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Section I 

 

10 marks 

Attempt Questions 1–10 

Allow about 15 minutes for this section 

 

Use the multiple-choice answer sheet for Questions 1–10. 

  

 

1  Which of the following vectors is parallel to the vector 3 4 2i j k− + ?  

  

 A. 27 12 6i j k− +  

 B. 21 28 14i j k− +  

 C. 15 20 10i j k− −  

 D. 24 28 16i j k− +  

 

 

2  Consider the following statement. 

 
‘If it rains, then the ground will be wet.’ 

 

Which of the following is logically equivalent to the statement above? 

 A. If the ground is wet, then it has rained. 

 B. If the ground is not wet, then it will rain. 

 C. If the ground is not wet, then it has not rained. 

 D. If it does not rain then the ground will not be wet. 

 

3  It is given that ȁ𝑧 − 1 − 𝑖ȁ = 1. 

 What is the maximum value of Arg (𝑧)? 

 A. 0 

 B. 
𝜋

4
 

 C. 
𝜋

2
 

 D. 𝜋 
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4  Consider the following proposition. 

 

‘If a positive integer is not a perfect square, then it is not prime.’ 

 

If a number was found which had the following properties, which would be a 

counterexample to the proposition? 

 

 A. A positive integer that is a perfect square and is prime. 

 B. A positive integer that is not a perfect square and is prime. 

 C. A positive integer that is a perfect square and is not prime. 

 D. A positive integer that is not a perfect square and is not prime. 

 

5  Consider the complex numbers 𝑧 and 𝑤 shown on the complex plane below. 

 

 
Which of the following could be true? 

 A. 𝑤 = 𝑧 ÷ ቀ2𝑒−𝑖
𝜋

2ቁ 

 B. 𝑤 = 𝑧 × ቀ2𝑒−𝑖
𝜋

2ቁ 

 C. 𝑤 = 𝑧 ÷ ቀ2𝑒𝑖
𝜋

2ቁ 

 D. 𝑤 = 𝑧 × ቀ2𝑒𝑖
𝜋

2ቁ 
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6  Which of these algebraic fractions cannot be written as partial fractions in the form 

 

𝑎

𝑥 + 𝑏
+

𝑐

𝑥 + 𝑑
  

 

where 𝑎, 𝑏, 𝑐 and 𝑑 are real numbers? 

 

 A.  
2𝑥 + 6

𝑥2 + 6𝑥 + 5
 

 B.  
2𝑥 − 8

𝑥2 − 8𝑥 + 16
 

 C.  
2𝑥 + 2

𝑥2 + 2𝑥 − 3
 

 D.  
2𝑥 + 4

𝑥2 − 4𝑥 + 8
 

 

7  A point lies on the sphere such that its position vector, 𝐫, satisfies ȁ𝐫ȁ2 = 𝐫 ⋅ 𝐜, where 

 
𝐜 is a constant vector. 

 

What is the centre of the sphere? 

 A. 𝐜 

 B. 
1

2
𝐜 

 C. −𝐜 

 D. −
1

2
𝐜 

 

8  A vector makes equal angles of  with the positive directions of the  and the .  

 What angle does the vector make with the positive direction of the ? 

 A. 0 

 B. 
𝜋

4
 

 C. 
𝜋

2
 

 D. 
3𝜋

4
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9  Consider the diagram of the curve below for 0 ≤ 𝑡 ≤ 7𝜋. 

 

 
Which of the following best describes the position vector of the points on the curve? 

 A. ( ) ( ) ( )
1 1

sin cos
2 2

t
r t t i t j k



 
= + +  

 
 

 B. ( ) ( ) ( )
1 1

cos sin
2 2

t
r t t i t j k



 
= + +  

 
 

 C. ( ) ( ) ( )sin cos
2 2

t t t
r t t i t j k



 
= + +  

 
 

 D. ( ) ( ) ( )cos sin
2 2

t t t
r t t i t j k



 
= + +  

 
 

 

 

10  Which of the following is a necessary and sufficient condition for f(x) to satisfy 

 

( ) ( )
0

0
a

f x a f a x dx− + − =  

 

for all positive value of ? 

 

 A. f(x) is odd 

 B. f(x) is even 

 C. f(x) is monotonically increasing 

 D. f(x) is monotonically decreasing 
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Section II 

 

90 marks 

Attempt Questions 11–16 

Allow about 2 hours and 45 minutes for this section 

 

Answer each question in the appropriate writing booklet. Extra writing booklets are available. 

For questions in Section II, your responses should include relevant mathematical reasoning and/or 

calculations. 

  

 

Question 11 (14 marks) Use a new writing booklet. 

 

(a)  Let 𝑧 = 3 − 𝑖 and 𝑤 = 2 + 5𝑖.   

 (i) Find ȁ𝑧 + 𝑤ȁ.  2 

 (ii) Express 
𝑤

𝑧
 in the form 𝑎 + 𝑖𝑏, where 𝑎, 𝑏 ∈ ℝ.  2 

     

 

(b)  Find the angle between the vectors 𝑎Ӈ = ൭
2

−1
3

൱ and 𝑏Ӈ = ൭
−1
4
5

൱  
 

2 

 correct to the nearest minute.   

     

(c)  Sketch the region defined by Im(𝑧) ≥ 2 and 
𝜋

2
≤ arg(𝑧) ≤

3𝜋

4
 .  2 

    

(d)  (i) Find  ,  , and A B C  such that 

( ) 2 2

1 2

2 ( 1) 2 1

x A Bx C

x x x x

− +
= +

+ + + +
. 

 

 2 

 
(ii) Hence find 

2

1 2

( 2)( 1)

x
dx

x x

−

+ +





. 
 2 

    

(e)  4tan x dxFind .  2 

    

 

End of Question 11 
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Question 12 (16 marks) Use a new writing booklet. 

 

(a)  Find the square roots of 3 + 2𝑖ξ10. 

 

  3 

     

(b)  Given z ≠ 0, show that 
22

2z

z z
 =

+
 is real. 3 

     

(c)  Find  3 

 
∫ 𝑒ξ𝑥 𝑑𝑥. 

  

    

(d)  The vector equations of lines ℓ1 and ℓ2 are given below.   

 
ℓ1:  𝑟Ӈ = ൭

2
1
0

൱ + 𝜆 ൭
3

−2
4

൱ 

 

ℓ2:  𝑟Ӈ = ൭
−2
1
2

൱ + 𝜇 ൭
2
1

−2
൱ 

  

 (i) Show that ℓ1 and ℓ2 do not intersect.  3 

 

(ii) 

0

a

b

 
 
 
 
 

Find a vector of the form  that is perpendicular to both ℓ1 and ℓ2,  

 

1 

 (iii) Hence find the minimum distance between ℓ1 and ℓ2.  3 

     

 

 

End of Question 12 
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Question 13 (15 marks) Use a new writing booklet. 

 

(a)  Evaluate   3 

 
∫

5

3 + 2 cos 𝑥

𝜋
3

0

 𝑑𝑥. 
  

     

(b)  Explain why there is no integer p such that p11 – (p + 2)7 = 2025. 
 

2 

     

(c)  Find   2 

 
∫

𝑒2𝑥 − 𝑒𝑥

𝑒𝑥 + 1
𝑑𝑥 . 

  

     

(d)  Let 𝑧 be a complex number and 𝜆 a real constant. 

 

Find the values of ȁ𝑧ȁ that satisfy the equation, 

 

𝜆(𝑧 + 𝑧𝑛) = 𝑖(𝑧 − 𝑧𝑛)  
 

for 𝑛 ≥ 2. 

2 

     

(e)  The line 𝐿 with equation 𝑟Ӈ =  ൭
−1
 2
6

൱ + 𝜆 ൭ 
1
2
1

 ൱ intersects with the sphere with  
 

3 

 

equation (𝑥 + 1)2 + ( 𝑦 − 2 )2 + 𝑧2 = 45 at the two points 𝐴 and 𝐵.  

Find the midpoint of 𝐴𝐵. 

 

 

  
 

 

(f)  Given 𝑎𝑛+1 = √2𝑎𝑛 and 𝑎1 = 1. 
 

3 

 Prove by mathematical induction that for all integers 𝑛 ≥ 1 
 

 

 𝑎𝑛 = 2(1−2(1−𝑛)). 
 

 

     

 

End of Question 13 
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Question 14 (16 marks) Use a new writing booklet. 

 

(a)  Consider the expansion of 𝑧5 for 𝑧 = cos 𝜃 + 𝑖 sin 𝜃.   

 (i) Using De Moivre’s theorem to show that  3 

  cos 5𝜃 = 16 cos5 𝜃 − 20 cos3 𝜃 + 5 cos 𝜃.   

     

 (ii) Hence show that 𝑥 = ± cos
𝜋

10
 and 𝑥 = ± cos

3𝜋

10
 are the solutions to the 

equation 16𝑥4 − 20𝑥2 + 5 = 0. 

 3 

     

 (iii) Deduce the exact value of cos
𝜋

10
.  3 

     

(b)  Consider a square 𝐴𝐵𝐶𝐷, of side length 𝑎, in the complex plane. 

 

The point 𝑃 lies on a circle centred at the origin, of radius 
𝑎

2
, inscribed in square 𝐴𝐵𝐶𝐷 as 

shown. 

4 

 

 

 

 Find, in terms of 𝑎, the value of 𝑃𝐴2 + 𝑃𝐵2 + 𝑃𝐶2 + 𝑃𝐷2.  

 

(c)  Consider the vectors p , q  and r  in 3 dimensions with magnitudes ξ𝑛, 2ξ𝑛, 3ξ𝑛 

respectively, where 𝑛 is positive real number. 

 3 

 

 

The magnitude of the resultant vector is p q r n+ + = . 

What is the maximum value of 
2 2 2

p q q r r p− + − + − ? 

 

 

 

 

End of Question 14 
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Question 15 (16 marks) Use a new writing booklet. 

 

(a)  Consider the integral 𝐼𝑛 = ∫ (𝑥2 + 1)
𝑛

2

1

0

 𝑑𝑥. 
  

 
(i) Show that 𝐼𝑛 =

1

𝑛+1
ቀ2

𝑛

2 + 𝑛𝐼𝑛−2ቁ. 3 

     

 (ii) Show that 

∫ sec3 𝜃  𝑑𝜃

𝜋
4

0

=
1

2
(ξ2 + ln(1 + ξ2)). 

 3 

 

     

 
(iii) Hence evaluate 𝐼3 ( )2 ln 1 2a b+ + leaving your answer in the form .  

2 

     

(b)  The complex number 𝑤 lies on the unit circle with Arg(𝑤) = 𝜃.   

 (i) Show that  
1 + 𝑤

1 − 𝑤
= 𝑖 cot

𝜃

2
. 

 

 2 

 

 (ii) Hence find all the solutions of  

 

( 𝑧 − 1)5 + ( 𝑧 + 1 )5 = 0 

 

where z is a complex number. 

 3 

 

 

Question 15 continues on page 11 
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Question 15 (continued)   

 

(c)  M and P are two points with position vectors OM m=  and OP p=  respectively.  3 

 

N is the midpoint of MP and has position vector ON n= .   

Q lies on the line ON such that PQ is perpendicular to MP.  

NQ ON=  where λ is a real number. 

 

 

  

 

Show that 

 
2 2

2

2m n m n

n m n


+ − 
=

− 
. 

 

  

 

End of Question 15 
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Question 16 (13 marks) Use a new writing booklet. 

 

(a)  (i) By considering vectors

1

1

1

 
 
 
 
 

 and 

p

q

r

 
 
 
 
 

, show that  2 

  (𝑝 + 𝑞 + 𝑟)2 ≤ 3(𝑝2 + 𝑞2 + 𝑟2)  

  where p, q and r are positive real numbers.   

     

 (ii) Consider the triangular pyramid 𝐴𝐵𝐶𝐷, where 𝑇 is a point in the plane of 

triangle 𝐴𝐵𝐶, as shown. 

 3 

  

 

  

     

  Let O be the origin. It is known that 𝑂𝑇ሬሬሬሬሬԦ =
1

3
(𝑂𝐴ሬሬሬሬሬԦ + 𝑂𝐵ሬሬሬሬሬԦ + 𝑂𝐶ሬሬሬሬሬԦ)   

  Using the result in part (i), show that ห𝐷𝑇ሬሬሬሬሬԦห
2

≤
1

3
ቀห𝐴𝐷ሬሬሬሬሬԦห

2
+ ห𝐵𝐷ሬሬሬሬሬሬԦห

2
+ ห𝐶𝐷ሬሬሬሬሬԦห

2
ቁ   

     

(b)  The three positive real numbers 𝑟, 𝑠, and 𝑡 are such that  

 

(𝑟 + 𝑛)(𝑠 + 𝑛)(𝑡 + 𝑛) = 𝑛6 

 

show that 𝑟𝑠𝑡 ≤ (𝑛2 − 𝑛)3. 
 
You may use the result (𝑎 + 𝑏 + 𝑐 )3 ≥ 27𝑎𝑏𝑐 where 𝑎, 𝑏 and 𝑐 are positive. 

[DO NOT PROVE THIS] 

 3 

     

 

Question 16 continues on page 13  
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Question 16 (continued)   

   

(c) Let 𝑧1 , 𝑧2 , 𝑧3 be complex numbers such that  5 

 ȁ𝑧1ȁ = ȁ𝑧2ȁ = ȁ𝑧3ȁ = 1 

 

𝑧1 + 𝑧2 + 𝑧3 ≠ 0 

 

𝑧1
2 + 𝑧2

2 + 𝑧3
2 = 0 

  

 Show that, for all integers 𝑛 ≥ 1,   

 ȁ𝑧1
𝑛 + 𝑧2

𝑛 + 𝑧3
𝑛ȁ 

 

  

 can only take specific integer values, and state those values.   

 

 

End of paper 
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Section I 

10 marks 

Attempt Questions 1–10 

Allow about 15 minutes for this section 

 

Use the multiple-choice answer sheet for Questions 1–10. 

  

 

1  
Which of the following vectors is parallel to the vector 

3 4 2i j k− +
?  

  

 A. 
27 12 6i j k− +

 

 B. 
21 28 14i j k− +

 

 C. 
15 20 10i j k− −

 

 D. 
24 28 16i j k− +

 

 

7 × ( 3 4 2i j k− + ) = 21 28 14i j k− +  

 

Therefore, option B. 

 

 

2  Consider the following statement. 

 
‘If it rains, then the ground will be wet.’ 

 

Which of the following is logically equivalent to the statement above? 

 A. If the ground is wet, then it has rained. 

 B. If the ground is not wet, then it will rain. 

 C. If the ground is not wet, then it has not rained. 

 D. If it does not rain then the ground will not be wet. 

 

A possible logical equivalent is the contrapositive of a statement. 

The contrapositive of ‘If it rains, then the ground will be wet’ is ‘If the ground is not wet, then it has not 

rained.’ 

Therefore, option C. 
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3  It is given that |𝑧 − 1 − 𝑖| = 1. 

 What is the maximum value of 𝐴𝑟𝑔 (𝑧)? 

 A. 0 

 B. 
𝜋

4
 

 C. 
𝜋

2
 

 D. 𝜋 

 

𝑧 − 1 − 𝑖 = 1 is a circle of radius one unit centred at (1,1).  

 

The maximum value of 𝐴𝑟𝑔(𝑧) occurs when 𝑧 is directly  

above zero at (0,1), where it takes a value of 
𝜋

2
 as shown. 

 

 

 

 

Therefore answer is C 
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4  Consider the following proposition. 

 

‘If a positive integer is not a perfect square, then it is not prime.’ 

 

If a number was found which had the following properties, which would be a 

counterexample to the proposition? 

 

 A. A positive integer that is a perfect square and is prime. 

 B. A positive integer that is not a perfect square and is prime. 

 C. A positive integer that is a perfect square and is not prime. 

 D. A positive integer that is not a perfect square and is not prime. 

 

 

The negation of 𝑃 ⇒ 𝑄 is 𝑃 and ¬𝑄, so in this case ‘not a perfect square and is prime’. 

 

Therefore answer is B 
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5  Consider the complex numbers 𝑧 and 𝑤 shown on the complex plane below. 

 

 
Which of the following could be true? 

 A. 𝑤 = 𝑧 ÷ (2𝑒−𝑖
𝜋

2) 

 B. 𝑤 = 𝑧 × (2𝑒−𝑖
𝜋

2) 

 C. 𝑤 = 𝑧 ÷ (2𝑒𝑖
𝜋

2) 

 D. 𝑤 = 𝑧 × (2𝑒𝑖
𝜋

2) 

 

 

 

 

 

  



-6- 

 

6  Which of these algebraic fractions cannot be written as partial fractions in the form 

 

𝑎

𝑥 + 𝑏
+

𝑐

𝑥 + 𝑑
  

 

where 𝑎, 𝑏, 𝑐 and 𝑑 are real numbers? 

 

 A.  
2𝑥 + 6

𝑥2 + 6𝑥 + 5
 

 B.  
2𝑥 − 8

𝑥2 − 8𝑥 + 16
 

 C.  
2𝑥 + 2

𝑥2 + 2𝑥 − 3
 

 D.  
2𝑥 + 4

𝑥2 − 4𝑥 + 8
 

 

𝐴.       
2𝑥 + 6

𝑥2 + 6𝑥 + 5
=

1

𝑥 + 5
+

1

𝑥 + 1
 

𝐵.        
2𝑥 − 8

𝑥2 − 8𝑥 + 16
=

1

𝑥 − 4
+

1

𝑥 − 4
 

𝐶.        
2𝑥 + 2

𝑥2 + 2𝑥 − 3
=

1

𝑥 − 1
+

1

𝑥 + 3
 

𝐷.        
2𝑥 + 4

𝑥2 − 4𝑥 + 8
=

2𝑥 + 4

(𝑥 − 2)2 + 22
   

𝑇ℎ𝑒 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 𝑐𝑎𝑛𝑛𝑜𝑡 𝑏𝑒 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑎𝑠 𝑡ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡𝑤𝑜 𝑟𝑒𝑎𝑙 𝑙𝑖𝑛𝑒𝑎𝑟 𝑓𝑎𝑐𝑡𝑜𝑟𝑠 as it is not  

the difference of two squares. 

 

 

Alternative solution I: 

If the denominator is the product of two real linear factors, then it can be written in this form. We can do this if the 

discriminant is non-negative. 

𝐴.      𝛥 = 62 − 4(1)(5) = 16 ≥ 0 ✔ 
𝐵.       𝛥 = (−8)2 − 4(1)(16) = 0 ≥ 0 ✔ 
𝐶.       𝛥 = 22 − 4(1)(−3) = 16 ≥ 0 ✔ 

𝐷.       𝛥 = (−4)2 − 4(1)(8) = −16 < 0 ✘  

 

Therefore answer is D 
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7  A point lies on the sphere such that its position vector, 𝑟, satisfies |𝑟|2 = 𝑟 ⋅ 𝑐, where 

 
𝑐 is a constant vector. 

 

What is the centre of the sphere? 

 A. 𝑐 

 B. 
1

2
𝑐 

 C. −𝑐 

 D. −
1

2
𝑐 

 

 

Therefore answer is B 
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8  
A vector makes equal angles of  with the positive directions of the  and the .  

 What angle does the vector make with the positive direction of the ? 

 A. 0 

 B. 
𝜋

4
 

 C. 
𝜋

2
 

 D. 
3𝜋

4
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Therefore answer is C 
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9  Consider the diagram of the curve below for 0 ≤ 𝑡 ≤ 7𝜋. 

 

 
Which of the following best describes the position vector of the points on the curve? 

 
A. 

( ) ( ) ( )
1 1

sin cos
2 2

t
r t t i t j k



 
= + +  

   

 
B. 

( ) ( ) ( )
1 1

cos sin
2 2

t
r t t i t j k



 
= + +  

   

 
C. 

( ) ( ) ( )sin cos
2 2

t t t
r t t i t j k



 
= + +  

   

 
D. 

( ) ( ) ( )cos sin
2 2

t t t
r t t i t j k



 
= + +  

   

 

Therefore answer is D 
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10  Which of the following is a necessary and sufficient condition for f(x) to satisfy 

 

( ) ( )
0

0
a

f x a f a x dx− + − =  
 

for all positive value of ? 

 

 A. f(x) is odd 

 B. f(x) is even 

 C. f(x) is monotonically increasing 

 D. f(x) is monotonically decreasing 

 

 

 

 

 

 

 

 

 

 

 

Therefore the definite integral will always be zero if f(x) is odd. 

Therefore answer is A 
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Section II 

  

 

Question 11 (14 marks) Use a new writing booklet. 

 

(a)  Let 𝑧 = 3 − 𝑖 and 𝑤 = 2 + 5𝑖.   

 (i) Find |𝑧 + 𝑤|.  2 

 

 

 

 

 

 

 

 

 

 

 

Marking criteria Marks 

Correct solution 2 

Correctly evaluated z + w or correct modulus of a complex number 1 

 

 

 

 (ii) Express 
𝑤

𝑧
 in the form 𝑎 + 𝑖𝑏, where 𝑎, 𝑏 ∈ 𝑅.  2 

     

 

 

Marking criteria Marks 

Correct solution 2 

Correct numerator or correct denominator 1 
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(b)  
Find the angle between the vectors 𝑎 ̰ = (2 − 1 3 ) and 𝑏 ̰ = (−1 4 5 ) correct to the 

nearest minute. 

 2 
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(c)  Sketch the region defined by 𝐼𝑚(𝑧) ≥ 2 and 
𝜋

2
≤𝑎𝑟𝑔 𝑎𝑟𝑔 (𝑧)  ≤

3𝜋

4
 .  2 
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(d)  (i) 
Find  ,  , and A B C  such that 

( ) 2 2

1 2

2 ( 1) ( 2) ( 1)

x A Bx C

x x x x

− +
= +

+ + + + . 

 2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Marking criteria Marks 

Correct solution 2 

Correct value of A or set up 3 correct simultaneous equations, A+B=0, A+2C=1, 2B+C=-2 1 

 

 

 
(ii) 

Hence find 
2

1 2

( 2)( 1)

x
dx

x x

−

+ +



 . 

 2 

    

 

 

 

 

 

 

 

Marking criteria Marks 

Correct solution 2 

Correctly integrated A/(x+2) or or Bx/(x2+1) 1 
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(e)  
Find 

4tan x dx . 
 2 

    

 

 

 

 

 

 

 

 

 

Marking criteria Marks 

Correct solution 2 

Correctly integrated tan2x sec2x 1 

 

End of Question 11  
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Question 12 (14 marks) Use a new writing booklet. 

 

(a)  Find the square roots of 3 + 2𝑖√10. 

 

  3 
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(b)  Given z ≠ 0, show that 𝜙 =
2𝑧

𝑧2 + |𝑧|2
 is real.  3 

     

 
 Alternative solution 

a) As 𝑧 = 𝑟𝑒𝑖𝜃 and | 𝑧|2 = 𝑟2 then 

𝜙 =
2𝑧

𝑧2 + |𝑧|2
 can be expressed as 

𝜙 =
2𝑟𝑒𝑖𝜃

𝑟2 𝑒
𝑖2𝜃

 + 𝑟2
= 2𝑟𝑒𝑖𝜃

 𝑟2 ( 𝑒𝑖2𝜃+1) 
 this means 

𝜙 =
2𝑒𝑖𝜃

 𝑟 ( 𝑒𝑖2𝜃 +1 ) 
 as 𝑟 ≠ 0. 

Now, 𝑒𝑖𝜃 =𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 + 𝑖 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃   this indicates that 

𝜙 =
2 𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 + 2𝑖 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃  

 𝑟 ( 𝑐𝑜𝑠 𝑐𝑜𝑠 2𝜃 + 𝑖 𝑠𝑖𝑛 𝑠𝑖𝑛 2𝜃  + 1) 
 

 

𝜙 =
2 𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 + 2𝑖 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃  

 𝑟 ( 𝑐𝑜𝑠2𝜃 − 1 + 𝑖𝜃 𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃   + 1) 
 

𝜙 =
2(𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 + 𝑖 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃  )

2𝑟( 𝜃 + 𝑖 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃   ) 
 

𝜙 =
𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 + 𝑖 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃  

 𝑟 𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 ( 𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 + 𝑖 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃   ) 
 

Hence, 𝜙 =
1

 𝑟𝑐𝑜𝑠𝑐𝑜𝑠 𝜃   
 which is purely real. 

 

 
 

(c)  Find  3 

 
∫ 𝑒√𝑥𝑑𝑥. 
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(d)  The vector equations of lines 𝑙1 and 𝑙2 are given below.   

 𝑙1:  𝑟 ̰ = (2 1 0 ) + 𝜆(3 − 2 4 ) 

 

𝑙2:  𝑟 ̰ = (−2 1 2 ) + 𝜇(2 1 − 2 ) 

  

 (i) Show that 𝑙1 and 𝑙2 do not intersect.  3 
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(ii) 

Find a vector of the form 

0

a

b

 
 
 
 
   that is perpendicular to both 𝑙1 and 𝑙2,  

 

1 
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 (iii) Hence find the minimum distance between 𝑙1 and 𝑙2.  3 

     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

End of Question 12 
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Question 13 (15 marks) Use a new writing booklet. 

 

(a)  Evaluate   3 

 
∫

𝜋
3

0

5

3 + 2 𝑐𝑜𝑠 𝑐𝑜𝑠 𝑥 
 𝑑𝑥. 
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(b)  Explain why there is no integer p such that p11 – (p + 2)7 = 2025. 
 

2 

 

Criteria Marks 

• Provides correct solution 2 

• Shows difference of even or odd numbers are even. 1 

 

Sample answer: 
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 (c)  Find   2 

  
∫

𝑒2𝑥 − 𝑒𝑥

𝑒𝑥 + 1
𝑑𝑥. 

  

      

Criteria Marks 

• Provides correct solution 2 

• Rearranges the numerator in terms of 𝑒𝑥 + 1, or correctly rewrites the 

integral in terms of their 𝑢, or equivalent merit 

1 

 

Sample answer: 

∫
𝑒2𝑥 − 𝑒𝑥

𝑒𝑥 + 1
𝑑𝑥 

= ∫
(𝑒𝑥(𝑒𝑥 + 1) − 2𝑒𝑥)

𝑒𝑥 + 1
𝑑𝑥              𝐴 = ∫ (𝑒𝑥 −

2𝑒𝑥

𝑒𝑥 + 1
)𝑑𝑥 = 𝑒𝑥 − 2 𝑙𝑛 𝑙𝑛 |𝑒𝑥 + 1|  + 𝑐                      𝐵 

 

The absolute value signs are not needed as 𝑒𝑥 + 1 > 0 for all 𝑥, so 𝑒𝑥 − 2 𝑙𝑛 𝑙𝑛 (𝑒𝑥 + 1) + 𝑐 is acceptable for full 

marks. 

 

Alternative solution I: 

∫
𝑒2𝑥 − 𝑒𝑥

𝑒𝑥 + 1
𝑑𝑥            𝑢 = 𝑒𝑥  

𝑑𝑢

𝑑𝑥
= 𝑒𝑥  𝑑𝑥 =

𝑑𝑢

𝑢
 = ∫

𝑢2 − 𝑢

𝑢 + 1
×

𝑑𝑢

𝑢
                                𝐴 = ∫

𝑢 − 1

𝑢 + 1
𝑑𝑢

= ∫
𝑢 + 1 − 2

𝑢 + 1
𝑑𝑢 = ∫ (1 −

2

1 + 𝑢
)𝑑𝑢 = 𝑢 − 2 𝑙𝑛 𝑙𝑛 |1 + 𝑢|  + 𝑐

= 𝑒𝑥 − 2 𝑙𝑛 𝑙𝑛 |1 + 𝑒𝑥|  + 𝑐                      𝐵 
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(d)  Let 𝑧 be a complex number and 𝜆 a real constant. 

 

Find the values of |𝑧| that satisfy the equation, 

 

𝜆(𝑧 + 𝑧𝑛) = 𝑖(𝑧 − 𝑧𝑛)  

 

for 𝑛 ≥ 2. 

2 
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(e)  
The line 𝐿 with equation 𝑟 ̰ = (−1  2 6 ) + 𝜆 ( 1 2 1  ) intersects with the sphere 

with  

 

3 

 

equation (𝑥 + 1)2 + ( 𝑦 − 2 )2 + 𝑧2 = 45 at the two points 𝐴 and 𝐵.  

Find the midpoint of 𝐴𝐵. 

 

 

 

Criteria Marks 

• Provides correct solution 3 

• Makes significant progress towards finding a quadratic equation for 𝜆, or 

equivalent merit 

2 

• Sets up expressions for 𝑥 and 𝑦 in terms of 𝜆, or equivalent merit 1 
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(f)  Given 𝑎𝑛+1 = √2𝑎𝑛 and 𝑎1 = 1, prove by mathematical induction that for all 

integers 𝑛 ≥ 1 

 
3 

 𝑎𝑛 = 2(1−2(1−𝑛)). 
 

 

 

Criteria Marks 

• Provides correct solution 3 

• Proves the base case and uses 𝑃(𝑘) correctly in the body of the 

proof, or equivalent merit 

2 

• Proves the base case, or uses 𝑃(𝑘) correctly in the body of the 

proof without proving the base case, or equivalent merit 

1 

 

Sample answer: 

 

 

Let 𝑃(𝑛) represent the proposition. 

𝑃(1) is true since 𝑎1 = 21−21−1
= 21−1 = 1                                           𝐴 

If 𝑃(𝑘) is true for some arbitrary 𝑘 ≥ 1 then 𝑎𝑘 = 2(1−2(1−𝑘)) 

RTP  𝑃(𝑘 + 1)        𝑎𝑘+1 = 2(1−2−𝑘) 

𝐿𝐻𝑆 = 𝑎𝑘+1 = √2𝑎𝑘 = √2 × 2(1−2(1−𝑘))  𝑓𝑟𝑜𝑚 𝑃(𝑘)                                                        𝐵 = √21+1−21−𝑘
= √22−21−𝑘

= √22(1−2−𝑘) = 21−2−𝑘
                                                                                                𝐶 = 𝑅𝐻𝑆 

∴ 𝑃(𝑘) ⇒ 𝑃(𝑘 + 1) 

Hence 𝑃(𝑛) 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑓𝑜𝑟 𝑛 ≥ 1 𝑏𝑦 𝑖𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛            

 

End of Question 13 
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Question 14 (16 marks) Use a new writing booklet. 

 

(a)  Consider the expansion of 𝑧5 for 𝑧 =𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 + 𝑖 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 .   

 (i) Using De Moivre’s theorem show that 𝑐𝑜𝑠 𝑐𝑜𝑠 5𝜃 = 16𝜃 − 20𝜃 + 5 𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃  . 3 
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 (ii) Hence show that 𝑥 = ± 𝑐𝑜𝑠 𝑐𝑜𝑠 
𝜋

10
  and 𝑥 = ± 𝑐𝑜𝑠 𝑐𝑜𝑠 

3𝜋

10
  are the solutions 

to the equation 16𝑥4 − 20𝑥2 + 5 = 0. 

 3 
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 (iii) Deduce the exact value of 𝑐𝑜𝑠 𝑐𝑜𝑠 
𝜋

10
 .  3 
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(b)  Consider a square 𝐴𝐵𝐶𝐷, of side length 𝑎, in the complex plane. 

 

The point 𝑃 lies on a circle centred at the origin, of radius 
𝑎

2
, inscribed in square 𝐴𝐵𝐶𝐷 as 

shown. 

4 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Find, in terms of 𝑎, the value of 𝑃𝐴2 + 𝑃𝐵2 + 𝑃𝐶2 + 𝑃𝐷2.  
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Alternative Solution 
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-33- 

 

(c)  
Consider the vectors 

p
, 

q
 and r  in 3 dimensions with magnitudes √𝑛, 2√𝑛, 3√𝑛 

respectively, where 𝑛 is positive real number. 

 3 

 

 

The magnitude of the resultant vector is 
p q r n+ + =

. 

What is the maximum value of 

2 2 2

p q q r r p− + − + −
? 

 

 

 

Criteria Marks 

• Provides correct solution 3 

• Find quadratic relationship or equivalent merit 2 

• Attempts to find magnitudes  1 

 

 

Sample answer: 

 

 
 

𝑦 = 28𝑛 + 𝑛 + 4𝑛 + 9𝑛 − 𝑛2 

 

So, 𝑦 = 42𝑛 − 𝑛2which is a parabola concaving down 
With a maximum occurring when 𝑛 = 21. The Maximum value is 212 = 441. 
 

End of Question 14 
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Question 15 (16 marks) Use a new writing booklet. 

 

(a)  Consider the integral 𝐼𝑛 = ∫
1

0
(𝑥2 + 1)

𝑛

2  𝑑𝑥.   

 
(i) Show that 𝐼𝑛 =

1

𝑛+1
(2

𝑛

2 + 𝑛𝐼𝑛−2). 3 
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 (ii) Show that 

∫

𝜋
4

0

𝜃  𝑑𝜃 =
1

2
(√2 +𝑙𝑛 𝑙𝑛 (1 + √2) ) 

 3 
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(iii) 

Hence evaluate 𝐼3 leaving your answer in the form ( )2 ln 1 2a b+ +
. 

 
2 
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(b)  The complex number 𝑤 lies on the unit circle with 𝐴𝑟𝑔(𝑤) = 𝜃.   

 (i) Show that  
1 + 𝑤

1 − 𝑤
= 𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 

𝜃

2
 . 

 

 2 

 

 

Criteria Marks 

• Provides correct solution 2 

• Substitutes 𝑤 = 𝑒𝑖𝜃 or 𝑤 =𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 + 𝑖 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 , or draws a 

diagram showing vectors 1 − 𝑤 and 1 + 𝑤 where 𝑤 is on the unit 

circle, or equivalent merit 

1 

 

Sample answer: 

 

 

1 + 𝑤

1 − 𝑤
=

1 +𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 + 𝑖 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 

1 −𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 − 𝑖 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 
                  𝐴 =

1 +
1 − 𝑡2

1 + 𝑡2 + 𝑖
2𝑡

1 + 𝑡2

1 −
1 − 𝑡2

1 + 𝑡2 − 𝑖
2𝑡

1 + 𝑡2

=
1 + 𝑡2 + 1 − 𝑡2 + 2𝑡𝑖

1 + 𝑡2 − 1 + 𝑡2 − 2𝑡𝑖
=

2 + 2𝑡𝑖

2𝑡2 − 2𝑡𝑖

=
1 + 𝑡𝑖

𝑡(𝑡 − 𝑖)
                                        𝐵 =

1 + 𝑡𝑖

𝑡(𝑡 − 𝑖)
×

𝑡 + 𝑖

𝑡 + 𝑖
=

𝑡 + 𝑖 + 𝑡2𝑖 − 𝑡

𝑡(𝑡2 + 1)
=

𝑖(1 + 𝑡2)

𝑡(1 + 𝑡2)
=

𝑖

𝑡

= 𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 
𝜃

2
                                          𝐶 

 

Alternative solutions next two pages  
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Alternative solution I: 

1 + 𝑤

1 − 𝑤
=

1 + 𝑒𝑖𝜃

1 − 𝑒𝑖𝜃
                  𝐴 =

𝑒−
𝑖𝜃
2 + 𝑒

𝑖𝜃
2

𝑒−
𝑖𝜃
2 − 𝑒

𝑖𝜃
2

=
2𝑅𝑒 (𝑒−

𝑖𝜃
2  )

2𝑖 𝐼𝑚 (𝑒−
𝑖𝜃
2  )

=
𝑐𝑜𝑠 𝑐𝑜𝑠 (−

𝜃
2
) 

(−
𝜃
2
) 

            𝐵 =
𝑐𝑜𝑠 𝑐𝑜𝑠 (−

𝜃
2
) 

(−
𝜃
2
) 

×
𝑖

𝑖

=
𝑖 𝑐𝑜𝑠 𝑐𝑜𝑠 

𝜃
2
 

𝑠𝑖𝑛 𝑠𝑖𝑛 
𝜃
2 

                  𝑠𝑖𝑛𝑐𝑒 𝑐𝑜𝑠𝑖𝑛𝑒 𝑖𝑠 𝑒𝑣𝑒𝑛,  𝑠𝑖𝑛𝑒 𝑖𝑠 𝑜𝑑𝑑 𝑎𝑛𝑑 𝑖2 = −1

= 𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 
𝜃

2
                     𝐶 

 

Alternative solution II: 

𝐴𝑟𝑔(1 − 𝑤) = 𝐴𝑟𝑔(𝑤 + 1) −
𝜋

2
                                                                                              𝐴𝐴𝑟𝑔(𝑤 + 1) − 𝐴𝑟𝑔(1 − 𝑤)

=
𝜋

2
𝐴𝑟𝑔 (

𝑤 + 1

1 − 𝑤
) =

𝜋

2
              𝐵 

∴
1 + 𝑤

1 − 𝑤
 𝑖𝑠 𝑝𝑢𝑟𝑒𝑙𝑦 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦𝑁𝑜𝑤 |

1 + 𝑤

1 − 𝑤
| =

|1 + 𝑤|

|1 − 𝑤|
=𝑐𝑜𝑡 𝑐𝑜𝑡 

𝜃

2
  𝑓𝑟𝑜𝑚 𝑑𝑖𝑎𝑔𝑟𝑎𝑚 ∴  

1 + 𝑤

1 − 𝑤

= 𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 
𝜃

2
                              𝐶 
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Alternative solution III: 

𝐴𝑟𝑔 (
1 + 𝑤

1 − 𝑤
) = 𝐴𝑟𝑔(1 + 𝑤) − 𝐴𝑟𝑔(1 + 𝑤) = 𝐴𝑟𝑔(1 +𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 + 𝑖 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 ) − 𝐴𝑟𝑔(1 −𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 − 𝑖 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 )                   𝐴

= (
𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 

1 +𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 
)  − (

− 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 
1 −𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 

)  = [𝑡𝑎𝑛 𝑡𝑎𝑛 {(
𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 

1 +𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 
)  − (

− 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 
1 −𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 

) } ]  

= [
𝑡𝑎𝑛 𝑡𝑎𝑛 {( 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 

1 +𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 
) }  −𝑡𝑎𝑛 𝑡𝑎𝑛 {( − 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 

1 −𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 
) } 

1 +𝑡𝑎𝑛 𝑡𝑎𝑛 {( 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 
1 +𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 

) }  ×𝑡𝑎𝑛 𝑡𝑎𝑛 {( − 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 
1 −𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 

) } 
]  = [

𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 
1 +𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 

−
− 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 

1 −𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 

1 +
𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 

1 +𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 
× − 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 

1 −𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 

]  

= [

𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 −𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 +𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 +𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 
1 − 𝜃 

1 −
𝜃 

1 − 𝜃 

]  = [

2 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 
1 − 𝜃 

1 − 𝜃 − 𝜃 
1 − 𝜃 

]  = [
2 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 

0
]  

= ±
𝜋

2
                           (1)                                                                             𝐵 

 |
1 + 𝑤

1 − 𝑤
| = |

1 +𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 + 𝑖 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 
1 −𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 − 𝑖 𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃 

| =
√(1 +𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 )2 + 𝜃 

√(1 −𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 )2 + 𝜃 
=

√1 + 2 𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 + 𝜃 + 𝜃 

√1 − 2 𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 + 𝜃 + 𝜃 
=

√2 + 2 𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 

√2 − 2 𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 

= √
1 +𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 
1 −𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃 

= √
1 +

1 − 𝑡2

1 + 𝑡2

1 −
1 − 𝑡2

1 + 𝑡2

= √
1 + 𝑡2 + 1 − 𝑡2

1 + 𝑡2 − 1 + 𝑡2 = √
1

𝑡2 = |
1

𝑡𝑎𝑛 𝑡𝑎𝑛 𝜃
2
 
| = |𝑐𝑜𝑡 𝑐𝑜𝑡 

𝜃
2
 |                              (2) 

From (1) and (2): 

𝑤 = 𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 
𝜃
2
                                                                                                                             𝐶 
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 (ii) Hence find all the solutions of  

( 𝑧 − 1)5 + ( 𝑧 + 1 )5 = 0 

where z is a complex number. 

 3 

 

 

Criteria Marks 

• Provides correct solution 3 

• Shows 𝑧 =
1+𝑤

1−𝑤
 where |𝑤| = 1 and 𝐴𝑟𝑔(𝑤) = 𝜃, or shows the 

solutions satisfy |𝑧 − 1| = |𝑧 + 1| and 𝑎𝑟𝑔 [
𝑧−1

𝑧+1
] =

(2𝑘+1)𝜋

5
, or 

equivalent merit 

2 

• Shows 
𝑧−1

𝑧+1
 is equal to one the fifth roots of −1, or rearranges the 

equation to (
1+𝑧

1−𝑧
)
5

= −1, or shows the solutions satisfy  

|𝑧 − 1| = |𝑧 + 1| or 𝑎𝑟𝑔 [
𝑧−1

𝑧+1
] =

(2𝑘+1)𝜋

5
, or equivalent merit 

1 

 

Sample answer: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  



-41- 
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Alternative 

(
𝑧 − 1

𝑧 + 1
)
5

= −1   = 𝑐𝑖𝑠 (2𝑘 + 1)𝜋 ∴
𝑧 − 1

𝑧 + 1
= 𝑐𝑖𝑠

(2𝑘 + 1)𝜋

5
    𝑓𝑜𝑟 𝑘 = 0,±1,±2                                  𝐴 ∴ 𝑧 − 1

= 𝑧 𝑐𝑖𝑠
(2𝑘 + 1)𝜋

5
+ 𝑐𝑖𝑠

(2𝑘 + 1)𝜋

5
𝑧 (1 − 𝑐𝑖𝑠

(2𝑘 + 1)𝜋

5
) = (1 + 𝑐𝑖𝑠

(2𝑘 + 1)𝜋

5
)𝑧𝑧

=
1 + 𝑐𝑖𝑠

(2𝑘 + 1)𝜋
5

1 − 𝑐𝑖𝑠
(2𝑘 + 1)𝜋

5

                                                                     𝐵 = 𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 
(2𝑘 + 1)𝜋

10
   𝑤𝑖𝑡ℎ 𝑤

= 𝑐𝑖𝑠
(2𝑘 + 1)𝜋

5
 𝑖𝑛 𝑝𝑎𝑟𝑡 (𝑖) = 𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (±

𝜋

10
) ,  𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (±

3𝜋

10
) , 𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (

𝜋

2
)                       𝐶

= ± 𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (
𝜋

10
) , ±𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (

3𝜋

10
) ,0 

Alternatively: 

𝑧 = 𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (
𝜋

16
) ,  𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (

3𝜋

16
) ,  .  .  . , 𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (

15𝜋

16
)  

 

 

Alternative solutions next two pages  
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Alternative solution I: 

(
𝑧 − 1

𝑧 + 1
)
8

= −1(
𝑧 − 1

𝑧 + 1
)
8

= 𝑒(2𝑘+1)𝜋𝑖   𝑓𝑜𝑟 𝑘 = −4,−3, . . . , 3
𝑧 − 1

𝑧 + 1

= 𝑒
(2𝑘+1)𝜋

5
𝑖                                                                            𝐴𝑧 − 1

= 𝑒
(2𝑘+1)𝜋

5
𝑖𝑧 + 𝑒

(2𝑘+1)𝜋
5

𝑖𝑧 (1 − 𝑒
(2𝑘+1)𝜋

5
𝑖 ) = 1 + 𝑒

(2𝑘+1)𝜋
5

𝑖𝑧

=
1 + 𝑒

(2𝑘+1)𝜋
5

𝑖

1 − 𝑒
(2𝑘+1)𝜋

5
𝑖

                                                                  𝐵 = 𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (
(2𝑘 + 1)𝜋

10
)    𝑤𝑖𝑡ℎ 𝑤

= 𝑒
(2𝑘+1)𝜋

5
𝑖 𝑖𝑛 𝑝𝑎𝑟𝑡 (𝑖) = 𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (±

𝜋

10
) ,  𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (±

3𝜋

10
) , 𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (

𝜋

2
)                       𝐶

= ± 𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (
𝜋

10
) , ±𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (

3𝜋

10
) ,0 

 

Alternative solution II: 

|(
𝑧 − 1

𝑧 + 1
)
5

| = |−1| |
𝑧 − 1

𝑧 + 1
|
5

= 1 |
𝑧 − 1

𝑧 + 1
| = 1|𝑧 − 1| = |𝑧 + 1|                                                                 𝐴 

The solutions lie on the perpendicular bisector of the interval joining (1,0) and (−1,0), which is the imaginary axis. 

The solutions are all purely real. 

𝑎𝑟𝑔 [(
𝑧 − 1

𝑧 + 1
)
5

] = 𝑎𝑟𝑔(−1)5 𝑎𝑟𝑔 [
𝑧 − 1

𝑧 + 1
] = (2𝑘 + 1)𝜋𝑎𝑟𝑔 [

𝑧 − 1

𝑧 + 1
] =

(2𝑘 + 1)𝜋

5
                                                  𝐵 

In the diagram 𝛼 =
(2𝑘+1)𝜋

10
 

𝑡𝑎𝑛 𝑡𝑎𝑛 𝛼 =
1

|𝑧|
|𝑧| =𝑐𝑜𝑡 𝑐𝑜𝑡 𝛼 =𝑐𝑜𝑡 𝑐𝑜𝑡 (

(2𝑘 + 1)𝜋

10
)  

Since 𝑧 lies on the imaginary axis above or below zero, 

𝑧 = 𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (±
𝜋

10
) ,  𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (±

3𝜋

10
) , 𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (

𝜋

2
)              𝐶 == ± 𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (

𝜋

10
) , ±𝑖 𝑐𝑜𝑡 𝑐𝑜𝑡 (

3𝜋

10
) ,0 
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Question 15 (continued)   

 

(c)  𝑀 and 𝑃 are two points with position vectors 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  = 𝑚~ and 𝑂𝑃⃗⃗⃗⃗  ⃗ = 𝑝~ respectively.  3 

 

N is the midpoint of 𝑀𝑃 and has position vector 𝑂𝑁⃗⃗⃗⃗⃗⃗ = 𝑛~. Q lies on the line ON. 

𝑃𝑄 is perpendicular to 𝑀𝑁 and 𝑁𝑄⃗⃗⃗⃗⃗⃗ = 𝜆𝑂𝑁⃗⃗⃗⃗⃗⃗  where λ is a real number. 

 

 

  

 

Show that 

 

𝜆 =
|𝑚~|2 + |𝑛~|2 − 2𝑚~ ∙ 𝑛~

|𝑛~|2 − 𝑚~ ∙ 𝑛~
. 

 

  

 

Question 16 (c) 

Criteria Marks 

• Provides correct solution 3 

• Finds an equation for the dot product of 𝑄𝑃⃗⃗⃗⃗  ⃗ and 𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ in terms of 𝑚~ 

and 𝑛~, or equivalent merit 

2 

• Finds expressions for 𝑝~ and 𝑞~ in terms of 𝑚~ and 𝑛~, or 

equivalent merit 

1 

 

Sample answer: 

 

 

 

  



-45- 

 

𝑂𝑃⃗⃗⃗⃗  ⃗ = 𝑂𝑁⃗⃗⃗⃗⃗⃗ + 𝑁𝑃⃗⃗⃗⃗⃗⃗ 𝑝~ = 𝑂𝑁⃗⃗⃗⃗⃗⃗ + 𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ = 𝑛~ + 𝑛~ − 𝑚~ = 2𝑛~ − 𝑚~𝑂𝑄⃗⃗⃗⃗⃗⃗ = 𝑂𝑁⃗⃗⃗⃗⃗⃗ + 𝑁𝑄⃗⃗⃗⃗⃗⃗ 𝑞~ = 𝑂𝑁⃗⃗⃗⃗⃗⃗ + 𝜆𝑂𝑁⃗⃗ ⃗⃗ ⃗⃗  = (1 + 𝜆)𝑂𝑁⃗⃗⃗⃗⃗⃗ 

= (1 + 𝜆)𝑛~                                                                                                                 𝐴𝑄𝑃⃗⃗⃗⃗  ⃗ = 𝑝~ − 𝑞~

= 2𝑛~ − 𝑚~ − (1 + 𝜆)𝑛~ = (1 − 𝜆)𝑛~ − 𝑚~ 

𝑃𝑄⃗⃗⃗⃗  ⃗ ∙ 𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ = 0(𝑚~ − (1 − 𝜆)𝑛~) ∙ (𝑛~ − 𝑚~)

= 0                                                  𝐵𝑚~ ∙ 𝑛~ − 𝑚~ ∙ 𝑚~ − (1 − 𝜆)𝑛~ ∙ 𝑛~ + (1 − 𝜆)𝑛~ ∙ 𝑚~

= 0(𝜆 − 1)|𝑛~|2 + (2 − 𝜆)𝑚~ ∙ 𝑛~ − |𝑚~|2 = 0𝜆(|𝑛~|2 − 𝑚~ ∙ 𝑛~) + 2𝑚~ ∙ 𝑛~ − |𝑚~|2 − |𝑛~|2

= 0𝜆(|𝑛~|2 − 𝑚~ ∙ 𝑛~) = |𝑚~|2 + |𝑛~|2 − 2𝑚~ ∙ 𝑛~𝜆 =
|𝑚~|2 + |𝑛~|2 − 2𝑚~ ∙ 𝑛~

|𝑛~|2 − 𝑚~ ∙ 𝑛~
           𝐶 
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Question 16 (15 marks) Use a new writing booklet. 

 

(a)  (i) By considering vectors (1 1 1 ) and (𝑝 𝑞 𝑟 ), show that  2 

  (𝑝 + 𝑞 + 𝑟)2 ≤ 3(𝑝2 + 𝑞2 + 𝑟2)  

  where p, q and r are positive real numbers.   

     

 

 
 

Marking criteria Marks 

Correct solution 2 

Correctly found p + q + r using dot product or correctly proved the inequality using non vector 

method. 

1 
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 (ii) Consider the triangular pyramid 𝐴𝐵𝐶𝐷, where 𝑇 is a point in the plane of 

triangle 𝐴𝐵𝐶, as shown. 

 3 

  

 

  

     

  It is known that 𝑂𝑇⃗⃗⃗⃗  ⃗ =
1

3
(𝑂𝐴⃗⃗⃗⃗  ⃗ + 𝑂𝐵⃗⃗ ⃗⃗  ⃗ + 𝑂𝐶⃗⃗⃗⃗  ⃗)   

  Using the result in part (i), show that |𝐷𝑇⃗⃗⃗⃗  ⃗|
2
≤

1

3
(|𝐴𝐷⃗⃗ ⃗⃗  ⃗|

2
+ |𝐵𝐷⃗⃗⃗⃗⃗⃗ |

2
+ |𝐶𝐷⃗⃗⃗⃗  ⃗|

2
)   
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(b)  The three positive real numbers 𝑟, 𝑠, and 𝑡 are such that  

 

(𝑟 + 𝑛)(𝑠 + 𝑛)(𝑡 + 𝑛) = 𝑛6 

 

show that 𝑟𝑠𝑡 ≤ (𝑛2 − 𝑛)3. 
 
You may use the result (𝑎 + 𝑏 + 𝑐 )3 ≥ 27𝑎𝑏𝑐 where 𝑎, 𝑏 and 𝑐 are positive. 

[DO NOT PROVE THIS] 

 3 

     

 

Marking criteria Marks 

Correct solution 3 

Indicate that   𝑟 + 𝑠 + 𝑡 ≥ 3 √ 𝑟𝑠𝑡
3

  or 𝑟𝑠 + 𝑟𝑡 + 𝑠𝑡 ≥ 3 √ 𝑟2𝑠2𝑡23
         2 

Indicate that (𝑟 + 𝑛)(𝑠 + 𝑛)(𝑡 + 𝑛) = 𝑟𝑠𝑡 + 𝑛(𝑟𝑠 + 𝑟𝑡 + 𝑠𝑡) +  𝑛2(𝑟 + 𝑠 + 𝑡)  + 𝑛3 1 

 

   (𝑟 + 𝑛)(𝑠 + 𝑛)(𝑡 + 𝑛) 

= (𝑟𝑠 + 𝑟𝑛 + 𝑠𝑛 +  𝑛2)(𝑡 + 𝑛)  

=  𝑟𝑠𝑡 + 𝑟𝑠𝑛 + 𝑟𝑛𝑡 + 𝑟 𝑛2 + 𝑠𝑛𝑡 + 𝑠𝑛2 + 𝑡𝑛2 + 𝑛3 

= 𝑟𝑠𝑡 + 𝑛(𝑟𝑠 + 𝑟𝑡 + 𝑠𝑡) +  𝑛2(𝑟 + 𝑠 + 𝑡) 

                                                                  +𝑛3 = 𝑛6 (1) 

Given that  (𝑎 + 𝑏 + 𝑐 )3 ≥ 27𝑎𝑏𝑐  

Let 𝑎 = 𝑟 , 𝑏 = 𝑠 and 𝑐 = 𝑡 we get 

(𝑟 + 𝑠 + 𝑡 )3 ≥ 27𝑟𝑠𝑡 this means  𝑟 + 𝑠 + 𝑡 ≥ 3 √ 𝑟𝑠𝑡
3

  (2) 

Also, let  𝑎 = 𝑟𝑠, 𝑏 = 𝑟𝑡  𝑎𝑛𝑑 𝑐 = 𝑠𝑡. we get 

( 𝑟𝑠 + 𝑟𝑡 + 𝑠𝑡)3 ≥ 27𝑟2𝑠2𝑡2 this means 𝑟𝑠 + 𝑟𝑡 + 𝑠𝑡 ≥ 3 √ 𝑟2𝑠2𝑡23
        (3) 

By substituting (2) and (3)  in (1), we get 

𝑟𝑠𝑡 + 3𝑛 √ 𝑟2𝑠2𝑡2
3

+ 3𝑛2 √ 𝑟𝑠𝑡3
+ 𝑛3 ≤ 𝑛6 

((𝑟𝑠𝑡)
1
3)3 + 3 × 𝑛((𝑟𝑠𝑡)

1
3)2 + 3 × 𝑛2(𝑟𝑠𝑡)

1
3 + 𝑛3 ≤ 𝑛6 

((𝑟𝑠𝑡)
1

3 + 𝑛)³ ≤ 𝑛6 

By applying the cube root on both sides, we get  

(𝑟𝑠𝑡)
1

3 + 𝑛 ≤  𝑛2 that is (𝑟𝑠𝑡)
1

3 ≤ 𝑛2 − 𝑛.    

By cubing on both sides, we get  

𝑟𝑠𝑡 ≤ (𝑛2 − 𝑛)3. 
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Question 16 (continued)   

   

(c) Let 𝑧1 , 𝑧2 , 𝑧3 be complex numbers such that  5 

 |𝑧1| = |𝑧2| = |𝑧3| = 1 

 

𝑧1 + 𝑧2 + 𝑧3 ≠ 0 

 

𝑧1
2 + 𝑧2

2 + 𝑧3
2 = 0 

  

 Show that, for all integers 𝑛 ≥ 1 ,   

 |𝑧1
𝑛 + 𝑧2

𝑛 + 𝑧3
𝑛| 

 

  

 can only take specific integer values, and state those values.   
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