Student Number Class

Gosford High School
Trial HSC 2025

Mathematics Extension 2

General Instructions
* Reading time — 10 minutes
*  Working time — 3 hours
*  Write using black or blue pen.
* Calculators approved by NESA may be used.
* A reference sheet is provided.
* In Section II, show relevant mathematical reasoning and/ or calculations.

Total Marks

100 Section | — 10 marks

» Attempt Questions 1-10
* Allow about 15 minutes for this section
» Answer questions on the Multiple-choice answer sheet

Section Il — 90 marks
» Attempt Questions 11-16
* Allow about 2 hours 45 minutes for this section
» Answer questions on booklets provided for each question



Section |

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Shade the best response on the multiple-choice answer sheet.

. . . . . a
1. Which of the following statements is a correct interpretation of ‘V a € Z, 3 b € Z such that 7 EL?

(A) Every integer is also a rational number
(B) There exists a rational number that corresponds to each pair of integers
©) Every rational number is also an integer

(D) Every integer has an integer factor

2. Which of the following is a unit vector in the opposite direction to — i +2; -2k
1 A
N (—l+2j—2k)
vs\ — = 7
1 (. ..
B) —— (1—2] +2k)
\/g s~
1. ..
© 3 (i— 2+ 25;)
1 A
(D) 5(—i+2]—2l£)
3. Which of the following is a primitive of xsin(x) ?

(A) sin(x)—xcos(x)
(B) xcos(x)—sin(x)
(©) —Xxcos(x)—sin(x)

(D)  xcos(x)+sin(x)



sin/

What is the Cartesian equation of the curve defined by r(1)=| 957 |7

cos(21)
(A) =12 %2
(B) z=1-2x?
©)  x2+12=1

D)  z=2y"-1

Which of the following defines the locus of the complex number z sketched in the diagram below?

In(2)

0 Re(z)

— -3

z—(1 +2i)\
(A) arg(—, =7
z—i )

z—1 _
(B) arg(m)—n
©) arg(z—i)=arg(z—(1+2i))
(D) arg(z+i)=arg(z—(1+2i))

Which of the following statements is the negation of ‘V x,y € R, xy<9=x<3 ory<3’?

(A) Vxy€ERx<3ory<3 =xy<9
(B) Vxy€Rx>3andy>3 =xy>9
© 3 x,y € R with x>3 or y>3 such that xy <9

(D) 3 x,y € R with x>3 and y >3 such that xy <9



The points 4, B, C and D on the Argand diagram below represent the complex numbers a, b, ¢, and d,
respectively. The angle 8 is the acute angle between AC and BD. Which of the following is a correct
expression for 6 ?

Im(z)

Re(2)

(C—d\
(A) O=arg =5
(a_b\
(B) O=arg
\¢—d)
(c_a\
(C) O=arg ﬂ)
D 0=ar (d-b)
(D) el =)

If ?Z(l +Inx)y and when x=1, y=1 then y=?
X

( A) exlnx
(B) 1 +Inx

(C) 82x+xlnx7 2

x2—1

D) e*




0.

10.

Which of the following could be the parametric representation of the curve below?

A x=r,y=t,z=1
(B) x=sint , y=cos(2¢),z=t
(©) x=sint, y=cost,z=1

(D)  x=sint, y=cost, z=2¢

7+4i

Consider the complex number z such that |z —z,|= \/g where z, = 327

The largest possible value for |z] is

A 25
® Vs
11
o [
o V65

Section II begins on the next page.



Section |l
90 marks

Attempt Questions 11-16
Allow about 2 hours 45 minutes for this section.

Question 11 (16 marks) Marks

Answer in the booklet labelled Question 11

(a) Given that z= \/5 —1, find:

i z-z 1
) z71 1
(b) Prove or disprove the statement 3” +21is prime for all integers 7>0 2
(c)  Find Jsztan‘l(x3) dx 3
(d) Determine the square roots of —15 + 8;. Show all relevant working. 2
(e) For two vectors m and p, it is known that [m|=35, |p|=3, andm - p=9. Find |m —p|. 2
? 1
® Evaluate J — - dx 3
| X(x+2)
(2) Prove by contradiction that there are no integers a, b, such that 25a+ 15b6=1. 2

Question 12 begins on the next page



Question 12 (16 Marks)

(a)

(b)

(c)

(d)

(e)

()

Answer in the booklet labelled Question 12

Represent z on an Argand diagram, where gS arg(z) Sg

(i) Find values of A and B such that 4(cosx + sinx) + B(cosx — sinx) = 4sinx

T
4 4sinx
(i) Hence, or otherwise, find J. —dx

o COSX + sinx

3 +2isin®

—————— is purely imaginary, find 6 where —1<0<m
1 —2isin6

Prove that 22" — 1 is divisible by 3 for all positive integers n.

0 -1 -1 -1
Find the point of intersection of the lines #=| 3 | +A| 1| andp=]> |+ 1] 2
-5 2 3 -1

Consider the sequence defined by the recurrence relation 1, = 2¢, | + 3 for n>2 where ¢, = 3.

Prove by mathematical induction that £, =3 x 2"—3 forn > 1.

Question 13 begins on the next page



Question 13 (15 Marks) Marks

Answer in the booklet labelled Question 13

(a) The point P (2,3) represents the complex number 2 + 3i on the Argand diagram.
The line segment OP is rotated anticlockwise about the origin by 60° to the location of point Q.
Determine the coordinates of point Q. 2

(b) Relative to a fixed origin O, the points 4, B and D have position vectors
(2i—j+5k), (5i+2j+10k) and (— i+ j +4k)respectively . The line / passes through
the points 4 and B.

(1) Find the vector equation of line /. 1

(i) The points 4,B,C,D form a parallelogram when joined in the given order.

Find the position vector of point C. 2
(i11)) Determine the area of the parallelogram ABCD, correct to 3 significant figures. 4
3
(c)  Evaluate | cos’x dx 3
0
.. 1 1.
(d) If a,b>0 and a+ b= 1prove that the minimum value of P +Z 1s 4. 3

Question 14 begins on the next page



Question 14 (16 Marks) Marks

Answer in the booklet labelled Question 14

(@ (i) Solvez’+1=0 1
(ii) Hence express z° + 1as a product of real linear and quadratic factors 2
(iii) Hence deduce that 4sin (%)cos (g] =1 2
3
(b) Find JZ— dx 4
x“+2x+5

+b)" _a"+b"
a ) <4 for all positive

2 2

integers n. 3

() For positive a and b, show by mathematical induction that (

-1
(d)  Sketch the locus of w if w= ZT given that |z|=2 4

Question 15 begins on the next page

10



Question 15 (12 Marks)

Answer in the booklet labelled Question 15

(a) By considering a suitable trigonometric substitution, or otherwise, find J 3 dx
(O’
(b)  For positive x, y, and z, prove that x+y+z+ £ + Ly + ] >3
4x 4y 4z

I n
(©) Ifln=J (1-x2)* dx
0

. . n
(1) Show that I”_—n m 1]”72

(i) Hence evaluate 7,

Question 16 begins on the next page

11

Marks



Question 16 (15 Marks)

(2)

(b)

(©)

Answer in the booklet labelled Question 16

. . 2
(1) Show that sinx >Fx for 0 <x <=

R

T

5 2
7 7 X
(i1) Explain WhyJ e ™ dx <I e ™dx

0 0

T °
e —Sinx dx — e —six dx
I 0

(iii) Show that J

T

(iv) Hence show that I e=sinr gy < Ze—1)
e
0

In the Argand diagram, the points A, B and C represent the triangle ABC.

The vectors AB and AC are represented by the complex numbers z, and z, respectively
with Arg(z))=a Arg(z,)=p and 2BAC=0.

By expressing z, and z, in Mod-Arg form, or otherwise, show that the area of triangle

%Im(zl z_,)

ABC is given by Area=

By establishing a reduction formula for 7, =J‘ (sin”'x)" dx, show that

. 3
J (sin‘lx)3 dx=—_31+6
" 8

End of Exam

12

Marks
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SPECTEMUR M( AGENDO

Gosford High School
Trial HSC 2025

Mathematics Extension 2

General Instructions
* Reading time — 10 minutes
*  Working time — 3 hours
*  Write using black or blue pen.
* Calculators approved by NESA may be used.
* A reference sheet is provided.
* In Section II, show relevant mathematical reasoning and/ or calculations.

Total Marks

100 Section | — 10 marks

» Attempt Questions 1-10
* Allow about 15 minutes for this section
» Answer questions on the Multiple-choice answer sheet

Section Il — 90 marks

» Attempt Questions 11-16
* Allow about 2 hours 45 minutes for this section
» Answer questions on booklets provided for each question
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Section |

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Shade the best response on the multiple-choice answer sheet.

. . . . . a
1. Which of the following statements is a correct interpretation of ‘V a € Z, 3 b € Z such that 7 EL?

(A) Every integer is also a rational number
(B) There exists a rational number that corresponds to each pair of integers
©) Every rational number is also an integer

(D) Every integer has an integer factor

2. Which of the following is a unit vector in the opposite direction to — i +2; 2k
1 o~
(A) — (— l+2]—2k)
N
1 (. ..
B) (142] +2k)
A
L. ..
© 3 (i— 2+ 213)
1 A
®  3(-i+2-%)
3. Which of the following is a primitive of xsin(x) ?

(A)  sin(x)—xcos(x)
(B) xcos(x)—sin(x)
(©) —Xxcos(x)—sin(x)

(D)  xcos(x)+sin(x)

15



sin/

What is the Cartesian equation of the curve defined by r(1)=| 957 |7

cos(21)
(A) =12 —x2
(B) z=1-2x?
©)  x2+12=1

D)  z=2y"-1

Which of the following defines the locus of the complex number z sketched in the diagram below?

In(2)

0 Re(z)

—_— 3

z—(1 +2i)\
(A) arg(—, =7
z—i )

z—1 _
(B) arg(m) =T
(©) arg(z—i)=arg(z— (1 +2i))
(D) arg(z+i)=arg(z—(1+2i))

Which of the following statements is the negation of ‘V x,y € R, xy<9=x<3 ory<3’?

(A) Vxy€ERx<3ory<3 =xy<9
(B) Vxy€Rx>3andy>3 =xy>9
© 3 x,y € R with x>3 or y>3 such that xy <9

(D) 3 x,y € R withx>3 and y >3 such that xy <9
16



The points 4, B, C and D on the Argand diagram below represent the complex numbers a, b, ¢, and d,
respectively. The angle 8 is the acute angle between AC and BD. Which of the following is a correct
expression for 6 ?

Im(z)

> Re(2)

(c_d\
(A)  O=arg
\a—b)
(B) O=arg (a;b
\¢—d)
()
(C) O=arg =
(d_b\
(D) O=arg e—a)

If %2(1 +Inx)y and when x=1, y=1 then y=?

( A) exlnx
(B) 1 +Inx

(C) 82x+xlnx~ 2

x2—1

D) e~

17



9.

10.

Which of the following could be the parametric representation of the curve below?

(A) =2 ,y=t,z=1
(B) x=sint , y=cos(2t),z=t
(C) x=sint,y=cost,z=t

(D) x=sint, y=cost, z=2t

7+4i

Consider the complex number z such that |z —z,|= \/g where z, = 327

The largest possible value for |z] is

NG
® V5
11
(©) J;
o V65

Section II begins on the next page.
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Section |l
90 marks

Attempt Questions 11-16
Allow about 2 hours 45 minutes for this section.

Question 11 (16 marks) Marks
Answer in the booklet labelled Question 11

(a) Given that z= \/5 —1i, find:
(1) zZ—Z 1

Sample solution

z—z=2 Im(z)
=-2
Marks Criteria
1 Correct solution
() z7t 1

Sample solution

o, X\/EJFZ'
V3—i \3+i
V3+i
3+1

13+

Marks Criteria
1 Correct solution

N

(b) Prove or disprove the statement 3” +21s prime for all integers 7 >0 2

Sample solution

Let n=153°+2=243 +2 which is not prime. Hence disproved by counter example.
=245
=5x49

Criteria
Correct solution, including identifying that the statement is disproven by counter-example
Counter example found but not identified as a proof by counter-example, or equivalent merit

19



(c) Find J-3x2tan1 (x*) dx 3

Sample solution

5

3
Let u=tan™' (x*) v=x J3x2tan‘1(x3) dx=x’tan"!(x?) —I 1 f = dx
x
r— 2 r— 2
e 1+x° i =x3tan_1(x3)_%1n|l +x%+C
_ 3x? {
RS =x3tan‘1(x3)—§1n(1 +x9+C

Criteria
Correct solution
Correctly applies integration by parts formula, but an error prevents arrival at correct solution, or
equivalent merit.

Differentiates one factor and integrates the other factor with the intention of applying differentiation
by parts, or equivalent merit.

(d) Determine the square roots of —15 + 8;. Show all relevant working. 2

Sample solution

Let (a+ bi)>=—15 +8i

a?—b*=-15
2ab=28
ab=4

By inspection, a==+1, b==+4

Hence v —15 +8i==%(1 +4i)

Marks Criteria
2 Correct solution
1 Obtains a pair of simultaneous equations, or equivalent merit.

20



(e) For two vectors m and p, it is known that |[m|=35, |p|=3,and m - p=9. Find |m —p]|. 2

Sample solution

Method 1 Method 2
2= (22} (2 -2) 7 p= el cosf
:nl.nl_znl.p—{—p.p 9=5X3XCOSH
. - 3
=m[>—2m -p+p cosé’—g
=52-2(9)+32 ”1_32=V’~’|2+|‘Z‘2 —2jm |lplcosd
=16 3
3
}‘Q—P|:4 m-—p =52+32_2(5)(3)(§)
n1—112=16
frp =4

Marks Criteria
p Correct solution

1 Applies the relationship |z|2=z-z OR finds cos@, or equivalent merit.

2

1
® EvaluateJ TR dx 3
| X (x+2)
Sample solution
A B C 1 ? 1 21 11, 1 1
Consider —t=t = f 2—dx= J- SR _ D e s dx
X x x+t2 x*(x+2) | X*(x+2) | 2 4 x 4 x+2
A(x+2)+Bx(x+2)+Cx* =1 [ )
o2 ( : 1 = —%—iln|x|+%ln|x+2|]
Letx=0: 24=1 =4= L <X , I
1 1, fx+2
1 = |——+=-Inf|—
Letx=-2:4C=1 =>~C=Z i 2x 4 x 1],
[ 11 11
Letx=—1 :%—Bﬁ&:l =>B:—% = —Z+Zln(2)]—[—§+zln(3)]

Criteria

Correct solution
Obtains correct primitive function, or equivalent merit
Decomposes into partial fractions, or equivalent merit

21



(2) Prove by contradiction that there are no integers a, b, such that 25a+ 15b6=1. 2
Sample solution

Negation: suppose 25a+ 1556 =1 where a and b are integers.

25a=1-15b
If a is an integer then LHS is a multiple of 5. Hence RHS must also be a multiple of 5.
Let—15b+1=5M where M € Z =>b=5A/i[5_1

But 5M — 1 cannot be divisible by 15 as 5M — 1 is not divisible by 5. Which leaves b ¢Z
contradicting the definition of 4 being an integer.

The negation is false by contradiction, hence the original statement must be true.

Criteria
Correct solution

Sets up appropriate conditions including both sides being multiples of 5 if a and b are integers, or
equivalent merit.

Question 12 begins on the next page
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Question 12 (16 Marks) Marks

(a) Represent z on an Argand diagram, where gS arg(z) Sg 2

Sample solution

= Re(z)

-2 +

Marks
2
1

Criteria
Correct solution
Progress towards correct solution

(b) (i) Find values of A and B such that 4(cosx + sinx) + B(cosx — sinx) = 4sinx 1
Sample solution
A(cosx + sinx) + B(cosx —sinx) = 4sinx
(A + B)cosx + (4 — B)sinx = 4sinx
Equating coefficients on LHS and RHS:

A+B=0
A—-B=4
A=2,B=-2

Marks Criteria

1 Correct solution

23



T

4 4sinx
(ii) Hence, or otherwise, find J —dx 3

o COSX + sinx

Sample solution

T

J4 4sinx I 4 2(cosx + sinx) B 2(cosx — sinx)dx
0

1a

cosx + sinx J, cosx+ sinx cosx + sinx
T
4 —sinx + cosx
= g = —e
Jo cosx + sinx

= |2x —2In|cosx + sinx| ]

(o)) )| -]

EENE]

=g-2ln[— —0-In(1)

Criteria

Correct solution

Obtains correct primitive function
Applies result from part (a)

e
(©) If Llsme is purely imaginary, find 8 where —nt<0<m 2
1 —2isin®

Sample solution

3 +2isin® s 2isinf 3+ 8isinf —4sin*0

1—2isin0 1+2isin0 1 +4sin20
Purely imaginary = Real part is zero.
3—4sin?0=0
sinf ==+ ﬁ
2
f=aT 520
3 3

Criteria
Correct solution
Progress towards correct solution. l.e. realises the denominator and simplifies the numerator.

24



(d) Prove that 22" — 1 is divisible by 3 for all positive integers n. 2
Sample solution
2211 = (2"—1)(2" + 1) by difference of two squares.

Now 2”—1, 2" and 2" + 1 are three consecutive integers, hence one of them must be divisible by 3.
2" is not divisible by 3. Hence either 2”1 or 2” + 1 must be divisible by 3.

~ (2"=1)(2" + 1) is divisible by 3 and hence 22— 1 is divisible by 3.

Marks Criteria

2 Correct solution
1 Progress towards correct solution

0 -1 -1 -1
(e) Find the point of intersection of the lines ¥ =| 3 |+ A 1| andp=|o | TH] 2 3
-5 2 3 -1
Sample solution
x component: 0—A =—1—p Sp—A=-1 @
y component: 3 +A =2+ 2p s2u—A=1 @)
z component: =5 + 2A=3—p Spt2A=8 ©)

@-0: p=2
A=3
Check for consistency in (3) : (2) + 2(3) =8 = RHS
~ point of intersection occurs where A =3 and p =2

-3
Point of intersection is | 6

Criteria

Correct solution

Finds the values of u and A, or makes an error in solving the simultaneous equations but goes onto
find the point of intersection.

Obtains a pair of simultaneous equations that may lead to finding y or A

25



® Consider the sequence defined by the recurrence relation ¢, = 2¢, | + 3 for n>2 where ¢, = 3.

Prove by mathematical induction that 7, =3 x 2"—3 forn>1. 3
Sample solution
Forn=1:¢,=3x2'-3

= 3 which is the given value for #,. .. true for n = 1

Assume true forn =4k : 1, =3 x 25— 3 where k is an integer.
Forn=k+1,RT.P. ., =3x2K"1_3
LHS: tk+l

= 2t,+ 3 by recurrence definition

2(3 x 2F—3) + 3 by assumption

=3x2k1_6+3
=3 ><2k+1_3
= RHS as required.

= true for integers n > 1 by process of mathematical induction.

Marks Criteria
3 Correct solution
I \[)"AN B {-Jdl Incorporates the assumption in the induction step
each Verifies the initial case and applies the recurrence definition in the induction step

Question 13 begins on the next page
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Question 13 (15 Marks) Marks

(a) The point P (2,3) represents the complex number 2 + 3i on the Argand diagram.
The line segment OP is rotated anticlockwise about the origin by 60° to the location of point Q.
Determine the coordinates of point Q. 2
Sample solution

Rotating by g anticlockwise about the origin is equivalent to multiplying by cis (g)

Q2+ 3i)(cos(§] + isin(g)) —2+ 3i)[% 4 @ i]
1))
=0 has coordinates ([ 3‘/_) ( +3 )]

Criteria
Correct solution

Recognises that multiplying by c1s( ) generates the required rotation, or equivalent merit.

(b) Relative to a fixed origin O, the points 4, B and D have position vectors

(2i—j+5k), (5i+2j+10k) and (— i+ j +4k)respectively . The line / passes through
the points 4 and B.

(1) Find the vector equation of line /. 1
Sample solution
(2) (5-2
[=|-1]+A]2+1
( 2\ (3
sI=]-11+A]3
\>) B
Marks Criteria |
1 Correct solution

27



(i1) The points 4,B,C,D form a parallelogram when joined in the given order.
Find the position vector of point C. 2
Sample solution

DC=AB
OC-0D =0B-0A
X x+1 5-2
LetCbe |y y=-1|=]2+1
z z—4 10-5
=13
\)
(2

Criteria
Correct solution
Attempts to equate equivalent vectors

(ii1)) Determine the area of the parallelogram ABCD, correct to 3 significant figures. 4
Sample solution

Let 6 be the angle between the tails of E‘X’ and ﬁl’

cosg = DADC
|DA”DCI

3113

2113

1 J\5

Vs

_ 8
Vs
®
Area =2 x %mmsm@ f\b" V538 by Pythagoras'

theorem
_ V538
VNYR R VR d .

538 sq unit i . sing =0
= sq units - =

V1443
(=23.19 squnits)

Criteria
Correct solution
Significant progress towards solution

Finds the angle, or the cosine of the angle between two sides
Finds the length of side of the parallelogram

28



T

3
(c)  Evaluate J cos’x dx 3
0

Sample solution

T

”
I cos’x dx = | cosx(cos*x)dx
0 Jo

Wiy

T
3
- 0 2.02
= | cosx(l—sin“x)” dx
Jo
T
3
= | cosx(1—2sin’x + sin*x) dx
Jo
T
3

= | (cosx—2cosxsin’x + cosxsin*x) dx

[ . i T
. 2sindx  sin’x 3

= |sinx — K
S 0

3 | 5 2 1
LU 0/ SR

Criteria
Correct solution
Finds correct primitive function

Expresses the integral in a form that can be integrated

29



1 1
(d) If a,b>0 and a+ b= 1prove that the minimum value of p +Z is 4. 3

Sample solution

1.1
a b

(AM/GM inequality)

2
11
a b

\VA
1~ 5=

2 .
mls

Furthermore, ab = a(1 —a) since a + b = 1. The maximun value of ab

Now,

=

inimised when ab is maximised for positive a, b.

occurs when a = % by the symmetry of the quadratic function a(1 — a).

2
_1
4
Hence Max[\/ ab] = %
HenceMinL -2
Vab 1
2
B 1e.l+12iz4
=4 a b ab
1,1
;+324 .é+% > 4 as required.

Marks Criteria
3 Correct solution

Allow 1 Applies relationship % is minimised when x is maximised, or equivalent merit
Applies AM/GM inequality, or equivalent merit

each for:

Question 14 begins on the next page
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Question 14 (16 Marks) Marks
(@ (i) Solvez’+1=0 1
Sample solution

=-1

z=-1, cis(ni%], cis(ni%]
=-1, cis(j: %), cis[j: 3?”]

Marks Criteria \
1 Correct solution

(ii) Hence express z° + 1as a product of real linear and quadratic factors 2

Sample solution

Criteria
Correct solution

Expresses z+1asa product of linear factors

... : T T
(ii1) Hence deduce that 4sin (ﬁ)cos (g] =1 2
Sample solution 1 Sample solution 2
f 1 +1= (z+1)(*-2+22—z+1)and
Product of the roots of ZS +1=0is 2 = T Z2Hl=(z+ 1)(zzf2cos§z + 1)[22720053?7[2 + 1) from (7)

AzY ( =) .(37) . ( 37 Hencez* -2+ 22—z+1= 2272coszz+1 22720053—Ez+1
—cis| 3 Jeis| 5 Jeis| 5 feis| =5 =1 5 5

Equating the coefficients of z* on each side gives

T 3
1=4 — —+1+1
COSSCOS 5

T |7 3m)
4005(5) X Slr{af?) =1 -1 = 4cos£cos3—” @®
55
) . 7).
4005(5) . sm[—m] =i Now cosg?n = sin (%73?”) by complementary angle result
dcos| Zlsin] Z| =1 sincesin (—#) = —sin @ (odd function’ . T
5 10 = sin T

= _sin| =
10

And substituting this into (1) gives:

1 = 4cos| Z| x —sin| =
5 10
~ 4sin| Zcos| Z| = 1 as required.
10 5

Marks Criteria
2 Correct solution
1 Significant progress towards solution
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3
X
b Find | =—— dx 4
®) Jx2+2x+5

Sample solution

J ¥3 d__”mﬁ+2x+$+—xﬁ+2x+$+ —x+10
x2+2x+5 J xX*+2x+5 x2+2x+5 x2+2x+5
_ fx_z_/lﬁ 2x+2 11
J L2)x2+2x+5 x2+2x+5
_ f“(z)ﬂm;dx
J 2)x*+2x+5 224+ (x+1)°

x? 1. ., 11 x+1
> 2x > In|x” + 2x + 5| > arctan > C
‘ 1)] +C

Finds the primitive including the In |f(x)]| or %arctan (%)
Expresses the integral in the form required to perform integration
Makes progress with expressing the integral in the required form to allow for integration

[ l(x2—4x—ln|x2 +2x+ 5]+ llarctan()C

2

Criteria
Correct solution

> > for all positive

integers n. 3

+b)" _a"+b"
(c) For positive a and b, show by mathematical induction that (a ) < 2

Sample solution

1
Forn=1: LHSZ(a;b)
:a+b
2
1 1
RHS =21

=LHS . trueforn=1
k k k
a+b)sa+b

Assume true forn =k : (

2 2
k+1 k+1 k+1
an=k+1JUP(a+ﬂ sfl—%¥L—
k+1 F+1 k+1
+ +
mwn>t ﬂ —1—73—30
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1N}
+
S

k+1 k+1 4 pk+1
LHS = _%

_(a+tb (aer]k_ak”erk+1

[\

[\

2 2
a+b (ak+bk] g4 phtl

IA

7 7 7 by assumption

ak+1+bk+1+bak+abk 2ak+1+2bk+1
4 B 4
LT pR UL pak + abk
4
ak(b—a)-b*(b-a)
4
(b—a)(d" - b")
4
< 0 for all positive a and b.
Casel: a=b = ((b—a)d"-b")=0,

Case2: a#b = (b—a) and (a"— b") will have opposite signs and the product will be negative.

- true for positive integer values of n by process of mathematical induction.

Critepfa
Correct solution

Substantial progress towards solution. Accept correct incorporation of assumption then expansion

of appropriate brackets and collection of like terms.

Verifies initial case and incorporates the assumption

-1
(d) Sketch the locus of w if w =ZT, given that |z|=2 4

Sample solution 1

zw=z-1 Im(2)
z(w—=-1)=-1
_ 1 i
: 1-w

1-w

1 m
‘Z| = . : > Re(z)
NE

1

2=—"—
11— w| it
1

o 1wl ==
1-w=3

w—1|= % which represents a circle centred at 1 + 0i with radius %

Sample solution 2
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W:_
Z
1
:1_—
Z
~ E Im(z)
2>
z
4

Locus of z is a circle centred at the origin with radius 2

Locus of Z is the above circle reflected through the Real axis, i.e. the same Im(z)
circle, and the locus of — (E) will be this same circle rotated by r radians

about the origin which still generates the same circle.

Re(z)

e(2)

Re(z)

z 1
Locus of —= will have radius —*%2=—= Im(2)
4 4 4 2
N
14
t—— (D | > Re(z)
_2 i \'J = / Im(z)
Z \\ 4 //’ 1
Locus of —Z+ 1 will now have 1 added L 5 ¥ /2 ~— |
z A N
the real part of —= thus giving a circle With / L
1 : { | ( Y 1 |
radius = centred at 1+ 0i =+ AL/ i

> _]“_:

Criteria

calculations.

Correct solution, clearly indicating centre and radius of the circle, supported by appropriate

Significant progress towards solution

Expresses z in terms of w, or equivalent merit and incorporates |z|=2 in a meaningful way

Expresses z in terms of w, or equivalent merit, or incorporates |z|=2 in a meaningful way

Question 15 begins on the next page
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Question 15 (12 Marks) Marks

(a) By considering a suitable trigonometric substitution, or otherwise, find J % dx 4
(©-x%)’
Sample solution
, 9 [ 9 x3cosd
Let x = 3sinf J—3 dx = % do
= J —
ax _ 5050 (9—x2)? (9 9sin?0)’
dao -
27cos6
dx =3cosf db :4 —édH
(900329)2
F
_ [ 27cosO J0
J 27cos30
ﬁ
= | sec?6 do
J
=tanf + C

If x = 3sind, sinf = % and by

3 x  Pythagoras theorem,
tanf) = —=
9 —x?
o i
9—x?
9
J ;dx = al - +C
9 - x2)? Vo-x

Criteria
Correct solution
Completes integration in terms of 6, or equivalent merit

Partially simplifies the integral but makes no further valid progress.
Completes a valid substitution with change of variable
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(b) For positive x, y, and z, prove that x+y+z+ € + o + L >3 3
4x 4y 4z

Sample solution

2
[\/—_L] >0 forallreala >0

2Va
1
a-1+—2=0
4a
a+i21
4a
This must also be true for x, y and z, since x, y, and z are all positive.
1
+—2>1
x 4x ©
+ sy ©)
Z+i21 3
4z
@D + @ + (3) gives:
x+i+y+i+z+i21+1+1
4x 4y 4z
.'.x+y+z+—+i+i23 for positive x, y, z.
4x 4y 4z

Criteria
Correct solution
Substantial progress towards correct solution

Notes perfect square is always non-negative, or equivalent merit
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1 n
(©) Iflnzf (1-x2)* dx
0

(i) Show that | =——] | 3
n+1
Sample solution
L
Letu =(1—)cz)2 v=Xx
n—2
#'= — ax(1 =) 2 vi=1

n—2

n|l 1
I,,=[x(l—x)2:|0—f —nx*(1-x%) 2 dx
0

1 =3
=0+nj (1-(1-®)(1-x) * dx
0
I n-2 n
=nf (1-x%) % —(1-x**dx
0
=n(1n—2_1n)
1,,(1""”):}11”72

_n .
1 =—7 ]I”_z as required

n

Criteria

Correct solution
Significant progress towards solution
Correct substitution into IBP formula

(i1) Hence evaluate I, 2

Sample solution

5
1522513
:éxéll
6 4
5.3 1 3
=—%X—X (1—x2)2dx
6 4 J,
ZEX%X%H(I)Z since{ 1 —x? fromx =0 to x = 1 forms a quadrant with radius 1.
:E
32

Criteria

Correct solution

Evaluates I, or expresses I; in terms of I;, or equivalent merit
Question 16 begins on the next page
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Question 16 (15 Marks) Marks
. ) 2
(a) (1) Show that sinx >Fx for 0<x <g 2

Sample solution

Method 1

Consider the graphs of y = sinx and y = 2 xfor0<x< g The graphs have points of intersection
T

atx = 0 and x = 1 (bounds) and since sinx is concave down and — x is linear over this domain,
T

] . : ; 2x :
there are no further points of intersection. Hence sinx must always be above or below — over this

T
domain.
Consider x == :
4
1 2% % 1 1 2
sinZ = —_, ——— = — which is less than —. Hence sinx > X for 0 <x L
4 \/E T 2 \/E T 2

Criteria
Correct solution supported by appropriate justification
Progress towards solution

T

2
(i1) Explain why J
0

Sample solution

sinx >2_x from part(7)
T

2x
3 esmx > e T
| 2
— <—— since bothe®"* and e™ are positive for all reat.
esmx _x
e T
2%

'.'e—smx < e T

T

T
2 5 2% ‘
Hence | e ™™ dx< | e ™ dx asrequired.
0 0

Marks
p]
1

Criteria
Correct solution supported by appropriate justification
Progress towards solution
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T 2
efsmx dx — e*Sll’lX dx 2
. 0

(iii) Show that J
2

Sample solution

sinx = sin (7 —Xx)

z z
Iz i -I'z sin(7—x) @
—Six —_ = =
e dx = e dx
0 0
Now, letu =7 —x Bounds
du T T
dx 2 2
dx =—1du x=0-u=nx
Hence
z z
2 —sin(r—x) 2 i
e dx = —e ™'du
0 Jr
Pﬂ:
- e~ s g,
JT
)
r.ﬂ.'
= | e ™dx since the variable used is inconsequenticd)
JT
2

T

T
2 :

Hence from(1) and (2), I e M dx = J e *™*dx as required.
0

T

Criteria
Correct solution with all links clearly communicated
Progress towards solution
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T

(iv) Hence show that f el T E(e —-1) 2
e
0

Sample solution

Iy

T

T
. 2 . .
87 smxdx — e* smxdx + e*— Sll’lxdx
0 0 z

2
T z
> 2
_ e SinX e + e S Jx from (11]
0 0
T
2
=9 e—sinxdx
70
T
ry 2
<2\ e "dx from (ii)
Jo
2%
2r (2 2 ——
=_""| _Ze¢ Tdx
2 0o T

= —m(e! e
A
- —(l-¢)
=Z(e=1)

Hence

T
I ol <z(e— 1) as required
e
0

Marks Criteria
2 Correct solution with all appropriate links clearly communicated

1 Progress towards solution
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(b) In the Argand diagram, the points A, B and C represent the triangle ABC.
The vectors AB and AC are represented by the complex numbers z, and z, respectively

with Arg(z))=a Arg(z,)=p and 2BAC=0.
By expressing z, and z, in Mod-Arg form, or otherwise, show that the area of triangle

%Im(zl z_,)

ABC is given by Area=

Sample solution

A

z, = |z,|cisa
z, = |z,|cisf
z, Z, = |z,|cisalz, |cis(— B)
= |z |lz[cis(a—p) @
& Im(z, 3,) = |z |1z lsin(a—p)
Area = %]zl ||z,|sinja— | from area of a non right triangle and
that the angle between the two sides of a triangle will always be
acute or obtuse

z,||z,|Isin(a.— )| since sine of an angle in the first or second quads will be pos

= N~

| [21] [z,] sin(e—f) |

-Em(ez)

as required.

Criteria
Correct solution

Finds an expression for area of the triangle in terms of a and £ or finds an expression for

Im (ZIEZ)

Finds a simplified expression for z Z, in terms of a and f8
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(c) By establishing a reduction formula for 7, :f (sin”'x)” dx, show that

Sample solution
1,,=J (sin"'x)" dx

. X
=x(sin"'x)" - nJ

1 —x?

(sin"'x)" " 'dx

=x(sin 'x)" =y 1 —x*(sin 'x)" ' +n(n-1)I, , +C

1

I :J. sin~!xdx
0

-2V,

T

" 0-1)
=E_

1
I,= [x(sinlx)3—3\/ 1 —xz(sinlx)z]o—_’, x 2T,

2x dx
—x2

1
|
=[xsin*1x] +—J —
0 2), Vi

_ )’ T
= [1 x (E) —3(0)(0)]—(0 x 0—3 x | x 0)—6(5—1)

72.3

=—=3a 10
8

Criteria

Correct solution

. 3
J (sin‘lx)3 dx=—=_3n+6
. 8

u = (sim!x)”

u'=n(sid x)" 1

u=(sirlx)""!

u'= (n—1)(simx)' 2 ———

,/ 2
= x(sin"'%)" = n|(sin"'x)" W1 - 2—(n—1)fl(sin—1x)”‘2dx +C
Vi —x%

4
v=x
v'=1

Establishes formula for In and correctly evaluates |+ or,
Makes an error with formula for 11 but goes on to follow correct process for finding Is.

Establishes formula for In or correctly evaluates I

Successfully completes one application of IBP somewhere in the problem.

End of Exam
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