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Instructions

Total marks:

+ Reading time — 10 minutes

+  Working time — 3 hours

= Write using black pen only

= Calculators approved by NESA may be used

+ A NESA reference sheet is provided at the back of this paper

«  For all questions in Section Il, show relevant mathematical reasoning

and/or calculations to obtain maximum marks.

Section | = 10 marks (pages 2-6)

=a » Afternpt Questions 1-10
» Allow about 15 minutes for this section
* Use the multiple choice answer sheet attached to answer
Questions 1-10
Section Il - 90 marks (pages 7-13)
o Atternpt Questions 11-16
» Allow about 2 hours and 45 minutes for this section
¢ Use separate writing booklets to answer each of the
Questions 11 to 16.
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Section 1

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

(USE THE MULTIPLE CHOICE ANSWER SHEET PROVIDED for Questions 1 — 10)

1. Which complex number 1s a square root of 7 + 24i7

(A) =3 — 4i
(B) 4 — 3i
(C) =4 + 3i

(D)—4 — 3i

2. Which of the following is the negation of “y > 6 ory < —=2"7

(A) —2<y<6
(B) -2<y<6.
(C) —2<y<6
(D) —2<y<6.
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5. A cubic polynomial P(z) has all real coefficients. Given that z = 3 and z = 2 + [ are two
roots such that P(z) = 0, which equation best describes P(z)?

(A) P(2) =2°—T72z*—17z+ 15
(B) P(z) = 2z% + 72° — 35z + 15
(C) P(z) =2 -7z + 172 - 15

(D) P(z) =2z* + 72z% + 35z — 15

6. Find the expression that best represents:

I% cosec(vx) cot(vx) dx

(A) =2 cosec(vx) + C
(B) — écnsec(ﬁ) +C
(C) %cusec(ﬁ) +C

(D) 2cosec(vx) + C

7. A particle is moving along a straight line. Initially its displacement is x = 1, its velocity is
v = 2 and its acceleration is a = 4. Which equation could describe the motion of the particle?

(A)v=2+4Inx
(B) v=2sin(x—1) +2
(C) v? = 4(x*=2)

D)y v¥P=x*+2x+4



Student Number:

5. A cubic polynomial P(z) has all real coefficients. Given that z = 3 and z = 2 + [ are two
roots such that P(z) = 0, which equation best describes P(z)?

(A) P(2) =2°—T72z*—17z+ 15
(B) P(z) = 2z% + 72° — 35z + 15
(C) P(z) =2 -7z + 172 - 15

(D) P(z) =2z* + 72z% + 35z — 15

6. Find the expression that best represents:

I% cosec(vx) cot(vx) dx

(A) =2 cosec(vx) + C
(B) — écnsec(ﬁ) +C
(C) %cusec(ﬁ) +C

(D) 2cosec(vx) + C

7. A particle is moving along a straight line. Initially its displacement is x = 1, its velocity is
v = 2 and its acceleration is a = 4. Which equation could describe the motion of the particle?

(A)v=2+4Inx
(B) v=2sin(x—1) +2
(C) v? = 4(x*=2)

D)y v¥P=x*+2x+4



Student Number:

8. Which of the following is the region in the Argand diagram specified by i(z — 2) > 4 7

(A) Im(z) (B) Im(z)
N M
> Re(z) > Re(z)
pamaa > e | e >
NOT TO SCALE NOT TO SCALE
(C) Im(z) (D) I'm(z)
M M
2
- > ——l
> Re(z) > Re(z)
NOT TO SCALE NOTT0 SCALE
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9. Consider the diagram below, where ABCD 1s a rhombus, F is the midpoint of CD and
BE is an extension of AB.

NOT TO SCALE
b

D r. C

Given that AB = a, BC = b and point B divides AE internally in the ratio 4: 3, which of the

following best represents FE in terms of @ and b?

(A) i—a—b
® Sass

(C) ?a—b

10. A sphere of unit radius is tangent to the xy-plane, the xz-plane, and the yz-plane.
1.e. The surface of the sphere meets each plane at exactly one point.

If a point A on the sphere, is to be joined to the origin, what 1s the shortest possible distance?

(A) 1

(B) V2
(C) V2 -1
(D) V3 -1

End of Section 1
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Section 11
90 marks
Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

For questions i Section lI, your responses should include relevant mathematical reasoning and/or

calculations.

Question 11 (15 marks) Use a new writing booklet to answer this question.

(a) Consider the complex numbers z =1 —iand w = V3+i.

(1) Evaluate |z| + |w|. leaving answers in exact form. 2
2
(11) Evaluate arg(i_—ﬂ) in terms of 7, showing all hines of working out. 3
(b)) Prove by contradiction that V5 is irrational. 3
(e) Evaluate the following definite integral: 3

o 1
J;, 2 + D (a2 oY

(d) Let z = cos @ + i sin 8 be a complex number.

(i) Solve z° — 1 = 0 over the complex field, giving your answer in modulus-argument form. 2

(11} Hence, or otherwise, express z5 —1asa product of linear and quadratic factors. 2
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Question 12 (15 marks) Use a new writing booklet to answer this question.

(a)

Evaluate the following indefinite integrals

(1} J' 4x—10 dx

x242x+2

(i) [ 2x3V4 — x% dx

(iti) [ e** cos 2x dx

(b) Letz=cosf +isinf and z" + z™" = 2 cosné.
(i) By expanding (z + z71)*, prove that cos 48 = 8 cos* 6 — Bcos’ @ + 1.

{(11) Hence, solve 8x* — 8x? 4+ 1 = 0 and show that the solutions are given by

i 3m %14 7
X = C0S—, COS5—, COS—, COS —.
8 8 8 g

e w it 3m 5w 4
(1) Hence, explain why cos = + cos— + cos— + cos

—=0.
B

(¢)

Solve the equation x* — 5x* + 8x — 6 = 0 over the set of complex numbers.

(d)

Prove that the statement “If n? 1s even, then n 1s even”, 1s logically true, by considering its
contrapositive.
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Question 13 (15 marks) Use a new writing booklet to answer this question.

(a)  The equation of a sphere is given by x* —8x + y* + 4y + 2° + 2z = 4. 3
Find the vector equation of the sphere and state its centre and radius.

(b) Prove by mathematical induction that (1 + VZ2)t = Pn + gnV2. where Pn and g, are unique 3

positive mtegers, for n is an integer, n = 2.

3 =
(¢)  Consider the vectors 0A = ( =2 ) and OB = ( 3 ) where A, B are pomnts and O 1s the ongin.
5 £

(1) Find the vector projection of OA onto 0B. 2
(11) Find the vector equation of a line parallel to OB and mtersecting point A. 1

n
(d) Gaven I, = J-U“ sec” x dx, where n is a positive integer.

(i) Show that I, = —[(vVZ)"* 2 4 (n — 2)I,_,] forn = 2 4

n-1

(11) Hence, evaluate I, leaving your answer 1n exact form 2
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Question 14 (15 marks) Use a new writing booklet to answer this question.

(a) Let z = x + iy, where x, ¥y € R, be some complex number such that m'g(%) = ;—r.
]

(1) Giventhat w, = 2(3 + 1) and w, = 2(1 + i), realise the denominator 1n the
expression Z_w_l and prove that |z - [4- + 2(] + \li)l]l = 4 by considering

Z—Ws

2w,y m
darg i = E
2

{(11) Hence, or otherwise, sketch the locus of z on the argand diagram specified by

argc::;) = E, showing all important features including the point in which the

locus meets the y-axis.

(b) Given that the mequality lg—? < ﬁ << % holds true for a unique integer k and

n 1s a positive integer,
(1) Prove that the largest positive value of n 1s given by n = 144.

(11) Hence, show that the inequality indeed holds true when n = 144, by finding the
unique integer k.

(¢) Itisknownthata + b+ ¢ = 1 where a, b and ¢ are positive numbers.

Prove that;

] b [

(a{ﬂ+1)+b+c)(b(b+ 1]+c+a)(c[c+1)+a+b)}8

10
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Question 15 (15 marks) Use a new writing booklet to answer this question.

(a) A particle 1s performing Simple Harmonic Motion in a straight line such that at time t seconds,
it has displacement x metres, velocity v ms™! and acceleration ¥ ms™2 given by ¥ = —2(x — 1).

Imtially the particle 1s at x = 2 metres and has a velocity of —vV6ms™1,

1) Show by integration that v2 = —2x°* + 4x + 6. 2
(1) y miegr:

(11) Hence.byletingx =B + Acos(nt +8)where A>0n>0and0 <8 < m. 4
find the values of B, 4,11 and 8.

(b) The line L, passes through the pomts A and B and the hine L; passes through € and D, 3
where 4 = (5,4,0). B = (10,8,3).C = (—1,—6,—10) and D = (9,2,—4).

Show that L; and L, do not intersect and find the shortest distance between them.

(¢) Prove that if i{ f: (x)) = i (g(x)). then f(x) = g(x), is not always true by counterexample. 1

(d Aliner = (‘.f) + A(3) intersect a circle with equation (x + 1)? + (y — 2)? = 4 at 5
two points A and B, to form a chord AB.

Given that M is the midpoint of chord AB and C is the centre of the circle, prove that CM is
perpendicular to AB and find the perpendicular distance from the centre of the circle to chord AB.

11
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Question 16 (15 marks) Use a new writing booklet to answer this question.

(a) A regular tetrahedron 0ABC consists of four congruent equilateral tnangle faces and has
sides of length 1, where O is the origin.

C

NOT
TO
SCALE

A

Let OA = a, OB = b, OC = ¢, and M and N be the points that divides sides AB and BC in the

ratiox:1 — x, where 0 < x < 1.
(1) Showthata-b=b'c= a-c:%.
(i) Show that |[OM| = V1 —x + x2.

where 0 < x < 1.

(i) Let f(x) = 225

+x??

Without using calculus, prove that 1 < f(x) < ;

(iv) Hence, show that cos™' 2 < ZMON <.

Question 16 continues on page 13

12
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Question 16 (Continued)

(b) Describe and sketch the general shape of parametric curve given by:

3sind
= (31:05&) for0 < 8 < 4.
N ]

(c)  Consider the following definite integral.

2 1
= [art (ot )
J;an ¥2 —G5x 4+ 7 x

(i) Show that tan™* ( ) = tan"}(x — 2) — tan"}(x — 3).

X*—5X+7

(11) Hence, evaluate [, leaving your answer in exact form.

End of Section 11

End of Assessment Task

13
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Cheltenham Girls High School

I 2025 |HIGHER SCHOOL CERTIFICATE EXAMINATION

Mathematics Extension 2

Assessment Task 4 — Trial HSC
Section | - Multiple Choice

Select the alternative A, B, C or I that best answers the question. Fill in the response oval
completely,

Sample: 2+4= (A) 2 (B) 6 () 8 () 9
AO B @ co DO

If you think you have made a mistake, pul a cross through the incorrect answer and fll in the
new answer,

A B - eo DO

If you change your mind and have crossed out what you consider to be the correct answer, then
indicale the correct answer by writing the word caecect and drawing an arrow as follows.

corvech
A B - ) 5 DO

Start
Here

AQ BQO ¢ DO
AQO BO cO DO
AO BO ¢cO 0O
AO BO cO O
AQ BO c¢cQO bpO
AOQO BO c¢cO bO
AO BO c¢cO bpO
AQO BO cQO DO
9. AOQO BO cO pO
10. AOQO BO cO O

14
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2025 Year 12 Extension 2 Mathematics Assessment Task 4
Marking Guidelines

Section | (1 mark each)

Multiple-choice Answer Key

Question Answer

1 D

W (0o~ | (L | P (2
Qi@ @ E=|0@ >=m

[
L=

Question 1

Let (x + iv)* = 7 + 24i
X%+ 2xyi —y? =7+ 24i
x4 —y?="7and2xy = 24

xy=12
Hence,x =4andy =3

& +(4 4+ 3i) are the square roots
& =& — 3 is a solution.

Answer: D

Question 2
The negationisy <= 6andy > —2.
The inequality that best represents thisis =2 < y < 6.

Answer: C



Question 3

let t = tan=
2

dt 1 2 X
— =—5pC"—
dx 2z F
2
dx dt
tan’=41
2
dx = ——dt
1+t

1=t?
Alsocosx = —
1+tr2

2 2
- X —— (i
fz+1-rf 1+t7

1412

4

= J‘:sf1+r2?1+1—t1 dt
4
= fmzdt
Answer: A
Question 4
0P i
cos ZPOR = Tﬂ-
07| | ]
_ 1
V12

1
ZPOR = cos l—

V14

= 74" to the nearest degree.

Answer: B



Question 5

Since P(z) has all real coefficients, complex roots must come in conjugate pairs.
sz=3,z=2+iandz =2 — i are roots.

P(z) =(z-3)(z-(2+ D)z~ (2-1))
=(z-3)(z*—-2(2-1)—2(2+1i)+5)

= (z—-3)(z* -4z +5)

I

2% — 422 4+ 57 —-322 +122—-15
=z =722 +17z-15

Answer: C

Question 6
d d , -1
Note thata(cusec\f?} - H({Sm Vx) )
g A ; -2
S Cos ﬁ[sm ﬁ)

1
= ;ﬁcusec X -:ﬂhE

1 1
& | =—=rcosecy/x cot = —ZJ.——cusec xcotyx
| = cosec R cot V¥ = Jx

= —2cosecVx + C

Answer: A

Question 7
Check each equation and seeif x = 1, v = 2 and a = 4. Through checking we can see that:

Forv=2sin(x — 1)+ 2

Letx =1
vr=2sn0+2
=2

a=2cos(x—1)(2sin(x—1) +2)
a=4

Answer: B



Question 8
letz=x + iy

silz—2) =i(x+iv—(x—iy)

= i(2iy)
= -2y
L=2y >4
y <=2
Im(z) < -2
Answer: B
Question 9

Given point B divides AE internally in the ratio 4: 3, then BE = %a.

Also FC =%a and CB = —b.

+ FE =FC + CB + BE

Answer: A

Question 10
Point A must lie on the line joining the centre of sphere to the origin to have the shortest possible distance.

One possible centre of sphere is (1,1,1) (does not matter which octant it is in as they will all yield same
results).

Distance to origin from centre is V12 4 12 + 12 = /3
Distance of Point A to origin = 3 — radius of sphere
= 1.,1'? -1

Answer: D



Section Il

Question 11 (a)(i)

Criteria Marks
« Correctly evaluates |z| + |w]| in exact form. 2
* Evaluates |z| or |w| correctly only but did not evaluate |z| + |w]|. 1
Sample answer:
|z = J12 4+ (-1)2 =+2
lw| = J(ﬁ}z +(1)2=2
szl 4wl =V2+2
Question 11 (a)(ii)
Criteria Marks
* Correctly evaluates the argument of (:—2) in terms of . showing all 3
steps of working out.
e Applies De Moivre's Theorem to find the argument of z% and w?. 2
* Finds the argument for z and w only. 1

Sample answer:

—_ =11 _E
arg(z) = —tan i ———
gt o X
arg(w) = tan ==2
bif

arg(z?) =2(-9 = -3

arg(w?) =3 (%) = Tz"["

Soarg (:J—z{) = —E—%: —m = 7t (principal argument)




Question 11 (b)

Criteria Marks
* Correctly proves that VG is irrational using proof by contradiction 3
with all working out shown.
e  Makes significant progress in completing the proof by contradiction 2

including providing a conclusion, however, makes errors such as
not clearly showing all lines leading up to contradiction or incorrect
algebraic evidence to suggest a contradiction.

* Makes progress such as setting up the correct initial assumption 1
line.

Sample answer:

Assume that v/5 is rational, such that there exists p, ¢ € N, ¢ # 0, such that /5 = %. where the highest

common factor between p and g is 1.

VEml

"

p

S==
5¢* = p*
Hencee, p? is divisible by 5, which implics p is divisible by 5,
Letp = 5k
5¢* = (5k)*
5q? = 25k*®
q2 — Ekd

Hence, g2 is divisible by 5, which implies g is divisible by 5.

Therefore, both p and g are divisible by 5.

This 1s a contradiction, since p and g do not have any comumon factor except | in our initial assumption.
Therefore, our initial assumption of V5 being rational 1s false.

+ /5 must be irrational.




Question 11 (c)

Criteria Marks
+ Correctly calculates the definite integral with full working out 3
shown.
+ Makes significant progress and correctly integrates but makes an 2
error during substitution of boundaries.
* Makes progress such as correctly using partial fraction 1

decomposition to yield two simpler integrals.

Sample answer:

1 _ Ax+B Cx+D

ket (x241)(x24+4)  (x2+41)  (x2+4)

1=(Ax+B)(x*+4) + (Cx+D)(x* + 1)

1=(A4+0)x*+(B+D)x*+(4A+O)x+ 4B+ D

A+C=0 (1)
B+D=0 (2
444+ C =0 (3)

4B+D=1 (4)

~From (1) and (3)wegetA=0,andC =0

» From (2) and (4) we get B = %amj D= _i

Hence,
Lo 1 o 1 1
f“ (xZ+1)(x*+4) = J;! 3(xZ+1)  3(xP+4) ax
10 1 1

dx

390 x241 xi+4

= an-tx -1 —15]““
—g[tan X 2I:an ) I

-3[6-9-0-0)

_

12




Question 11 (d)(i)

Criteria Marks
* Correctly finds all 5 solutions to the equation with full working out 2
shown.
* Makes progress such as finding one pair of complex conjugate 1
solutions.
Sample answer:
z% — 1 = 0 are the 5" roots of unity.
Let z,, represent the solutions to the equation.
2m ;o 2
Z; = cos—+1isin—
5 5
4 o A4
2; = COS—+ i sin—
Zy = 08 == 4  sin —=
5 5
Z4 = €0S —= 4 | sin —=
5 5
Ze = 1
Question 11 (d)(ii)
Criteria Marks
e Correctly expresses z° — 1 as a product of linear and quadratic 2
factors.
* Makes progress such as expressing z° — 1 as a product of linear 1

factors only.

Sample answer:

28— 1= (z2—2)(2— 2,)(z — 25)(z — 24)(z — 25)

Note that. 2, = Z; and 23 = Z;

=(Z—-z)z-5H)(z-2,)(z—-2)(z—-1)

=z’ —z(zi + 7))+ u15) (22 = 2(z2 + 7)) + 5,53) (2 = 1)

= (z —1)(z* — z(2Re(z,)) + |2,1*)(2* — 2(2Re(z,)) + |2,|%)

=(z—1)(z%* - Zcosz?"z+ 1(z% - st%z +1)




Question 12 (a)(i)

Criteria Marks
* (Correct answer with full working out shown. 2
» Makes progress such as separating the integral and correctly 1
evaluating the log component OR the inverse tan component of the
answer,

Sample answer:

J’ d4x — 10 _f dx + 4 14 d

x4+ 2x+2 a x24+2x+2 x24+2x+2 *
- 2 _ 1
=2In|x* + 2x + 2| 14j{x+1}2+1dx

=2Inx*+2x+2|—-4tanH{x+1)+C

Question 12 (a)(ii)

Criteria Marks

» Correct answer with full working out shown. Full marks awarded if 2
students could achieve up to line marked with *** or any
subseguent lines.

= Makes progress such as finding the correct u-substitution or 1
equivalent and finds an equivalent integral with respect to u.

Sample answer:

f2x3\£4 —x2dx
letu=4—x°
Hence, x> =4 —u

du
o PR,
dx *
du = —2x dx
1 3
—f(él—u)ﬁdu:—fﬁtui—uidu
: o
- _(3%_25 )

Evl(,_}_ x2)5 — 24{4—12)3 4+ (e
Vi (2@ -2 -2 -xd)) 4 C
= =VE—x2(3x* - 4x* - 32) + C

Note: Students who used trigonometric substitution x = 2 sin 8 followed by 1 = cos 8, will yield the
solution, which can be modified to equal above solution.

cos*(sin™" (%)} ~ CHSE(SH‘I_I(@

I =—64 3 z




Question 12 (a)(iii)

Criteria Marks
= Correct answer with full working out shown. 2
+ Constructs a correct resultant integral using one application of 1
integration by parts.
Sample answer:
f e?* cos 2x dx
u v
e** c0s 2x
ZE 2x
=sin 2
5 X
4e?x 1
— g ¢0s 2x

J e** cos 2x dx = %e“ sin 2x +%sz cos 2x — [ e** cos 2x dx + C
2 [e* cos 2x dx = %e"-"(sin 2x + cos2x) + C

[e** cos2x = %e”(sin 2x + cos2x) + C

Question 12 (b)(i)

Criteria Marks
« Correctly applies the trigonometric identities and appropriate substitutions to 2
yield the final solution with full working out shown.
* Makes progress such as applying the binomial expansion correctly. 1

Sample answer:

(z+z )=z +4z° +6+42z7%+ 271
(z+z D=z +z7'+4(z*+z72) +6
(2cos8) = 2cos40 + Bcos20 + 6
16cos* @ = 2cos 48 + 8(2cos* 8 — 1) + 6
2cos46 = 16co5* 0 —8(2cos*0-1)—6
2cos4f = 16cos’ @ — 16cos’ 0 +8— 6

cos48 = Beos*H —Breos* 6 + 1




Question 12 (b)(ii)

Criteria Marks
¢ Correctly shows the solutions are as given by solving the given 1
equation first, with full working out shown.
Sample answer:
Bx*—8x2+1=0
Let ¥ = cosf
Beos'O —Beos*8+1=10
cosd8 =0
A6 = m 3 5m Tm
e !EJ?!?:T!
0 w3n Sm Tn
- FB ¥ B ] 8 ¥ B ]
m 3 Lo T
Hence, X = cos—, 05—, CO8—, COS—
B a A A
Question 12 (b)(iii)
Criteria Marks
* Provides correct explanation such as the sum of roots of a 1

polynomial.

Sample answer:

hi I o T
Rootsof 8x* —8x*+1=0arex = €08, COS—, COS—, COS—

e !

1 0
= ==L
@ 8

Hencee, the sum of roots is equal to 0 in this case, since

L3 3T S T
Sopos= 4 cos=— 4 cos=— 4 cos=— = (],
B 8 g 8




Question 12 (c)

Criteria Marks
* Correctly calculates all three solutions of the equation, with full 3
working out shown.
s Correctly calculates one real solution and makes significant 2

progress in finding the complex conjugate pair solution, but makes
one error in calculation.

* Correctly calculates one real solution only. 1

Sample answer:

Let P(x) =x* —5x% +8x—6

sx = 3isazeroof P(x)

Hence, P(x) = (x = 3)(x% = 2x + 2)
Let P(x) =0

x2=-2x+2=0

_2ﬂ4-4x1>¢2

X

.

2+ v—4

X=—
2
_2:!:2:,
=
x=1+1I

Ax=3,1+01-i

Question 12 (d)
Criteria Marks
+ Correctly demonstrates algebraically that the contrapositive is true, 2
hence, by equivalence, the original statement must be true.
* Makes progress such as writing the correct contrapositive 1
statement.

Sample answer:

Consider “If n® is even, then n is even”,

2

3

Contrapositive: “If n is not even, then n* is not even”,
Let n = 2k + 1 where k is an integer.
n? = (2k + 1)?

=4k* + 4k + 1

= 2(2k* + 2k) +1

= 2P +1 where P = 2k* + 2k is an integer.

2

4 n* is not even.

Hence, if the contrapositive is true, then by logical equivalence, the original statement must also be true.



Question 13 (a)

Criteria Marks
+ Correct vector equation, centre and radius of sphere stated, with 3
full working out shown,
* Makes significant progress in constructing the vector equation of 2
the sphere and stating its centre and radius, but makes one error in
calculation.
= Makes progress such as correctly completing the square of the 1
given cartesian equation.

Sample answer:
X2 =8x+yi+4y+z2+2z=4
2 —8x+16+y2+4y+4+22+2z41=25

(x—4) P+ (v+2)+(z+1)" =25
p 2 +
(-
z s

Question 13 (b)

= 5 15 the vector equation of a sphere with centre (4,—2,—1)andr =5

Criteria Marks

s Correctly proves the statement by induction, with full working out 3
shown and justifies correctly, with mathematical calculations, why
Pi+1 and g4 are unigue positive integers for the n = k + 1 case.

¢ Correctly substitutes the assumption case n = k in the process of 2
proving true for the n = k + 1 case, however, does not justify
whether py..1 and g4+ are unique positive integers with
appropriate mathematical calculations.

s Correctly shows true for n = 2 case with full working out shown. 3

Sample answer:

Show true forn = 2

(1+v2)2=3+2V2

~ p; = 3 and g, = 2 hence unique positive integers.

True forn = 2.

Assume true for n = k, where k is an integer.

i.e. (1 +v2)* = py + V2 where p,, and g, are unique positive integers.
Provetrueforn = k + 1

RTP: (1 + ﬁ}’”l = D41 + qkﬂﬁwhere Pic+1 and g, are unique positive integers.

LHS = (1 +VZ)**




=(1+V2)(Q+ VD)

= (1 4+v2)( Pr + qkﬁ) from our assumption case.

=pi+ V2 + V2 + 2q,

= Py + 2qx + (P + @ IV2

=pPryq t+ qkﬂwﬁ where P, = P + 2q, which is a positive integer and g,y = P + g, which is also a
positive integer.

Also, if Prs1 = Qrsr, then oy + 2G, = pi + qi which implies that p, = py = q which cannot be true
since q; # 0. Hence, pPy4+1 # qg+q and thus are unique.

Hence, trueforn =k + 1

% Proven true for n = k + 1 by showing true for n = 2 and assuming true for n = k. Therefore, by
mathematical induction, must be true for all n = 2 where n is an integer.

Question 13 (c)(i)
Criteria Marks
¢ Correctly calculates the vector projection with full working out 2
shown.
* Makes progress such as substituting into the correct vector 1
projection formula, but makes one error in calculation.

Sample answer:

(3 (-1
ﬂA:(—Z)and ua:( 3 )
5 2

0A 0B .
Projz304 = ——0B
|0B|?

_ [BR=1)4(=2x3)+(5%2) (-;)
T (=12 4(3)P+(2)*
2
=—| 3
14
2

Question 13 (c)(ii)

Criteria Marks

e Correct answer provided. 1

Sample answer:

(63



Question 13 (d)(i)

Criteria Marks

* Correctly proves the given statement, with full working out shown. 4
*  Makes significant progress by evaluating and rearranging terms and 3

yielding results involving [, and /,,_., but makes algebraic errors

leading up to final result.
« Makes progress by correctly applying integration by parts to 2

T

J#sec™ * xsec? x dx.

. 1

n=2

identity sec™ x = sec" ? x sec’x

Makes some initial progress such as applying the trigonometric

Sample answer:

m

E
I = f sec x dx
0o

T

4 , .
I = f sec™ 2 xsec? x dx
o

letu = sec™ 2 x, v =sec?x

u' = (n—2)(tanxsecx)(sec™ ¥ x), v =tanx

..
- &
I, = [tanxsec™ 2 x] g == J‘ (n — 2)(tan® x sec x)(sec™ 3 x) dx
a

i
I, = [(x/ﬂﬂn2 % U] —(n— EJJ.4 tan® x sec" % x dx
0
i
: T .
L= 2 _th— 2)[ (sec’x — 1)sec™ % x dx
0

7
Iy=W2)"2—(n— E}I sec” x —sec™ 2 x dx
0

In = (V2)"2 = (n = 2) (Iyy — In-2)
L= (V)" 2 —(n=2)l, + (n =2, »
L+m—2I, =N 2" 24+ (-2,
(=Dl =(V2)" + (=2l

L= ;1:;[(\@)“4 + (n—-2),5]forn=2




Question 13 (d)(ii)

Criteria Marks
* Correctly evaluates I, with full working out shown. 2
* Makes progress such as finding an expression for I, in terms of I,. 1
Sample answer:
1 2 1
I, =3|(V2)" + 2] =3 @ +21)
= 0
L= 2] =1
Iy =1(2+42)
aly=3
=42
T3
Question 14 (a)(i)
Criteria Marks
s Correctly calculates with full working out shown, the cartesian 4
equation of the circle represented by the equation connecting
Re (ﬂ) and Im (w], identifies its centre and radius and
=Wy Z—Why
expresses in complex modulus form to yield the final result.
+ Makes significant progress rearranging the equation connecting 3
Re (z-w') and Im (ﬂ) to yield the cartesian equation of a circle,
£=W3 A=W3
but makes one errors in calculation.
= Lses the property that arg (z_w‘) = Zto find an equation 2
Z-wy i
connecting Re (:i:‘) and I'm (::‘)
1

« Correctly realises the denominator of %

Sample answer:

z—w;  (x+iy)—2(3 +1)

z—w; (x+iy)—2(1+10)
_x-6+iy—-2) x-2)-iy—2)
T x=+iy-2) -2 -ily-2)
_(x=6) +i(y—2))((x —2) - i(y — 2))
a (x—2)2 + (y — 2)?

:(x—GJ(I—E)—I'(}'—Z}(I—5}+i{r—2}(x—2}+(}’—2}2
(x=2)2+(y—2)

(= 6)(x —2) +4(y — 2)i + (y — 2)°
N (x—2)2+ (y—2)2

o z—wy | (k- 6)(x—2) + (y — 2)?
"Re(z—wz)_ -2+ (y -2




Im(z_wl)— 4(y — 2)
z—w,) (x—2)2+(y—2)2

i

Since arg (%) 5

_m(E=a)
=)

1 m(GE=R)

N

Z—‘Wg)

Bl

x—6)x—2)+(r-2°_  43p-2
(x—22+(y—-2%  (x—22+(y-2)p

tan =

(x—6)(x—-2)+ (-2 =43(y-2)
¥ —8Bx+12+yi—4dy+4 =43y - 8/3
x2—8x+yi—4y—N3y=-16-8V3
¥ —Bx+yi—yd+43)=-16—-8V3

22 —8x+16+y?—y(4+4/3) + (2+2V3) = (2+2V3) —8V3

(x—4}2+[y—(2+2m)2=4+8v’§+12—3v’§

(x—4%+(y-2(1 +®)2=16

Circle with centre (4, 2(1+ v@)) and radius 4 on the complex plane.

slz—(4+2(1++v3)i)| =4



Question 14 (a)(ii)

Criteria Marks
* Correctly sketches the locus of z, with all important features shown 3
including the y-intercept.
* Makes significant progress such as drawing the locus as a major arc 2

of a circle with centre (4, 2(1+ '-.E]) and radius 4 units, where

z =2+ 2iand z = 6 + 2i undefined, but does not label the y-
intercept.

e Makes progress such as drawing the locus as a major arc of some 1
circle where z = 2 + Zi and z = 6 + 2i are undefined.

Sample answer:

From before, we know z must be a point that lies on part of the circumference of a circle with centre

(4,2(1 + +/3) and radius 4 units. Since arg (%) = E z must lie on the major arc and z = 2 + 2i{ and

|

z = 6 4 2i must be undefined, with y-intercept at 2(1 + v/3).

'lJ'

A 4




Question 14 (b)(i)

Criteria Marks
* Correctly proves that n = 144 by considering the conditions 2
required to achieve a unique integer k, with full working out
shown.
» Makes progress such as achieving the line 1
g < % < g with full working out shown.

Sample answer:

9 n 8

< <
17 n+k 15

Rearrange ﬁ into ;—Eto get only ONE term involving k and n.
+

] 1 8
7= T

k
1+H

Note that 1 + % must be positive due to original inequality holding true, so inequality preserved when

taking reciprocals.

15{1+k{'i?
B n 9
T{k{:B
B n 9

Multiply both sides by n, inequality is still preserved since n is a positive integer.

n gn

T k < =

Since there is only one unique integer k that should satisfy the inequality then the maximum difference
between the upper and lower boundary can only be 2 units at greatest to ensure that we can still yield a
scenario where a single integer lies between them. The case where we have the one unigue integer, is if
both the upper and lower boundaries are integers as well.

B?" - %1 < 2 and n must be a number divisible by both 9 and 8.

:—2 = Z and n must be a number divisible by both 9 and 8.
n < 144 and n must be a number divisible by both 9 and 8.

Hence, n = 144 is divisible by both 9 and 8, so it is the largest possible value to yield a unigue integer k
that satisfies the inequality.



Question 14 (b)(ii)

Criteria Marks
* Correctly evaluates the unigue integer k with full working out 2
shown.
* Makes progress towards solving k by substituting n = 144 into the 1
inequality.

Sample answer:
Letn = 144

9 144 8
"7 1ad+k 15

Consider right side of inequality.
144(15) < 8(144) + Bk

k> 126

Consider left side of inequality.
9(144) + 9% < 144(17)
k<128

Hence, 126 < k < 128

~ Only one unique integer k = 127 whenn = 144,




Question 14 (c)

Criteria Marks
Correctly proves the statement, by simplifying the expression, using 4
a + b + ¢ = 1, identifying appropriate AM-GM inequalities with
two terms and full working out shown.
Makes significant progress such as correctly identifying and using 3
the AM-GM inequality explicitly to recognise that the terms
a+=>2b+s>2andet->2.
s Makes further progress by simplifying the result usinga + b +¢c = 2
1 to yield (a"-+a+h+r:) (hz+u+h+{') (E‘2+ﬂ+f?-i-r_‘) >
241y fhEe1 §2+1 ’ 1 1c 1
) G) () er(a+g) (b +3) (e +2)
a i) L el i} c
* Makes some progress such as expanding to yield 1
(az+a+ﬁ+c) (!J3+n+b+c) (c2+a+ﬂ+f)
a b €
Sample answer:
: 2 2 2
Consider (al.’_a+1:+ﬁ+c) (ﬁ{ﬁ+1:+r+a) (c(c+li+a+b) = (a +|::|-b+|::) (b +=:;+£:+c) (c‘ +ﬂ:-b+£)

Using AM-GM Ineguality we get:

1
at+—-—=2
a

And thus, similarly, we can conclude that

b+12 Eandc+ll‘_*2
b il

Hence, (a + ) (b +3) (c +2) 2 (@)@

(a+§)(b+%)(c+—i-);:ﬂ

Sincea+b+c=1
(= EDED
2 (b+3)(e+)

=

_(a(a+1]+b+c)(h{b+'.I.]I+c+a)(

a

b

C(c+1}+a+b)28
C




Question 15 (a)(i)

Criteria Marks
¢ Correctly proves the given result including showing all working out 2
involving integration and substituting initial conditions to find C.
1

. d
s Makes progress such as letting a = o Gtﬂz) and attempts to
integrate but makes errors.

Sample answer:

a=-2(x-1)
d /1
#(3v) ==

d (%vz) ==2(x—1)dx

fd(%uﬂ) =f-2{x- 1) dx

L= 22 x)+c
21?— 2 X

v ==2x*+4x+C

Lletx = 2and v = —6whent =0,
6=-2(2>+4(2)+C
6=-8+8+C

C=6

Apt= =24+ 4x+6




Question 15 (a)(ii)

Criteria Marks

e Correctly finds all four values, with full working out shown. 4

= Correctly finds three of the 4 required values, with full working out 3
shown.

s Correctly finds two of the 4 required values, with full working out 2
shown.

e Correctly finds one of the 4 required values, with full working out 1
shown.

Sample answer:
x =B+ Acos(nt + 8)

Since
F=-2(x-1)

Then centre of motion at x = 1 and n* = 2.

~B=1landn =2

Also, when v = 0,

0=-2x*+4x+6

¥=—1013

Hence, maximum is x = 3 and minimum is x = —1, thus amplitude of 2 units.
nA=2

x =14 2cos(NZt + 8)

Whent=0,x=2

L2=142cosf

mw=%mm{9<n

A=

wl A

Hence,B=1,A=2,n=ﬂandH=§.




Question 15 (b)

Criteria Marks
s Correctly proves that L; does not intersect L, and finds the 3
shortest distance between them, with full working out shown.
s Correctly proves that L; does not intersect L, by constructing the 2

correct vector equations and demonstrating that they are parallel,
by showing that their direction vectors are scalar multiples
numerically and stating why they are not concurrent.

* Makes some progress such as finding the correct vector equations 1
of Ll and Lz.
Sample answer:

Find the vector equations of Ly and L,

5 5 -1 10

L= (4)+A(4)and L, =( -ﬁ)-l-#(ﬁ)
g 0 3 ped =10 6
5 10 5 10

The direction vectors (4) and ( 8 ) are scalar multiples of each other, where 2 (4) = ( B )

3 6 3 6
o LI |I L!
And since there does not exist a A and u such that Ly = L;, then the lines are not concurrent.
Hence, we can conclude that L, does not intersect L.

Finding shortest distance between L, and L,.

Method 1:

Consider the projection of CA onto CD, the distance of point A to the end point of the projection is the
shortest distance (perpendicular).

(-1 {10

L'A=(—5)anﬁﬂﬂ=(ﬁ)
-10 0

(6)(10) + (10)(8) + (10)(6) ( 18“) _ (1“)

. . : 8
2 482 4 62
10+ 8+ 6 6 6

Hence AD 1 CD
|AD| will yield the shortest distance

|AD| = 4 + (=2)7 + (—4)?
= (& units

Method 2:
Let P be some point on L, such that |ﬁ| is the distance between L, and L.

- -1 10 5
=(-a)e(2)-(3)
-10 6 0
. [-b 10
,qu(_m)u(g)
—-10 6
|AP| = \/(10i — 6)% + (8u — 10)2 + (6 — 10)2

= J100u2 — 120u + 36 + 644% — 160y + 100 + 3642 — 1204 + 100
u
= JEﬂﬂﬂz —400u + 236




200u® — 400u + 236 is a quadratic (concave up parabola) that is minimised when u = o=

400

» Minimum value of |AP| = /200(1)? — 400(1) + 236

= +/36
= 6 units
Question 15 (c)
Criteria Marks
* Provides a correct counterexample to disprove the statement being 1
always true.

Sample answer:

et == (£ () = == (g(x)) = 1

Clearly f(x) = x + 1 yields .:_x (f(x)] =1
And g(x) = x + 2 yields ;—r(g{x]} =1

But f(x) # g(x).

Hence, by counterexample, statement is not always true.

Question 15 (d)

Criteria Marks

e Correctly calculates the perpendicular distance from the centre of 3
the circle to chord AE, including proving that CMis perpendicular
to ﬁ, and calculates all required subsequent steps with full
working out shown.

* Correctly shows that the dot product between CM and a direction 4

vector of AB equals to 0, hence, proven perpendicular, with full
working out shown.

e Correctly finds the A that corresponds to midpoint M and finds the 3
components of vector CM, with full working out shown.

* Correctly finds the A that corresponds to points 4 and B, with full 2
waorking out shown.

s Attempts to substitute the parametric equations of the line into the 1

cartesian equation, with full working out shown.

Sample answer:
Lletx = =2 + A and v = 31 into Cartesian equation of circle to find A that will yield point 4 and B.
(—2+A4+1P+(31-2)2=4

(A—1)2+@BA—-2)2=4



—2A41+4942—124+4=4

1042 —1444+1=0

B 14 +4196 -4 x10x 1
. 20

7 ++/39

A=
10

Hence, midpoint M found by letting A = %
=(-24+% 2
M“( 2+m'3>{1u)
oo
— A 10'10
Also, C = (-1,2)
3
cM=| 10
1
10

Use direction vector for AB whichis b = (;) check their scalar products.

-

3 1 3 3
m*?—( 1n)<1) (_H])(E) ﬁ —D—[]

Hence, CM is perpendicular to AB.

. Perpendicular distance from centre of circle to chord AB is the length of vector cM.

o= (-2) + ()

1
=7 units

10
= "—Uﬂit!i



Question 16 (a)(i)

Criteria Marks
* Correctly shows with algebraic calculations that the three scalar 1
products all yield %_-
Sample answer:
T 1
a*b = |a||b|cos£A0B =1 x lxmsE:E
T 1
b-c=|bllclcos£BOC =1x%x1 XEDSEZE
r 1
ac=|a||c|lcos£A0C =1 x lxcﬂs§=z
1
r‘iﬂ'b:b'fzﬂ'{.‘:;;
Question 16 (a)(ii)
Criteria Marks
— e R
+ Correctly proves the result using !UM| = 0OM - OM and showing all :
necessary algebraic steps including using identities such as
iDA'I = |U.§| =1and OA- 0B = % with full working out shown.
e Finds a correct expression for OM with respect to 04, OB and x. 1

Sample answer:

S

=
I

|

=
I
+
e

—p —_—i

_|_

T

—_—

AB

OM = 0A + x(0B — 04)

OM = (1 —x)04 + xOB

[0M|” = ((1 — x)04 + x0B) - (1 — x)0A + x0B)

08| = 1(1 - x)0A)* + 2 ((1 - x)04 - xOB ) + |x0B|*

[0M|” = (1 — x)2|0A? + 2x(1 — x)(04 - OF) + x?|0B|?

Since |0A| = |[0B| = 1and 04 - B=1

—_— ——

2

[OM|” = (1 — %) + x(1 — %) + 2

lﬁﬂa:I—2;":+x2~l~x~~-:1c3~l~;u:2

0M| =1—x+2?

|ﬁ[=1;‘1-x+x2




Question 16 (a)(iii)

Criteria Marks
+ Correctly proves the inequality statement without calculus, with full working 3
out shown.
* Makes significant progress such as identifying correct expressions for f(x) — 1 2

and f(x) —gand claiming that f(x) — 1 > 0and f(x) —% < (0, but does not
provide justification as to why. No calculus allowed.

s Makes some progress such as recognising to use expressions f(x) — 1 and 1
flx) - %tu begin the proof. No calculus allowed.

Sample answer:

f(x) > 1ifand onlyif f(x) —1>0

1+x-x°
1=x+x*

e f(x} —_ 1 = - 1

_ (14x=x®)=(1-x+x")
1-x+xt

_ dx-2xt
1=x+x2

_ 2x(1=x)

L |

Since 2x(1=x)>0when0 < x < landx*—=x+ 1> 0forall x, due to positive definite parabola, then
2x(1-x)
> 0.

2=+

Hence, f(x)=1>0,= f(x) > 1

f(x) <Zifand onlyif f(x) -2 < 0
5  1+x-x* 5
f)-3=me s

_ (3+3x=3x")=(5=5x+5x%)
- A1=x+x2)

_ =2+Bx-Bx?
3(1-x+x*)

_ =2(1-4x+4x?)

A1=x+x?)

Sine 1 — 4x + 4x® = 0, concave up with one root atx = %, then —2(1 — 4x + 4x*) < 0 and

—2(1=4x+4x%)
A1-x+x?)

3(x* —x + 1) > 0 for all x, due to positive definite parabola, then < 0.
Hence, f(x) — % <0, f(x) %

Therefore, proventhat 1 < f(x) < g



Question 16 (a)(iv)

Criteria Marks
s Correctly proves the result by using known identity from part)iii) to 3
construct an inequality involving cos £MON, with full working out
shown.
* Makes significant progress such as showing that 2
cos ZMON = %ﬂ; with full working out shown.
* Nakes progress such as substituting known results into the dot 1
product involving £MON to yield:
cos ZMON = Hi_x}m”?iﬁ; xmmmq, with full working out
shown.

Sample answer:
oM-ON
|os||oN|
Note that OM = (1- xjf?ﬁ + x0B and thus using the same procedure we can say that
ON = (1 —x)0B + x0C and also [OM| = |ON| due to congruent faces on the regular tetrahedron.

cos ZMON =

((L=x)0A + x0B) - ((1 — x)OB + x0C)
1—x4x%

cos ZMON =

1—x+x?

%{l—sz+éx{1—x]+x{1—xﬁ+%xz

1-x+x2

1-2x+xi+x—x242x—2x24x2
2[(1=x+x?)
T+xr=x%

T 2(1-x+x2)

1+x=-x2
- =
1-x+x*

From part iii) we know that 1 <

e an

1 1 x=x7 5
Hence=- < ——— = -
2 2Hil-x+x*) — &

'1 = Lﬂ#ﬂﬁffﬁS
- 5 < cos Sz

Proven as required.



Question 16 (b)

Criteria Marks
s Correctly describes the shape of the parametric curve AND sketches 2
the general shape of the graph correctly.
e Correctly describes the shape of the parametric curve OR sketches 1

the general shape of the graph only.

Sample answer:

A uniform spiral starting from (0,3,0) and completing two cycles with height 4




Question 16 (c)(i)

Criteria

Marks

¢ Correctly proves the given result by showing that LHS = RHS using
appropriate algebraic manipulations and trigonometric identities
with full working out shown.

o Makes progress such as completing the square on the denominator

and using known trigonometric identities to yield LHS =

1 tanA—tan B - .
tan™1 (—) wheretand =x—2andtanB =x = 3.
1+tan Atan B

Sample answer:

1
LHS = tan ()
Gl e

= tan™ (1 ¥ (x —12.){x —3})

ﬂ(u—m—u—m)
1+ (x—2)(x-3)

lettand = x —2andtanB =x — 3

. _l(tanA—tanB)
= tan

1+tandtanB

LanA—lan B
1+tan Atan B

Using tan(4 — B) =
= tan 1 (tan(4 — B))

=A-B

=tan '(x —2) —tan"'(x — 3)

= RHS

Question 16 (c)(ii)

Criteria

Marks

» Correctly evaluates | in exact form, with full working out shown.

» Makes progress such using integration by parts to correctly evaluate
the general integral form of tan~! x, but makes errors during
substitution and does not achieve a final solution.

Sample answer:

3 : 1
’ *L an! (G —gy7)

3 3
f:j tan™!(x — 2) dx—f tan '(x — 3) dx
2 2




letax =x — 2

x:2~3, a:0~1
da =1

o=

da = dx

Alsoletff =x—3

x:2~3, 8 =-1~0

dp
E_—l
df = dx

1 0
I=f tan~! o da—f tan~' f§ df8
0

=1
Consider the solution generally to [ tan~! x dx using integration by parts.

letu=tan*xandv’' =1

1
'—— —
u —Hx,tan:fv_x

X

1+ x2 dx

ftan'lx dx = xtan ' x -f
= xmn'lx—%lnll + x|
Hence,
| = [xran"x-llnll +x2|]1-[xtan"x—lln|1 +x2|] 0
2 0 2 -1

I = [(tan"*(1) — -;-m 12]) = 0] = [0 = (= tan"*(=1) —%mjzm

m 1 mo 1
I= (1“3*"3)‘(*?5'“2)

| =2 —1n2



