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General e Reading time — 10 minutes

Instructions e Working time — 3 hours
e Write using black pen
e Calculators approved by NESA may be used
e A reference sheet is provided

e Marks may be deducted for careless or badly arranged work.

e In Questions in Section II, show relevant mathematical reasoning and/or

calculations

Total marks: Section I — 10 marks
100
e Attempt Questions 1 — 10 (pages 2-5)

e Allow about 15 minutes for this section

Section IT — 90 marks

e Attempt Questions 11 — 16 (pages 6—13)
e Allow about 2 hours and 45 minutes for this section

e Write your student number on each answer booklet.
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Total

Mark /10 /14 /16 /15 /16 /16 /13

/100




Section I

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Which of the following vectors is parallel to the vector 3i —4;+2k?

A 27i-12j+6k
B. 21i-28;+14k
C. 15i—20/—10k

D. 24i-28j+16k

2 Consider the following statement.

‘If it rains, then the ground will be wet.’

Which of the following is logically equivalent to the statement above?

A.  If the ground is wet, then it has rained.
B.  If'the ground is not wet, then it will rain.
C.  Ifthe ground is not wet, then it has not rained.

D. Ifit does not rain then the ground will not be wet.

3 It is given that |z — 1 — i| = 1.

What is the maximum value of Arg (z)?

A 0
T
B. "
T
C. 2
D =

R



Consider the following proposition.

‘If a positive integer is not a perfect square, then it is not prime.’

If a number was found which had the following properties, which would be a
counterexample to the proposition?

A. A positive integer that is a perfect square and is prime.
B. A positive integer that is not a perfect square and is prime.
C. A positive integer that is a perfect square and is not prime.

D. A positive integer that is not a perfect square and is not prime.

Consider the complex numbers z and w shown on the complex plane below.

iy,

A w=z+(2e7%)
B. w=zx(2e7"%)
C. w=z=+(2e%)
D. w=zx(2e")



Which of these algebraic fractions cannot be written as partial fractions in the form

a+c
x+b x+d

where a, b, ¢ and d are real numbers?

A 2x+ 6
x2+4+6x+5
B. 2x — 8
x%2 —8x + 16
2
c _xxt2
x%2+2x—3
2
p. _xt4
x2—4x+8

A point lies on the sphere such that its position vector, r, satisfies |r|> = r - ¢, where

C is a constant vector.

What is the centre of the sphere?
A ¢

B

C. -—c
D

A vector makes equal angles of % with the positive directions of the x —axis and the y — axis.

What angle does the vector make with the positive direction of the z — axis?

A. 0
B. =
c. =
D. =

4-



Consider the diagram of the curve below for 0 < t < 7m.

Z

i
]

Which of the following best describes the position vector of the points on the curve?

A ()= gsin(0)ioos(0) + L s
B ()= Jeos(o)i+Ssin(e)+{ L]
C. ()= Ssin(1)c+ Soos(o) + L
D ()= Seos(o)i+Ssin(e)+{ L

Which of the following is a necessary and sufficient condition for f{x) to satisfy
jo f(x—a)+f(a—x)dx =0

for all positive value of a?

fx) is odd

fx) is even

f(x) is monotonically increasing

CS o w »

f(x) is monotonically decreasing



Section 11

90 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.
For questions in Section I, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (14 marks) Use a new writing booklet.

(a) Letz=3-—iandw =2+ 5i.

(1) Find |z + w|.

(i)  Express % in the form a + ib, where a, b € R.

2 -1
(b)  Find the angle between the vectors g = <—1> and b = < 4 )
3

correct to the nearest minute.
(¢)  Sketch the region defined by Im(z) > 2 andg < arg(z) < %ﬂ .

(d ) Find 4, B, and C such that
1-2x A Bx+C
= + )
(x+2)(x2+1) x+2  x*+1

1-2x

i H find | ——————dx.
(i1) ence fin G20 1)

(¢)  Find I tan® xdx.

End of Question 11



Question 12 (16 marks) Use a new writing booklet.

(a)

(b)

(c)

(d)

Find the square roots of 3 + 2iv10.

Given z # 0, show that ¢ = % is real.

Find

zZ +|z

f eV* dx.

The vector equations of lines ¢, and ¢, are given below.

(1)

(i)

(iii)

2 3
0 4
-2 2
’gz: r= 1 + U 1
2 -2
Show that £; and £, do not intersect.

0

Find a vector of the form | g | that is perpendicular to both #; and 5,

b

Hence find the minimum distance between £, and 4.

End of Question 12



Question 13 (15 marks) Use a new writing booklet.

(a)  Evaluate
Y
j‘§ 5 p
o 3+ 2cosx x

(b)  Explain why there is no integer p such that p'! — (p +2)” = 2025.

(c) Find

jBZx_exd
——ax.
e*+1

(d) Letz be a complex number and A a real constant.
Find the values of |z| that satisfy the equation,
Az+2z") =i(z—2z")

forn = 2.

-1 1
(e) The line L with equation 7 = < 2 ) + 1 < 2 ) intersects with the sphere with
6 1

equation (x + 1)? + (y — 2)? + z? = 45 at the two points 4 and B.
Find the midpoint of AB.

() Givena,y =+/2a,and a; = 1.
Prove by mathematical induction that for all integers n > 1

a, = 2(1-207m),

End of Question 13

-8-



Question 14 (16 marks) Use a new writing booklet.

(a)  Consider the expansion of z° for z = cos 8 + i sin 6.
(1) Using De Moivre’s theorem to show that

cos 560 = 16 cos®> @ — 20 cos® @ + 5 cos 6.

(ii) Hence show that x = + cos % and x = + cos ?1’—7; are the solutions to the
equation 16x* — 20x2 + 5 = 0.

(i11)  Deduce the exact value of cos 1—7Z).

(b)  Consider a square ABCD, of side length a, in the complex plane.

The point P lies on a circle centred at the origin, of radius %, inscribed in square ABCD as

shown.

Find, in terms of a, the value of PA?> + PB? + PC? + PD?.

() Consider the vectors p, ¢ and 7 in 3 dimensions with magnitudes vn, 2v/n, 3vn

respectively, where n is positive real number.
The magnitude of the resultant vector is ‘ p+q+ 1:‘ =n.

. . 2 2 2
What is the maximum value of ‘E“Z‘ +“Z —1:‘ +‘1:—;~7‘ ?

End of Question 14

9.



Question 15 (16 marks) Use a new writing booklet.
1 n
(a)  Consider the integral I,, = f (x% +1)2 dx.
0

(i)  Show that I, = — (25 + nln_z).

(i1))  Show that

T
4

|

(iii)  Hence evaluate I3 leaving your answer in the form axl2 +b1n (1 +2 ) .

sec3 0 df = %(\/E +1In(1 + v2)).

(b)  The complex number w lies on the unit circle with Arg(w) = 6.

(1) Show that

1+w tH
T, = Leots

(i1))  Hence find all the solutions of

(z—1)°+(z+1)>=0

where z 1s a complex number.

Question 15 continues on page 11

-10-



Question 15 (continued)

(¢)  Mand P are two points with position vectors OM =m and OP = p respectively.

N is the midpoint of MP and has position vector ON = n.
Q lies on the line ON such that PQ is perpendicular to MP.
N—Q = AON where 1 is a real number.

NOT TO
P SCALE

Show that

End of Question 15

-11-



Question 16 (13 marks) Use a new writing booklet.

1 p
() (i) By considering vectors| 1 | and | g |, show that

1 r

p+q+1r)?<3(p*+q*+1?

where p, g and r are positive real numbers.

(i1))  Consider the triangular pyramid ABCD, where T is a point in the plane of
triangle ABC, as shown.

NOT TO
SCALE

Let O be the origin. It is known that 0T = é (m + 0B + W:)

a2 112 =2 =2
Using the result in part (i), show that |DT| < §<|AD| + |BD| + |CD| )

(b)  The three positive real numbers r, s, and t are such that
r+n)(s+n)(t+n)=nb
show that rst < (n? —n)3.

You may use the result (a + b + ¢ )3 = 27abc where a, b and ¢ are positive.
[DO NOT PROVE THIS]

Question 16 continues on page 13

-12-



Question 16 (continued)

(¢) Letz,z,,z; be complex numbers such that

|z1| = |zz| = |z3] =1
Z1+Z2+Z3 F* 0

zZE+z2+22=0
Show that, for all integers n > 1,

|z + 27 + 23|

can only take specific integer values, and state those values.

End of paper

-13-
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Section I

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 s
Which of the following vectors is parallel to the vector 3-4j+2k ?

A 27i-12j+6k

g 21i-28j+14k
o 150-20-10k
D, 24i-28/+16k

T (3i—dj+2k) = 21i-28) +14k

Therefore, option B.

2 Consider the following statement.

‘If it rains, then the ground will be wet.’

Which of the following is logically equivalent to the statement above?

A. Ifthe ground is wet, then it has rained.
B. If'the ground is not wet, then it will rain.
C.  Ifthe ground is not wet, then it has not rained.

D. Ifit does not rain then the ground will not be wet.

A possible logical equivalent is the contrapositive of a statement.
The contrapositive of ‘If it rains, then the ground will be wet’ is ‘If the ground is not wet, then it has not
rained.’

Therefore, option C.

R



3 Itis given that [z — 1 —i| = 1.

What is the maximum value of Arg (z)?

A, 0
B. =
4
c. I
2
D. T

z—1—1i = 1is acircle of radius one unit centred at (1,1).

The maximum value of Arg(z) occurs when z is directly

above zero at (0,1), where it takes a value of g as shown.

Imj

(0,1)

Therefore answer is C



4 Consider the following proposition.

‘If a positive integer is not a perfect square, then it is not prime.’

If a number was found which had the following properties, which would be a
counterexample to the proposition?

A. A positive integer that is a perfect square and is prime.
B. A positive integer that is not a perfect square and is prime.
C. A positive integer that is a perfect square and is not prime.

D. A positive integer that is not a perfect square and is not prime.

The negation of P = Q is P and —Q, so in this case ‘not a perfect square and is prime’.

Therefore answer is B

4-



Consider the complex numbers z and w shown on the complex plane below.

iy‘

A w=z-+ (Ze_ig)

B. w=2zxXx

w 1s a rotation of z in an anti-clockwise direction, and has a smaller modulus (approximately

half).

The situation where z is multiplied by a complex number r¢'® with | 7 |< 1 and @ = 0 is

« T
w=z=2e 2,

Therefore. option A.



6 Which of these algebraic fractions cannot be written as partial fractions in the form

a+c
x+b x+d

where a, b, c and d are real numbers?

2x + 6
x?>+6x+5
2x — 8
x?—8x+ 16
2x + 2
x?>+2x—3
2x +4
x?>—4x+8

2x+6 1 1

= -
x>+6x+5 x+5 x+1
2x-8 1 N 1
x2—8x+16 x—4 x—4
c 2x+2 1 N 1
" x2+4+2x-3 x-1 x+3
2x+4 2x +4
x2 —4x+8 (x—2)2+22
The denominator cannot be written as the product of two real linear factors as it is not
the difference of two squares.

B.

D.

Alternative solution I:
If the denominator is the product of two real linear factors, then it can be written in this form. We can do this if the
discriminant is non-negative.
A A=62-41)(5B)=16=20V
B. A=(-8)2-4(1)16)=0=>0v
C. A4=22-41)(-3)=16=0V
D. A=(-4)?-4(1)@B)=-16<0/X

Therefore answer is D



7 A point lies on the sphere such that its position vector, r, satisfies |r|? = r - ¢, where

c 1s a constant vector.

What is the centre of the sphere?
A ¢

B
C. —c
D

ri“=r-c
r?2-rec=0
e SR L £
4 4
c|2 c?
ey

. . 1 .1
This is a sphere with centre EC and radius 3 cl.

Therefore answer is B



T
8 A vector makes equal angles of 4 with the positive directions of the x — axis and the ¥ — axis,

What angle does the vector make with the positive direction of the z — axis?

A 0
B. =
4
c. I
2
p. &
4

..lx] = -l'I!I -I']'M Lrat
J-0= »

as
-\

lxis

Therefore answer 1s C



9 Consider the diagram of the curve below for 0 < t < 7m.

A7

—

Which of the following best describes the position vector of the points on the curve?

1 1 t

_ 1. 1 AN

N r(1) 2sm(t)£+2cos(t)l+ L

F(1) =2 cos(t)i+~sin(e) j+| L |

g - > L+ JH )X
t t t

. .t AN

. r(t) 2sm(t)£+2cos(t)l+ gl
t t t

_t Lt AN

. r(t) 2cos(t)£+2s1n(t)l+ gL

From the top view, the point on the curve is “moving™ in an anti-clockwise direction and it is
also increasing in radius, hence the i component is proportional to 7 cos (¢ ) and the the j
component is proportional to 7 sin (7).

Therefore answer is D



10 Which of the following is a necessary and sufficient condition for f{x) to satisfy
jo f(x—a)+f(a—x)dx =0
for all positive value of a?
flx) is odd

flx) is even

f(x) is monotonically increasing

o 0w »

f(x) is monotonically decreasing

j fixa) +{3(af¥)ol}<
j Yoty Ay + ﬁ'i‘a ~¥) A
[ “iv-0) gx = * fl) o = Xa

_f At *.-c)dy’».j £rda if uzo-x
fo‘f:(u)otﬂ

[t [ = [l

By changing| variables in the two parts, the given integral is equivalent to f . F(u) du

—da

Therefore the definite integral will always be zero if f(x) is odd.

Therefore answer is A

-10-



Section II

Question 11 (14 marks) Use a new writing booklet.

() Letz=3—iandw =2+ 5i.

6)) Find |z + w|. 2
T4 =313 245
= s + 4 !
—_ p 3
|2+ 1 =< U
={25+l6
Marking criteria Marks
Correct solution 2
Correctly evaluated z + w or correct modulus of a complex number 1
(ii) Express g in the form a + ib, where a, b € R. 2
W 2+ 5i
Z 3—1i
(2+5i)(3+1)
(3—10)(3+i)
6+2i+15—5
9+1
17,
=—+—I
10 10
Marking criteria Marks
Correct solution 2
1

Correct numerator or correct denominator

-11-




Find the angle between the vectors @ = (2 —13 ) and h = (—145) correct to the
(b)  nearest minute.

Marking Criteria Marks
e Provides correct solution 2
e Finds the dot product of ¢ and b, or equivalent merit |

Let 8 be the angle between ¢ and b.

a-b
cosf = ——
allb
—2—-4+15
cosf = ———
V14 x /42

0
0 — cos | ( : _)
14+ 3

7.0 =68713  (nearest minute)

-12-



(¢)  Sketch the region defined by Im(z) = 2 andg <argarg (z) < %T )

Marking Criteria Marks
e Provides correct sketch 2
. . A T . 3m
e Provides correct sketch of either Im(z) = 2 or 5 =arg(z) 1 |
Im
2
' ™y —
. 0 -
_92 0l Re

-13-




d )
@ O Find 4B ,and C gych that

1-2x ! +Bx+C
(x+2)(°+1)  (x+2) (F+1)

|- 2x = A0 +(Bxe O (D)

X"

&> SAD

A= | ot XL g
mpaing (oY) “
% Paﬁrj A4 =D

e |
A== =0
A . S USSR
Marking criteria Marks
Correct solution 2
Correct value of A or set up 3 correct simultaneous equations, A+B=0, A+2C=1, 2B+C=-2 1
_ 2
(ii) =2,

— = dx
Hence find J (X+2)(x* +1)

J}(fl« x A

_ (n()c-fllf"%/[nlkl‘”{ + (

Marking criteria Marks
Correct solution 2
Correctly integrated A/(x+2) or or Bx/(x*+1) 1

-14-




() Find jtan“xdx. 2
[ Awntx (s =~} Ax
:.f-—;‘z..."x {ec*y — 4T x Ax
:_—:/ml)f So¢ by -—jev-’ix + 1 Ay
= 1‘——;‘?«"‘}: — X X 4
Marking criteria Marks

Correct solution

Correctly integrated tan’x sec’x

End of Question 11

-15-




Question 12 (14 marks) Use a new writing booklet.

(@  Find the square roots of 3 + 2iv/10.

Marking Criteria Marks
e Provides correct solution 3
e Finds one possible value of z 2
e Lets z2 = x2 —y2 + 2ixy or uses De Moivre’s Theorem l

Letz=x+iy

Hence, z = + (V5 +iv2).

- j‘z + 2ixy = 3+ 24 10i
equating real and imaginary parts
oyt =3

2xy = 2410

—. 2
10
50_1'2—(\ ) =3

(x*—5) (_\-5 +2) =0

x+5

whenx = +v5y=+v2

-16-




. 2z .
(b) Givenz # 0, show that ¢ = praaErAL real.
Alternative solution
- _‘%’_2_-_—-_-_ a)AsZ=Telg amd|Z|2 = 72 then
21_.!-?,-? ¢ = Zziﬁ can be expressed as
i i0
—_ ¢ = 2.52 =— ngg this means
- — 2y 2 T(e041)
D— ~or(e?941) as )
- Now, e'® =cos cos 6 + i sin sin 6 this indicates that
2-&*? b= 2 cos cos 0 + 2isinsin 0
— ~ 1 (coscos 20 +isinsin20 +1)
- D_ﬂ-e.z_ 3 2 cos cos 0 + 2i sin sin
¢= r(cos?0 —1+i6 coscosf +1)
__’1,_ .9-JLA.L 'I._‘ﬁ. fEﬂ,l B 2(coscos @ +isinsinf )
- Re%," ¢_2r(9+isinsin9coscose )
_ cos cos 8 + isinsin 0
¢= rcos cos B (coscosB +isinsinf )
Hence, ¢ = m which is purely real.
(c) Find 3
J' eVidx.

Let u=J¥
W= Lo
K= Langm

ﬁdk: E'Aeudm
Je :Ilue“_-ge“ilﬂlu

=1u€“ - et

= I¥ e ﬁ-?_ﬁ\ﬁ*f’ C

-17-




(d)  The vector equations of lines l; and [, are given below.
li: r=(210)+ A3 —24)

Lir=(=212)+u(21 —=2)

(1) Show that [; and [, do not intersect.
Marking Criteria Marks
e Provides correct solution 3
e Makes progress towards solution. e.g solves a system of appropriate equa- 5
tions
e Finds the parametric equations of the lines, or equivalent merit l
2 3 -2 2
Let [ 1|+A| 2= 1 |+u] 1 | suchthat:
0 + 2 —1
2434 =-2+2u (1
1-24 =1+u (2
A =2—-u 3
Using (2)and (3).A =l and u = —2.

Verifying this resultin (1): 2+ 3 (1) # —2+2(-2).

Therefore #; and ¢> do not intersect.

-18-



0

a

(i1) [ ]
Find a vector of the form \?/ that is perpendicular to both [; and [,,
L::j iﬂafw(-.‘a-h
Q) . L uA s
L’r) ot
\pabn A ! {’EL
A Heranhie
(8) (p)z0 ™
2 a—ib =
(%) (3)=67

Ly b=t
=2t

o f = %);—_{:f
a{;LﬁmeM:—(Q(?_) will ke
PUPMLW{" bol 4, ¢4,

-19-



(iii))  Hence find the minimum distance between [; and [,.

Tha trectee annethiy Koo hoo blaas i
p? -3 &
(D-(3) = (3)
Thn proyeck (gi) oo e Vs Fondin Cic)
. - Ff:‘j(g)(-“!.) ?_I_E—-i fl)

R WATEY S S
- {0
The rantminea dishone i perwlie E
bChev Ho ho { bt _}_Fc: 5 L3 e

End of Question 12

220-



Question 13 (15 marks) Use a new writing booklet.

(a)  Evaluate

wly

5
dx.
,[; 3+2coscosx

Marking Criteria Marks

e Provides correct solution 3

e Makes significant progress towards solution. e.g. finds the integral in terms

2
of 1
e Uses an appropriate substitution, or equivalent merit |
X 2dt
Lets = tdni = dx = 2
. T l
When x = 0,7 = 0and whenx = — r = —
3 V3
r? 5 5 2di
ax =
0o 3+ 2cosx Jo 4 1—2 144£2
N e
|
(V3 10 dr
0 3 *‘312'* 2 2!2
|
(3 10
= dt
0 5+ ."2
L
= | —=tan —
V3 v/ 1o
10 1
V5 V15

21-



(b)

Explain why there is no integer p such that p'!

-(p+ 2)7 2025.
Criteria Marks
« Provides correct solution 2
Shows difference of even or odd numbers are even 1
Sample answer:

Sufpie p Le totn

iy }oﬂ',"l'- P” ﬂ..ﬂd('f?-.l'l) arte Qrta

. P = IM and usq.]__)?' 3 [ A foma ttep Mand L
p”—(P‘”*) = M-
- L 'S Curpm,
.éw{" RHS | odi(_(m ) S
I m‘h’lbt!.’f'ldﬁ
ijPo!g, p s seld

1 P“’“‘"‘CP% are addt

- I"I 2041 ant [P = 2R
for Sonma %QMP\
M Pll__(?_p]_,)?'__ -

~ l(@f'a‘}m,v

= cla f

I“Ul_ Bx‘l‘“ hadd 1 &ren

. wn‘h"ududﬂ}\

Hong there 't ne WiRGer P N VIN caﬁiﬁul‘éug’mﬁq

22



(c) Find

2x X
e“*—e
—dx.
f e*+1 x
Criteria Marks
* Provides correct solution 2
* Rearranges the numerator in terms of e* + 1, or correctly rewrites the 1
integral in terms of their u, or equivalent merit
Sample answer:
er _ ex
f e*+1 dx
e*(e*+1)—2e* 2e*
:f (e’ ( ) )dx Azf e* — dx=e*—-2Ininle*+1| +¢ B
e*+1 e*+1

The absolute value signs are not needed as e* + 1 > 0 for all x, so e* — 2 InIn (e* + 1) + cis acceptable for full
marks.

Alternative solution I:

f ezx—e"d o du % _du_f uz—uxdu A_f u—ld
e*+1 x u=e dx_e x_u B u+1 u B u+1 u
u+1l1-2 2
:f —du=f (1——)du=u—21nln|1+u|+c
u+1 14+u
=e*—2Inln|1+e*| +¢ B

23



(d)  Let z be a complex number and 2 a real constant.
Find the values of |z| that satisfy the equation,

Mz+z")=i(z—2z")

forn > 2.
Marking Criteria Marks
e Provides correct solution 2
e Finds | ' = 7|, or equivalent merit l
(Z+") =i(z—2")

rearranging and factorising:
TA+i)=Z(i—A)
since |A+i =i—A

n
i

—| =
-

Sz=0o0r | z|=1

4.




The line L with equation = (=1 26 )+ A1 (121 ) intersects with the sphere

©  yith 3

equation (x + 1)? + (y — 2)? + z? = 45 at the two points 4 and B.

Find the midpoint of AB.

Criteria Marks
Provides correct solution 3
Makes significant progress towards finding a quadratic equation for A4, or 2
equivalent merit
Sets up expressions for x and y in terms of 4, or equivalent merit 1

oY 120 + 36— E=0
LA +l2) —9 =0
QAT LA =B =0
Sapore roehs of Hw efpadion arc L ard P
phnd B hes e Hhae Ling WA A= g L=p respede,
N - MA& will [ndure f’f/\!—‘,’w AE@%EE:"JE("}):*I

ez (7)-(3) (3)

5.



()  Givenapy, =+/2a, and a; = 1, prove by mathematical induction that for all 3

integers n > 1

ap = 20-2077)

Criteria Marks
* Provides correct solution 3
* Proves the base case and uses P (k) correctly in the body of the 2

proof, or equivalent merit

* Proves the base case, or uses P (k) correctly in the body of the
proof without proving the base case, or equivalent merit

Sample answer:

Let P(n) represent the proposition.

27 =1t = A
2(1—k))

P(1) is true since a; = 21~
If P(k) is true for some arbitrary k > 1 then aq; = 201~
RTP P(k+1)  agyy =212

LHS = aypq = [2a;, = /2 x 2(1=2079) £.0m P(k)
= +/22(1-27%) — p1-27F

~P(k)=Pk+1)
Hence P(n) is true for n = 1 by induction

End of Question 13

26-

B = \/21+1—21—k — \/22—21—"

C =RHS



Question 14 (16 marks) Use a new writing booklet.

(a)  Consider the expansion of z° for z =cos cos 8 + i sinsin6.

(1) Using De Moivre’s theorem show that cos cos 58 = 166 — 200 + 5 cos cos 6 . 3
Marking Criteria Marks
e Provides correct solution 3
e Finds the correct binomial expansion of z> 2
e Applies De Moivre’s theorem l

Using De Moivre’s theorem:
(cosB + isinG]S = c0s30 +isin56
Using the binomial theorem:
(cosO +isin 8]5 —cos’ 0+ 5cos*Bisin® — 10cos? Bsin®26 — 10cos?Bisin® 6 + 5cos @ sin® O +isin’ O
Equating the real parts of both expansions gives:

cos 560 = cos® O — 10cos® Osin® @ + 5cosOsin* @
— 05’ @ — 10cos” 0 (1 —cos? @) + 5cos O (1 —00526}2
— 05”8 — 10cos 6 + 10cos” 8 + 5cos O (1 2cos? 8 + cos* 0)

. c0850 = 16c0s° 0 —20c0s> 0 + 5cos@

27-



s T 3 .
(i1) Hence show that x = + cos cos 7 and x = £ cos cos 1o are the solutions

to the equation 16x* — 20x? + 5 = 0.

Marking Criteria Marks
¢ Provides correct solution 3
2

e Attempts to relate roots and coefficients

e Solves cos58 = 0, or equivalent merit

cos58 =0
sg I 2% XX [T 0%
2’22272
g T m Iz 9z
10710727107 10

xS om Tn 9
0" 10727 10" 10

Hence. 16¢c0s° 0 —20co0s’ 0 +5¢c0s0 = 0 when 6 =

Since 16cos® @ —20cos> 0 + 5cosB = cosB (]600346— 20cos% 0 + 5).

. 37 Tn 9m
16cos*@  20c0s20 -5 — O when @ — - 2% % 77
cOS COS when 0’ 10° 10° 10

Let x — cos @ such that 16x* — 20x% + 6 = 0 when:

R
.\_LOSE
) 3
1—Losm

\—cos—'r—n—cos(n—}n)— cos“%n

10 10 10

O T T

\_CDSE_COS( —E)_—CDSE
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(ii1)  Deduce the exact value of cos cos % .

e Finds all solutions to the quartic polynomial equation, or equivalent merit

Marking Criteria Marks
¢ Provides correct solution 3
2

e Finds some solutions to the quartic polynomial equation, or equivalent merit

Let u = x2.
16u? —20u+5=0
20+ VA0 4 X165
" 2% 16

L
n|

"=

2
hence x= =
8

-~
n|

the solutions:

;5—\3 § 15-4/5 . /5445
= —A/ - | and x = 4 |
\ \ -\ Vs
correspond to the solutions:
0S 5 0s " 0s " and 08 57
X = —CO0S A= —COS—, X = COS— ¢ X = COS§S —
10 10 0 10

37

sha.goaﬁ‘?co,
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(b)  Consider a square ABCD, of side length a, in the complex plane. 4

The point P lies on a circle centred at the origin, of radius %’ inscribed in square ABCD as

shown.

Im i

B

D

Find, in terms of a, the value of PA%> + PB? + PC? + PD?.

Marking Criteria Marks
e Provides correct solution 4
e Finds an expression for PA? in terms of « and 6, or equivalent merit 3
¢ Finds the complex number represented by A, B, C, or D 2
¢ Expresses P in modulus-argument form, or equivalent merit 1

OB = O 5h+s>
- ,%*g
L’U SlJIM
A=) B:(0,&) C=(&s0) 0=(03)
Le;\' P:"(“;‘j-) Sin g Wb lees on Lha tirde wiia Fﬁ*u“b %*_
xSyt o (AR a2
* o " ::LJ ] (:.)J ] %1_ L Z

PP B7HPC P e (B WY+ TR )+ (rR) =y vye)
= gy f»flj"-r §x4

= 4(¥ ) Far = (St D 2

A
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Alternative Solution

. i .. .
Point P represents the complex number — (cos8 —+ isinf ).

CO8 d %
4 G_
OA “2—“a
—  \2
_ 2
Hence, OB — 0+ \_Tm'
V2
E“ — TH T Of a[]d
. 2
oD - 0— ‘Tm

. ) 2
PA? ;—Ir,c::rsﬁ—ismﬁ]—x?a
a’ —2
I‘cnsﬁ—isinﬁ—xﬁ‘
a2 52 _
T (casﬁ—xﬂ) —[s-;inl'f!]2
%(coszﬁ—hﬁmsﬁ—z—sinzﬁ)
2 _
" pa? %(E—Zxﬂc:}sﬂ)
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Similarly,

2 2
a a

BP? %(3—2\§sinﬂ},{?}’2 2 (3+212¢0s6) and DP? — % (3+ 2y Zsiné).
Hence.

PAZ - PB? - pC? + PD?

%2(3—& ECDSB) —£(3— 2, Esinﬂ) —%2(3 + 24 ic:}sﬂ) + £ (3— 2\ Esinﬂ)
%E(S—Zx 2c0s0 +3—2v2sin® +3+2v2¢cos@ + 3+ 24 isinﬁ)
3a*
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c
© Consider the vectors £, ¢ and Z in 3 dimensions with magnitudes vn, 2vn, 3vn

respectively, where n is positive real number.

. . +q+rl=
The magnitude of the resultant vector is ‘]3 9 ’:‘ "
2 2 2
What is the maximum value of “? _Q‘ * ‘Q B ’:‘ - ": _}3‘ ?
Criteria Marks
* Provides correct solution 3
* Find quadratic relationship or equivalent merit 2
+ Attempts to find magnitudes 1

Sample answer:
y=lp—ql>+lg—rl*+Ip—rl*
y = Ipl* — 2pq + lq|* + Iq|* — 2qr + |r|*

+| pl* — 2pr + |1?
y =2|p|* + 2|q|* + 2|r|*> — 2pq — 2qr — 2pr.
y =2n+8n+ 18n — 2pq — 2qr — 2pr.
y=28n+p*+Ig* +1r)* - (p+q+1)?

y =28n+n+ 4n + 9n —n?

So, y = 42n — n®which is a parabola concaving down
With a maximum occurring when n = 21. The Maximum value is 212 = 441,

End of Question 14
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Question 15 (16 marks) Use a new writing booklet.

(a)  Consider the integral I, = [ (x% + 1)% dx.

0

(1) Show that I,, = — (23 + nIn_z).

1
n+1

Marking Criteria Marks
 Provides correct solution 3

e Correctly uses integration by parts to obtain a single integral term, or equiv- ?
alent merit

e Altempts to use integration by parts, or equivalent merit 1

Using integration by parts :

1
I, [l;xz—l]fdx
JO

(n+ 1)1, =27 +nl, >

-34-




(i1))  Show that

18

0 d9=%(\/§+lnln(1+\/§))

|

J%ﬂ:cﬂ'ﬂ Jeepdl = [‘ﬁﬂﬁfﬂfé]f *ji—ﬂﬁfiﬁwjd&
2 b

. G0 -/Iérq:lﬁwhf:ggdﬁy
N
=/ “’a ec>0dp +/1}ez¢9dd

2 (4o pag - e Slsecs
INCKIUER ¢ [tlictig

=+ [Inf s 0%005
_ =Lt (BH) — I [0)]
[rreeno = 4( G+ 1 (611))
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(iii) a 2+bln<1+\/§).

Hence evaluate I3 leaving your answer in the form

Marking Criteria Marks
e Provides correct solution 2
e Identifies the integral to be evaluated after applying the recurrence relation )

to be I

I; %(2%—3170

I
1
I [ (x2+1)Z7dx
0
using the substitution x — tan @ :

1 1
dx —sec’8df and (x> +1)7 — (tan’@ + 1)7 — sec@

o

R
I [SE:C'EH:’E
Jo

i(xa_m(l_@)}

i
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(b)  The complex number w lies on the unit circle with Arg(w) = 6.

(1) Show that

1+w { cot 6
—— =1 cot cot —.
1—w 2
Criteria Marks
¢ Provides correct solution 2
« Substitutes w = e or w =cos cos 8 + i sinsin 6, or draws a 1
diagram showing vectors 1 —w and 1 + w where w is on the unit
circle, or equivalent merit

Sample answer:

1—t* . 2t
1+w 1+coscos® +isinsinf A_1+1+t2+ll+t2_1+t2+1_t2+2ti_ 24 2ti
1-w 1—coscosf —isinsin 1= 2t 14t 14t 200 27 -2t
1+t2 "1+t?
14t - 1+ ti ><t+i_t+i+t2i—t_i(1+t2)_i
Sttt —0) - t+i @2+ t(1+t?2) ot
Lcot co )

Alternative solutions next two pages
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Alternative solution I:
0 0 6
1+w 1+ "7 +ez 2Re (e 2 ) cos cos (—g) cos cos (—g) i
T—-w 1—e® N 0y 0 B = ] X7
e 2 —e2 21hn(e 2) (—7) (—7)
[ cos cos 5
=—7p since cosine is even, sine is odd and i* = —1
sinsin 5
2
=i cot cot o C
=i cot co >
Alternative solution II:
i
Arg(1—w) = Arg(w + 1) — > AArg(w + 1) — Arg(1 —w)
__7TA <m7+-1) m B
—27M9\1-w) T2
14w i ) N |1+W+J1+Wt_t t9 di 14w
S memynmmmmyow]fM]—H_Wrwoa)2fmm mmmnul_w
0
= | cot cot — C
i cot co >

Im A

* Angle in a semicircle is a right-angle
* Angle at the circumference is half the

angle at the centre
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Alternative solution III:

1+w
Arg (m) =Arg(1 +w) — Arg(1 + w) = Arg(1 +cos cos 6 +isinsin 8 ) — Arg(1 —cos cos 8 —isinsin 0) A
sinsin 6 —sinsin 0 sinsin 6 —sinsin 0
= - = |tan tan -
1 +cos cos 0 1 —cos cos 0 1 +cos cos 0 1 —cos cos O
[ tan tan {( sinsin 6 ) } —tan tan {( — sinsin 0 ) } sinsinf  —sinsin 0
_ 1 +cos cos O 1 —cos cos O _|_1+coscos8 1—coscos@
Sinsin 6 ) } {( —sinsin 0 ) } sin sin 6 —sinsin 0
1+t t —_— Xtant —_— X
L tan tan {<1 +cos cos 0 A N\T=cos cos 0 1 +coscos @ 1 —cos cos 0
sinsin @ —sinsin @ cos cos 8 +sinsin @ +sinsin 8 cos cos 6 2 sm sm 0
B -0 B [ZSlnsmg]
- 0 - 1-6 -6 9 — 9
1-1-9
bis
=4- ) B

2
1+w ‘1+coscos€ +isinsin 8 _\/(1+COSC089)2+9 _\/1+2COSC059 +6 +6 _\/2+ZCOSCOSH

[1-w 1 —coscos 8 —isinsin @ J(—coscos0)2+0 1—2coscos0 +0 +0 2—2coscos 0
_ |L+coscos 0 1+e2+1—-t2 |1 1 s te 2
~ Jl-coscos @ 1+t2—1+¢2 ez~ gl = |cot cot 5 )
tantan7
From (1) and (2):
w = icot cot — c

2
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(i1))  Hence find all the solutions of
(z=1°+(z+1)°=0
where z is a complex number.

Criteria Marks
* Provides correct solution 3
* Shows z = i—z where |w| = 1 and Arg(w) = 6, or shows the 2
solutions satisfy |z — 1| = |z + 1| and arg [g = (Zk?)”, or
equivalent merit
1

*  Shows % is equal to one the fifth roots of —1, or rearranges the

. 1+z 5 . .
equation to (E) = —1, or shows the solutions satisfy

z—1] _ @k+1)m
z+1] — 5

|z—1| =|z+ 1| orarg [ or equivalent merit

Sample answer:

-0+ @Y =0
arcs

2+

5
2 = |
el

Lz
ot W= =i
ooutEl

(ot u= res0

i@ (M) b= 020311
cp-{t 7
5= (!‘1’1—1’-!_!.1-
=

- 1l

Sog= TR LY -E T
Y - &s@%) )Q'S(i?l_)/ LT
-1

T r')- ‘:.['

W

g{:b’l
‘_2._.‘_] = UAELIA
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%( l—l-L)*:U*'l‘l

>z
[~ A

e [l =t
LT et

SJ?hLﬁ- & = Tﬂ- i %ﬂl

2wt wEE) ied )
- O) -ﬂ:'r(,d-%) fiw*’g

i
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Alternative

(2_1)5— Ccis @k 4+ D a2t s BRI 041,42 Aez—1
1) = = cis n..Z+1—as z fork=0,%1,%+ ~Zz
CQRk+ Dm CRk+Dm CRk+Dm CRk+Dm
=zcis——+cis——z|(1l—cis———— | =1+ cis—— | zz
5 5 5 5
. Qk+1rm
_1+czs—( 5) B =i cot t(2k+1)n o
= 2k + Dn Creotcot Ty W
1—CLST
NG Sl t (i) =icot t(+n)  cot t(+3n>' t t(n)
= cis z inpart (i) =i cot co 75 , i cot co 75 ,icotco >
=+ 1icot cot (l) +i cot cot (3_11) 0
= 10/ '~ 10/’
Alternatively:
. T ) 3 ] 157
z =i cot cot (E),Lcotcot (E>,...,Lcotcot (E)

Alternative solutions next two pages
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Alternative solution I:

8 8
(z—l) :_1<Z_1) = @k+D)mi fork=—4,—3;---'3z_1

z+1 z+1 z+1
(2k+1)rrl.
=e 5 Az -1
(2k+D)m, (2k+D)m, Qrk+1)m. Qk+1)m.
=e 5 ‘'z4+e 5 ‘z(l—e 5 ‘)=1+e 5 'z
(2k+1)rrl.
_1+e 5 . Rk + ,
_W B =i cot cot T with w
1—-e 5 °
_ t (i) =icot t(+”) i cot t<+3”)' t t(n) C
=e inpart (i) = i cot co *75 , L cotco t75 ,1cot co >
=+ i cot cot (E) +i cot cot (3—n> 0
- 10/ '~ 10/’
Alternative solution II:
(Z_1)5—| 1|Z_15—1Z_1—1| 1=z +1] A
z+1 N z+1l  Tlz+1l d =12

The solutions lie on the perpendicular bisector of the interval joining (1,0) and (—1,0), which is the imaginary axis.
The solutions are all purely real.

(z—l)s B D5 z—11 k41 z—11 Qk+Drn
ag z+1 = arg(=1) arg[z+1]—( * )narg[z_l_l a 5
In the diagram a = %
1 Qk+ D
tan tan a« = —|z| =cot cot « =cot cot | ————
|z 10
Since z lies on the imaginary axis above or below zero,
z =i cot cot (+ 1) i cot cot (+3_7r> i cot cot (E) C == +icot cot (l) +i cot cot (3—ﬂ) 0
B —10/° —10/’ 2 T 10/ '~ 10/’
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Question 15 (continued)

(©) M and P are two points with position vectors OM =m_ and OP = p~ respectively.

N is the midpoint of MP and has position vector ON =n_. O lies on the line ON.
PQ is perpendicular to MN and W = AON where / is a real number.

Q
NOT TO
P SCALE
N
M
0
Show that
Im_|? + |n_|? —2m_. -n.
1=
In_|?—m.-n.
Question 16 (c)
Criteria Marks
* Provides correct solution 3
* Finds an equation for the dot product ofﬁ” and MN in terms of m._. 2
and n_, or equivalent merit
* Finds expressions for p. and q.. in terms of m_ and n_, or 1
equivalent merit

Sample answer:
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W’)=W+I—V_P>p~=W+W=n~+n~—m~=2n~—m~0—Q)=WV)+Wq~=W+AW=(1+A)W
=0+ n. AQ—P)=p~—q~
=2n.—-m.—A+Dn.=1A—-A)n.—m_

PQ-MN =0(m. — (1 -Mn.) - (n. —m.)
=0 Bm_n.—m_-m_.—(Q—-2n_-n.+ (1—-ADn_-m._
=0A-DnP+Q-Dm. n.—|m_|?=0A(n-?—m_.-n)+2m.-n.— Im_|*— |n_|?
_|m~|2+ n_|2—2m.-n.

C
n_|2—m.-n.

=0A(In?—m.-n)=|m_|*>+ In_|>?-2m.-n_1
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Question 16 (15 marks) Use a new writing booklet.

@ () By considering vectors (11 1) and (p g r ), show that 2
(p+q+1r)><3(p*+q*+r1?)
where p, g and r are positive real numbers.
. ) 2,2
since (u-v |t = u |7 v
—2 53 ° T
then (/p+g+r)” < (\ pgt~ r*‘] . (\ 12412+ 1*'\]

Soptg+ r)? <3 (p2+ g+ rz_]
Marking criteria Marks
Correct solution 2
Correctly found p + q + r using dot product or correctly proved the inequality using non vector 1

method.
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(1)  Consider the triangular pyramid ABCD, where T is a point in the plane of
triangle ABC, as shown.

NOT TO
SCALE

It is known that OT = §(07 + 0B + W)

. . — 2 1/1——2 — 2 — 5,2
Using the result in part (i), show that |DT| < §(|AD| + |BD| + |CD| )

47-



Marking Criteria Marks
¢ Provides correct solution, including the geometrical interpretation of the 3
equality case

o Makes significant progress towards solution 2

o Expresses | DT | in terms of other vectors 1

I P
DT | |DD—§(GA—DB—DC)|

30D~ 304+ 30D~ 0B+ 30D~ 30C

[

0 | DT 2~ 30D <0A + 50D 0B+ 30D 10

L\ AD+ BD+CD |

\3(|E|3—|E|3—|c_ﬁ|2) using part (i)

S Y o ] g s

(Lﬁ 2+ |BD*+|CD |2} as required

)

In the case of | DT |? 3 (| AD|? - |BD|? - |CD |3), D 1s equidistant from A, B and C.

Ky
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(b)  The three positive real numbers 7, s, and t are such that 3
r+n)(s+n)(t+n)=nb

show that rst < (n? —n)3.

You may use the result (a + b + ¢ )® = 27abc where a, b and c are positive.

[DO NOT PROVE THIS]
Marking criteria Marks
Correct solution 3
Indicate that r+s+t >3 37st orrs + rt + st > 33/ r2s2t?2 2
Indicate that r + n)(s + n)(t + n) = rst + n(rs +rt + st) + n®(r+s+t) +n3 1

(r+n)(s+n)(t+n)

= (rs+rn+sn+ n?)(t+n)
= rst +rsn + rnt +r n? + snt + sn? + tn® + n?
=rst+n(rs+rt+st)+ n?(r+s+t)

+n® =n°(1)
Given that (a + b + ¢ )3 > 27abc
Leta=r,b=sandc =t we get
(r+s+t)3>27rstthismeans r +s+t >3 rst (2)
Also,let a =1s, b =rt and ¢ = st. we get
(rs + 1t + st)3 = 27r2s2t? this means 1's + rt + st > 3 V 1r2s2¢2 (3)
By substituting (2) and (3) in (1), we get
3
rst +3n vV r2s2t? + 3n2 Yrst + n3 < n®
1 1 1
((rst)3)3 + 3 x n((rst)3)? + 3 x n?(rst)3 + n3 <n®
1
((rst)s +n)® <n®
By applying the cube root on both sides, we get
1 1
(rst)3 +n < n?thatis (rst)s < n?—n.
By cubing on both sides, we get

rst < (n? —n)3.
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Question 16 (continued)

(¢) Letz,z,,z; be complex numbers such that

|1 = |z2] = |z3| =1
Z1+Z2 +Z3 * 0

zZE+z2+22=0
Show that, for all integers n > 1,

|2 + 27 + z3|

can only take specific integer values, and state those values.

Marking Criteria Marks
e Provides correct solution 5
e Finds a value for | z{ + 25 + 25 |, or equivlent merit 4
e Solves a cubic polynomial formed from the relationship, or equivalent merit 3
2

e Finds a relationship between the expressions given in the question

e Considers the complex numbers as roots of a polynomial, or equivalent
merit

Lat 2, 2, 2y e o wots of Ho prbyn armie
2axiqlby - ¢ <= O
R e Rt

2 A h R+ =,

0= T AU BR )

= D+2b
:'.LL
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- E—‘-—k :b_?-i"-—r MQ_EE'-_}
%I %’}. Q_-s

- et T—Z[ﬁ(lﬁl

bk lel=en] = | and [al= 4]
Sal= L lal D lal =2

et A e ki WEC Wls

(e L:ﬂ'g,ﬂL C:%"
L a
=41 ('l-bﬂ _ 2w
L '-L - Z-(_N
= 3
- ' ' :-L/J
" Mpal-jnawwl I

2P —F N+ 2oty — ww’ =
(2-w) (27— ;Lw—ﬂ,ul)
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o
PP
Z= e~
_ a7iw
z
- l*ﬁ:’)u
- 1L _ i
- we ! *:q' 1
T T bheerads are W, 28T wfqn/
Iz | = Juty e+ e
e Az, %
|+ eTre
7
:l""lﬂ[ l—klf"-"’%\

o
(st = SN kit repest ey
"“ n':j_} mumiﬁpltﬁ{é_
fi n=t
L A=%
.
( n=¢ [M.H: 2 n=|
A=Y P-ll=Q At
/"b?*%lrj_klc”( (I-21= v n=}
“-—-li:a h=W
‘.‘l-l-|||: 2 a=t
Waxy= 3 n={

‘-»f*t%f#%ﬂ}l falf Feelee 4',5,.1{%,«/ radre
0,117, ¢

Alternative 2
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