l}!"
2n-1
(2n+2)1,=(2n-1)1,, =1, =—1,,
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Question 16 (a)(iii)

Criteria Marks
¢ Provides correct solution 2
o Makes some progress 1
Sample answer:
/, =.|-th' 1-x"dx
r=f i =2y
4 2n+2
1
=7l = 1 =%
petr -5 faf
Sl = 32
=2F = f=dk
8 - 256
1
J-_rh-q‘l —xdx = i)
. 256
Question 16 (b)
Criteria Marks
* (Correctly identifies the contradiction within the results and writes a 3
concluding statement.
o Correctly squares both sides of the inequality and obtains correct 2
expression for a.
» Establishes a correct proof by contradiction statement or equivalent 1

merit.

Sample answer

Assume that the converse is true, thatisV2a+ 2 <+Va + 8fora > 6.
Since LHS and RHS are both positive numbers, squaring both sides yields:
2a+2<a+8

a<é

However, this is a contradiction, since statement is true for a > 6 only.

Hence, our original assumption must be false. Therefore, the original statement v2a + 2 > va + 8 for

a > 6, must be true.
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Question 16 (c)

Criteria Marks
e State thatz. = 83 — 41— 12i. 4
e Show that by equating real parts we get 3
c+5=—/3(9V3 -13)-5V3-9.
e Show that by equating imaginary parts we get —8 = —9v3 + b + 5. 2
e Indicate that AC = 2 {cns%ﬂ +i sinﬁ?“} AB. 1

Sample answer:
We are given A (—5,—4)andlet Bbe (b,5), and € (¢, —12).

This indicates that
AB=(b+5)+ (5+4)i=(b+5)+9% andAC = (c+5)+ (=12 + 4)i = (c +5) — 8i

By rotating vector AB by 5?" in an anticlockwise direction and multiply its magnitude by 2, we get vector AC.
This means AC = 2 I[!:{)SE?”+ 1 Sinﬁ?ﬂ) AB
By substituting AC and AB, we get

{c+5)-81‘=2(—§+%E)({b+5_}+92)

(c+5) —8i=(=V3+i)((b+5)+9i)
(c+5)—8i=—y3(b+5)-N3i+(b+5)i—-9
(c+5)—8i=—3b—-5/3-93i+bi+5 -9

(c+5)—8i=—V3b-5V3-9+(-W3 +b+5)i (1)

Equating imaginary partsin (1), we get
—8=—93 + b +5,thatis
-13=-93 +b

Therefore, b = 93 — 13.

Mow, equating real parts in (1), we get
c+5=—y3b-5/3-9

By substituting, b= 93 — 13, we get
c+5=-v3(9V3 -13)-5vV3-9
c+5=-27+13y3 -5/3-9
Therefore, c = 8v/3 — 41.

Hence, 2 = 83 —41-12i.
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