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Section I
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10

1 Consider the statement:
‘If an animal can fly then it is a bird.’
Which of the following is the contrapositive of this statement?
If an animal is not a bird then it cannot fly.
If an animal is a bird then it can fly.

If an animal can fly then it is not a bird.
If an animal cannot fly then it is not a bird.

oSowy»

2 It is given that |z — 1 — i| = 1.

What is the maximum value of Arg (z)?

S M oN|A_

o a0 w >

3 Consider the following proposition.
‘If a positive integer is not a perfect square, then it is not prime.’

If a number was found which had the following properties, which would be a
counterexample to the proposition?

A positive integer that is not a perfect square and is prime.

A positive integer that is not a perfect square and is not prime.
A positive integer that is a perfect square and is prime.

A positive integer that is a perfect square and is not prime.

oCow»
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4 The diagram shows the complex number z = x + iy in the third quadrant, with x < y.

[m &
. Re(z) =1m(z)

Given z2 = a + ib, which of the following statements is true?

A. a<0,b<0
B. a<0,b>0
C a>0,b<0
D a>0,b>0

5 Which of these algebraic fractions cannot be written as partial fractions in the form

a+c
x+b x+d

)

where a, b, ¢ and d are real numbers?

2x+ 6
x2+6x+5
2x —8
x2 —8x+ 16
2x + 4
x2—4x+ 8
2x + 2
x2+2x—3
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.\ 3
Which of the following is equivalent to (\/?e?) ?

A —=2-2i
B. —-2+4+2i
C. 2—12i
D. 2+ 2i

Consider triangle AOB, where A is the point (1,0,1) and B is the point (0,2,2).

® 5(0,2,2)
’ NOT TO
SCALE

<Y

Which of the following is true?

Angle AOB is aright angle

Triangle AOB is isosceles

Angle OAB is twice the size of angle OBA
Angle AOB is twice the size of angle OBA

SN0 w>
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=1, and = r,, where 1y, 1, are prime

X —a
(12
zZ—C

x
8 The spheres represented by (y)
z

numbers, intersect at one point only.
Letd = va? + b2 + c2.
Which statement could be true?

A nn+r,+d=0
B. n—n=d

C. (m)?*+)*=d*
D. rnXxr,=d

3
9 Evaluate: . J 1+x2 dx
9+x

A. %+ In2V3
T

B. Z+ ll’l\/i
T

C. =+ In2v3

b4
D. E+ ln\/i

10

The equation of the sphere with centre (4, b, —1) is x* — 8x + y? + 4y + z% + 2z = 4.

What is the value of »?
A. —8
B —4
C. —2
D 2
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Section 11

90 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

For questions in Section II, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (15 marks) Use the Question 11 Writing Booklet

X
(a) Givena=2i+3j+kandb=—5i+j—2k,ﬁnd2a—binthef0rm<y>. 2
~ 7 - o7 - z

(b) The complex number z?2 is shown on the diagram below. 2
Im 4
NOT TO
SCALE
2 Ee
4 3
ZZ

Given that z lies in the fourth quadrant only, find z in mod-arg form.

Question 11 continues on page 8
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Question 11 (continued)

. . _(5 -
(c) Consider the line r= ( 3 ) + A( 3 ) where 1 € R.
(i)  Show that the point (0, 6) lies on r. 1
(i)  Show that the line through the points A(2,3) and B(—1, —2) 2
is perpendicular to 7.
(d) Itis known that 1 + 2i is one of the square roots of 4i — 3. 2

Using this fact, or otherwise, solve z2 —5z+7 —i = 0.

(e) A particle is initially at the origin with velocity 2 metres per second. 2

Its acceleration given by

dv 5
vV— =1 —,
dx

where v is the velocity of the particle in metres per second and x is its
displacement in metres.

Find an expression for x in terms of v.

() (1) Find the values of a and b such that 2

x+7 . a N b
(x—2)(x+1) x-2 x+1°

i1) Show that 2
(i1)

fl **7 k= _5In2
s =D+ T e

End of Question 11
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Question 12 (14 marks) Use the Question 12 Writing Booklet

(a)

(b)

(©)

(d)

(e)

(1)

(i)

Consider the complex number z = a + ib. 2

* The product of z and Z is 25.

* The sumof z and Z is 8.

Find z.

Find 2
f xInx dx.

Prove that (n + 1)™ — n™*1 is odd for all positive integers n. 3

For the complex numbers z and w, it is known that % is purely real 2

with a modulus of 2.

If z = 43", find w in exponential form.

An 80-kilogram mass is being dragged along a horizontal surface by a
force of 100 newtons.

80 kg

0.1v N 100 N

<+

A\ 4

The mass is subject to friction of 0.1v newtons, where v is the speed of
the mass in metres per second. The mass is initially at rest.

The equation of motion is

1000 — v

X = 800 (Do NOT prove this.)
Show that the equation for time as a function of velocity is 3
t =8001 ( 1000 >
— M 1000 — v/
Find the velocity of the mass after 10 seconds, correct to 1 decimal place. 2
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Question 13 (16 marks) Use the Question 13 Writing Booklet

(a) Find 3

f 4x — 3 g
4x%2 —4x + 5 X

(b) It is known that for all positive real numbers x, y 2

x+y=2J/xy. (DoNOT prove this.)

Using this result, or otherwise, show that for all real a

a’?+1

<
la| < >

(c) Givena,,; =+/2a, and a; = 1, prove by mathematical induction that for all 3
integersn > 1

an = 20°207),

(d) The complex number 1 + i is a zero of the polynomial 3

P(z) =z*—2z3+42%2+2z—2.
Find the remaining zeros of the polynomial.

Question 13 continues on page 11

Page - 10 - of 23



THGS 2025 Ext2 Trials

Question 13 (continued)

(e) A tiler is working on the roof of a house which has an angle to the horizontal
of 30° on both sides as shown.

3 metres

Safety o
stop é 30°

The tiler uses a rope and pulley to move a 50-kilogram box 3 metres up

the roof, with a 60-kilogram counterweight attached to the other end. Both
masses are initially at rest.

When the masses are released, the 60-kilogram mass slides down the roof
until it hits the safety stop, pulling the 50-kilogram up the roof exactly
3 metres.

Assume that there is no friction and no air resistance. The acceleration due to

gravity is 10 m s™2.

(i)  Prove that 3
_ 5t
V=17
(i1)) Hence, or otherwise, find the time it takes for the 50-kilogram mass 2

to move 3 metres up the roof, correct to 1 decimal place.

End of Question 13
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Question 14 (15 marks) Use the Question 14 Writing Booklet
(a) Find 2

er_ex
—dx.
f e*+1

(b) A 2-kilogram mass is moving in simple harmonic motion along the x-axis
about the origin, with a period of  seconds.
The greatest magnitude of the force acting on the mass during its motion is 24 newtons.

(1) Show that ¥ = —4x and the extremities of the mass’ motion 2
are 3 metres from the centre of its motion.

(i) By integrating ¥ = —4x, prove that v = —4(x? — 9). 2

(c) (1) Letz=cosf +isinb. 2
Show that z™ + z™™ = 2 cos né.

(i1)) Hence prove that 3
8cos*8 — 10 cos? 0 + 2 = cos46 — cos 26 .

Question 14 continues on page 13
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Question 14 (continued)

(d) A spiral starts at the origin and completes two clockwise spirals to end at (0, 27).

Its position from t = 0 to t = T is shown in the diagram.

vi

» 277

7 3 5

:4\“
®Y

The parametric equations of the spiral are

(i)

{xzf(t) for [O,T].

y=g()
Find f(t), g(t) and T. 3
The parametric equations of a second spiral are 1
x = g(t) [ T]
for 0,=].
{y =f® 2

If the second spiral was drawn on the axes above, how many points of
intersection would it have with the first spiral?

End of Question 14
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Question 15 (14 marks) Use the Question 15 Writing Booklet

(a) For the positive real numbers a and b, a # b, it is given that

a® + b3 = (a+b)(a*—ab + b?) and (a —b)? > 0.

(i)  Using these facts, or otherwise, prove 2
a® + b3 > ab(a + b).
(1)) Hence, or otherwise, show that if ¢ is also a positive real number 2
that is not equal to a or b, that

2@+ b3+ c3)>a?b+c)+b%(a+c) +c?(a+b).

(b) For the positive real numbers a and b, with a # 2b, prove that 3
1 L 1 1
a—2b a 2b
(c) The vectors u and v are defined asu = a + mb and v = ma — b, 3

where a and b are unit vectors and m is a real constant.

Given that the dot product of u and v is 1, and that the acute angle

between a and b is g, find the value of m.

(d) A unit mass is projected vertically upward under gravity with a speed S 4
metres per second in a medium that exerts a resistance to motion equal
to kv newtons, where k is a positive constant and v is the upward
velocity of the mass in metres per second.

2

The acceleration due to gravity is g m s™ <, where g > 0.

If the particle reaches its greatest height in time T seconds, show
for0 <t < T that

k(T-t) _ 1
V= g(e X ) .

Page - 14 - of 23
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Question 16 (16 marks) Use the Question 16 Writing Booklet
(a) Consider the integral

1
Inzf Vx(1-x)"dx, n=0,1,23,..
0

(i)  Show that 3

(i1)) Evaluate I;. 1

(b) The complex number w lies on the unit circle with Arg(w) = 6.

(1)  Show that 3
1+w t@
T =1CO E
(i1)) Hence solve 3
(z -1 )8 _ 4
z+1/)

Question 16 continues on page 16
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Question 16 (continued)

(c) M and P are two points with position vectors OM = mand OP = p 3

respectively.

N is the midpoint of MP and has position vector ON =n.

PQ is perpendicular to MN and W = A\ON , where 1 € R.

Q
NOT TO
I SCALE
N
M
0
Show that
2 2
|m| + |n| —2m-n
A= 2
i

Question 16 continues on page 17
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Question 16 (continued)

) 1
(d) Consider the curve y = f(x), where f(x) = ooy 3

The area of the region Ry, bounded by the x-axis, the y-axis, the line
x = g and the curve y = f(x), is In 2 units®. (Do NOT prove this.)

y
NOT TO
Ry
Tox
2
The region R, is bounded by the x-axis, the line x = g and the curve
y=xf(x).
y &
NOT TO
Y=o SCALE
R;

e
=

Prove that the ratio of the area of R, to the area of R, is 4: .

End of paper
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MATHEMATICS: MULTIPLE CHOICE ANSWER

SHEET

Student Number:
Teacher:

Select the alternative A, B, C or D that best answers the question. Fill in the response circle

completely.

Sample: 2+4= A.2 B.6 C.8 D.9

If you think you have made a mistake, put a cross through
the incorrect answer and fill in the new answer.

®»® 0 © O

® 0@ © &

If you change your mind and have crossed out what you consider to be the correct answer,
then indicate the correct answer by writing the word correct and drawing an arrow towards

the correct answer.

ERIONONONO,
2 |® ® © O
INIONONONO
AIONONONO
INIONONONO
6 ® ©® © @
7 1®® © ©
g W ® © ©
s ® & © @
0w ® 6 © O
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Multiple Choice Answer Key

Question Answer

1 A

2 C

g A

4 D

5 C

6 B

7 D

8 B

9 g D
10 C
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Worked Solutions

1A
Reverse the two parts of the statement and negate each part, so A is correct.
B is the converse, C is a negation of the conclusion and D is the inverse.

Im g
2C
z —1—1i = 1isacircle of radius one unit centred at (1,1). <
;//). \\\
The maximum value of Arg(z) occurs when z is directly \
above zero at (0,1), where it takes a value ofTZ—Z as shown. (0 sy °(1,1) :I
_\i- " ,.-"ff
i v
NI _//
3A

The negation of P = Q is P and —Q, so in this case ‘not a perfect square and is prime’.

4D

. ) 3 X
The principal argument of z is between — Tn and —m, so when it is squared we get an argument

3 . . .
between — 771 and —2m, which places it in the first quadrant, where a and b are both positive.

Alternative solution I:
z? = (x + iy)?
=x? —y?+ 2xyi
a=x*>—y%2 and b=2xy
Now x? > y? since x < y and they are both negative, so a > 0.
2xy > 0 since x and y are both negative, so b > 0.

Page 2 of 53



R 2c46 11
" o x24+6x+5 x+5 x+1
B 2x —8 B 1 N 1
T x2—-8x+16 x—4 x—4
c 2x + 4 2x+ 4

%6 —4x+§ (x=—2)2+2°
The denominator cannot be written as the product of two real linear factors as it is not

the difference of two squares.
2x +2 1 1

= +
x24+2x—-3 x—-1 x+3

Alternative solution I:

If the denominator is the product of two real linear factors, then it can be written in this form. We can
do this if the discriminant is non-negative.

A, A=6>-41)(5)=16=20V

B. A=(-8)?2-4(1)(16)=0=>0V

C. A=(-4)?-41)@B)=-16<0)X

D. A=22—-4(1)(-3)=16=>0V

6B
(\/Ee%if = Z'ﬁe%ni

3 31
=22 (cosT + isin—)

4
T T
=22 (— cosZ+ lSlnz)
1 1
=2\/§(——+i—)
V2 V2
=—-2+42i
Alternative solution I:
T3 i 13
—l . - . . il
(\/564) —[\/i(cos4+151n4)]
1 1 w2
-]

[ V2 V2
=1+ D2
=1+43i+3i%2+i3
=14+3i—3—1i
=-2++2i
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7D

04| = J1Z+ 02 +12 =2 S

|0B| =02+ 22+ 22 = V8 =22 N

[4B| = 1(-1,2,1) = /(-DZ+ 22 + 12 = V6 AN
|az||’_4_é||_0_é| =V2:V6:2v/2 = 1:V3:2 B \\\
This is the g, g exact triangle (scalene) with ZBAO = g, ¢2AOB = gand _ g\\\

20BA = g, so angle AOB is twice the size of angle OBA. A

Alternative solution I:

|04] =V12+02+12 =2

|0B| =02+ 22+ 22 =8

|[4B| = 1(-1,2,1)| =/ (-1)2+ 22 + 12 = V6

~ AOAB is not isosceles, so eliminate B.

v —_ 2 ——n 2

|0B|" = |0A|" + |AB| so 2 OAB = 90°,s0 £AOB # 90°, so eliminate A.
Now since AOAB is not isosceles, ZOBA # 45°, so eliminate C.

By elimination, ZAOB = 2£0BA

8B

Case 1: If the two spheres touch externally the distance between the centres equals the sum of the
radii, sod =1y + 1.

Case 2: If the two spheres touch internally the distance between the centres equals the difference of
the radii,sod =1, —r, ord = 1, — 17. Since the second one matches B, this is the answer.

Explanation of why A, C and D are not possible:
* For A, it could not be true as at least one of the three would have to be negative and they are all
positive.
*  For C, we would have:
Case l:d? = (r; +13)% = (1)? + 21y + (15)% > (17)? + (1,)? since 17, > 0, so false.
Case2a:d? = (1, —15)% = ()% — 2nry + (1,)? < (11)% + ()% since 1, > 0, so false.
Case 2b: Similarly if d = r, — 7y this is false.
«  For D, we would have
Caselinxnrn=n+nrn - n =?+1
2

Now this is a contradiction, since if r; and r, are prime numbers with r; # 7, then r—l is not an
2

integer so 7y is not an integer.

T T
Cases2aand2b:ry X1, =1, —1, — rlzi—l,rlxrzzrz—rl - rzzi—lare

similar.
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9D

f3 1 16 dx =

0 9 +x2

10. C

IOB (9 -:xz i 9_-+)-cx2) dx

1 eam=iex=y 1 PN
[3tan 3+21n(9+x)]O

%[tan‘ll — tan™10] + %[ln 18 — (n9]

3(5) 32

m
E+ln\/§

x?2=8x+ y*+4y+ z*+2z=4
x2—8x+ 16+ y?+4y+4+ z2+2z2+1=4+16+4+1

(x—4)2+(y+2)?2+(z+1)%2=25
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section i

etc in the sample answers indicate the point where each mark is awarded.

Question 11 (a)

Criteria Marks
* Provides correct solution 2
* Attempts to find 2a — b, or equivalent merit 1
Suggested solution(s) comments
2a—b=2(2i+3j +k)— (=5i +j — 2k) Nery well attpwp
—4i+6j+2k+5i—j +2k z(";‘)-(",s)
) N . e - - | 8
=9i+5j+ 4k
9 =
= 5
4
Question 11 (b)
Criteria Marks
* Provides correct solution 2
+  Writes z? in mod-arg form, or attempts to take the square root of the 1
modulus or halve the argument, or finds the correct modulus or the
correct argument, or equivalent merit

Suggested solution(s)

comments

= (o) i)
z= \/Z(cos(—%”+ 2) +isin(—%+ 2))

=2 (cos (— g) +isin (“ g))

.
Accept z = 2e73".

Acc st % GO‘ ks

3 F'eav‘)owabl.cé,
w ol <l ey

-~ / o~
s teies’ 1o Not

Mo &-Avg o
[ Pore=v 3
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Question 11 (c) (i)

Criteria Marks
« Provides correct solution 1
Suggested solution(s) comments
3 F Sleows tect F oo d- “"" 7. well et et
' 3 - 3 ~ll be
By inspection let 1 = 1 v ) - P

= (g) + (;5) = (2) so (0, 6) is onr

te not +Hhe|best

Question 11 (c) (ii)

Criteria Marks
*  Provides correct solution 2
«  Finds 4B or ﬂ, or equivalent merit 1

Suggested solution(s) comments

a5=(372)=(2)) potaf weckings
( ) ( ) =15 —15 = 0, so the lines are perpendicular.

s cosAb

Alternative solution I:

(g) : (_35) = —15+15 = 0, so the lines are perpendicular.

°ll

=] [

. V“Y o el J&‘H%"a—"‘-'to

Page 7 of 53
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Question 11 (d)

Criteria Marks
* Provides correct solution 2
» Attempts to use the quadratic formula or to complete the square or 1
to factorise the quadratic, or equivalent merit
| Suggested solution(s) comments

z2—-52+7—-i=0

5+(=5)2—-4(1)(7—i
,_5EVC )2 OED Viery well =
_ 5+V25-28+4i e Nole
2 = - ('-0—12)
. -+ == =
 5+A -3 =Y
B 2 i Jh2e
54 (1+2) - ¥
B 2
420 6+2i 4
T
=2—[p3+i
o
Alternative solution I:
722 -52+7-i=0
25 25
22 —-5z2+—=i-7+—
4 4
( 5)2_4i—3
273) T 7%
(1 +20)?
T4
5 1+ 2i
z——=+4
)
5 14 2i
z==i
2 2
_4—216+21
2 2
Z =2-jp3+i
g
Alternative solution II:
22 —-524+47—-i=0
(z—2+)(z-3-i)=0
z2=2—ip3+i
Plg
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Question 11 (e)

Criteria Marks
* Provides correct solution 2
» Separates the variables, or equivalent merit 1

Suggested solution(s) comments

dv

—=v?- = v(Vv-!
TV =¥ )
v dv X
——=|d A
2 v—1 fo )
v o
[lnlv—ll] = [x] O(J‘M l . +C
2 0 )v—' -
In v—1’—ln1:x—0
%= ln|v—1’
—
Accept x = In(v — 1) since v > 2 given initial conditions.

Alternative solution I:
dv

Vdx

J’dv —fdx

v—1

=vi-v

In v—l\:x+c
Letx =0,v=2
ln|2—1 =0+c
c=0
'.x:lnv—li

Accept x = In(v — 1) since v > 2 given initial conditions.
——————

- “0‘-&— V#O
LAY v
L

o Neads e W
HAeaboe (T.V-
v 32

o get ‘o

\ .LAC\/——O)/

Sl
Prb PC—“’Y)

Vv =2
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Question 11 (f) (i)

Criteria Marks

*  Provides correct solution 2

* Finds a or b, or equivalent merit 1
comments

Suggested solution(s)

- X = [/ _a N b
T -2+ x-2 x+1
247
= = A
“T i1
=i =i/
~ 127 |
Alternative solution I:
x+7 _a(x+1)+b(x—2)
x-2D0x+1)  (x—2(x+1)
_(a+b)x+a—-2b
T (-2 +1
a+b=1 (1)
a—-2b=7 (2)
(1) - () 3b=—6-5b=-2
subin(1): a-2=1 -a=3
/

Alternative solution II:
x+7 _a(x+1)+b(x—2)

x-2)(x+1)  (x=-2)(x+1)

x+7=alx+1)+b(x—-2)

Letx=-1: —1+7=b(-1-2)-6=-3bo>b=-2

Letx=2: 2+4+7=a(2+1) -»9=3a —-a=3

‘VM\/ v‘eu "\“w

© %\,UTWHI’TN
’

M\b‘—‘5"€

MLwﬂ

Page 10 of 53



Question 11 (f) (ii)

Criteria Marks

* Provides correct solution 2

* Obtains the correct antiderivative, or equivalent merit 1
comments

Suggested solution(s)

L x+7 4 _J’l( 3 2 )d
o (x—2)(x+1) = o =2 x+1 *

—2In

1
|
0
(3In1—-2In2)—(3In2—-2In1)
=0-2In2-3In2+0

=—-5In2

x—2 x+1

[3 In
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Question 12 (a)

Criteria Marks
* Provides correct solution 2
* Finds the value of a, or creates a quadratic which will have z and z 1
as solutions, or equivalent merit
Suggested solution(s) comments

z7 = |z|?
=25 =a%+b? (1)
z+ z = 2Re(2)
8 = 2a
a=4
subin (1): 25 = 4% + b2
b? = 9b
=+3
z=4%3i

Alternative solution I: Not cpwrue

Let z and Z be the solutions of the quadratic P(w) = 0.
clw-2)(w=-2)=0

w—(z+2Dw+2z2=0

w?>—8w+25=0
w?—8w+16 =16 —25
(w —4)> = -9
w—4=23i
w=4%3i
nz=4%3i

. \/“g w el a.&e“(ﬂ'e&
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Question 12 (b)

Criteria Marks
*  Provides correct solution 2
* Attempts integration by parts, or equivalent merit 1
Suggested solution(s) comments
dv 'V“Y wa_l,(_alz&'w?be&
u =lnx o =%
— e 2w
dx x $= se i |
x%lnx 1 w =hoe  Av=XEY Lo wg sATEetH
=2 _Efxdx s =82V =L
2 2 (2o -
_x’Inx _1/x* e . e . bt "‘%j;"';!?‘b‘
2 2\ 2 ¥
x%Inx x?
= —+
2 4
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Question 12 (c)

Criteria Marks
*  Provides correct solution 3
*  Proves that the result is true for all odd numbers or all even 2
numbers, or equivalent merit
* Attempts to prove the result for an odd or even number, or proves 1
the result is true for n = 1, or equivalent merit
Suggested solution(s) comments
Casel—ifnis@gl_ < <o
= = lyg o :
Letn = 2k + Vet A e d pred

1
(n + 1)n —nntl = (Zk i 1)2k+1 _ (Zk + 1)2k+1+1
= (Zk + 2)2k+1 _ (Zk + 1)2k+2
= 2k+2=2(k+1)iseven, and an even number to any integer power is
evern.
» 2k +1isodd, and an odd number to any integer power is odd.
The difference between an even number and an odd number is odd.
~(n+ 1" —n™1isodd ifn is odd.

Case2—ifnisgﬂ

Letn = 2k

(n+ D" —n™?t = (2k + 1)2k — (2k)2k+1

» 2k +1is odd, and an odd number to any integer power is odd.
» 2k is even, and an even number to any integer power is even.
The difference between an odd number and an even number is odd.
~(n+ 1" —n"™1isodd ifn is even.

s~ (n+ 1)" — n"*1 is odd for all positive integers n.

Alternative solution I:

If niseventhenn + 1 is odd

= (n+ 1)"is odd and n™*! is even as an odd power to an integer power is
odd and an even number to an integer power is even

However an odd number minus an even number is odd

& (n+ D" —n""1isoddifnis even

If nis odd thenn + 1 is even

= (n+ 1)"is evenand n™*! is odd as above

o BLVQ— M&Pe"
prree ctilce

o PP”'€;

4o case s

e Mosst co WS¢ Wr

Rs

will! be ws#&‘—"q

pr> PL5
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However an even number minus an odd number is odd
& (n+ D =n"1lisoddifn is odd

~ (n+ 1" —n""1isodd for vn € Z7.
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Question 12 (d)

Criteria Marks
* Provides correct solution 2
*  Finds thatw = i%z, or equivalent merit 1
Suggested solution(s) | comments
* - 42 - Fes Wy vo el
. " 2 threnept=?
z=12w (5
1 L DLl Nt Yex s
= +— e <
w _ZZ :‘— "y ‘9/‘ & 2
- +1(4e7§tl) RV @ cmdebelly
2
.

i G
w = 2e352e 3

6C
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Question 12 (e) (i)

v

[t] = —800 [lnllOOO —v|
0 0

t—0= —soo(m |1000 = v‘ —In 1000)

—

t =8001 ( 2000 ) i 1000 >0
= nw1000 —3) since v .
Alternative solution I:
. 1000 —v
=800
dv 1000 —v
! e e BEORRS A
dt 800
dt 800 27
dv 1000 — v
] j’ . 800
1000—v "
= —8001In |1000 —-v|l+c
Lett=0,v=0
0 =-800In1000+ ¢
¢ =8001n1000
t = —800In llOOO - v’ +800In1000
= 8001 ( el ) i 1000 >0
= n 7000 —5 since v

Criteria Marks
* Provides correct solution 2
* Separates the variables, or equivalent merit 1
&l
Suggested solution(s) i comments
Force Pteeg FF= 7
x:logg—o_v Q‘VG(A DW‘Q" ‘e_—_—o w = vV O X = )n
dv _ 1600w ). ieeo—V D
dt 800 v & wec
dt 800
7 No \La.e&
dv 1000 — v FRececo we "Q%g_t_ap
P 800 v o el ectheuwd
f f 000-07  See: Va¥ < iy

e Nea te 4
p—

Pecowes C-

' Use
96@“’""*%0‘

pf Viea-r e 104
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Question 12 (e) (ii)

Criteria Marks
* Provides correct solution 3
*  Correctly removes the logarithm from the equation, or equivalent 2
merit
* Substitutes t = 10 into the result from (i), or equivalent merit 1
Suggested solution(s) comments
1000
10 = 800[n<—) Verk well
1000 — v P*"O
0.0125 =1 oy ) S
i "(1000—1; -t Note
. 1000
000125 — Vv S\ e
1000 — v
1000 —v Py ‘elw - %A
—_— = . L
1000 yeteess
1000 — v = 1000e 00125 X 12 tew/S
v = 1000(1 — e~00125) ]
VvV =12422199. ..
eeowl»z =12.4ms"! (1dp)
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Question 13 (a)

Criteria Marks
* Provides correct solution 3 (3
Hose
* Completes the square on the denominator and rearranges the 2
numerator in terms of 8x — 4, or equivalent merit
« Completes the square on the denominator, or rearranges the 1
numerator in terms of 8x — 4, or equivalent merit
Suggested solution(s) comments
f 4x — 3 J
e (i
2 _
4x 4x +5 Ml ”bu
T ) -2+ 22 ™ <t
%(SX -4)-1 J B
") ax—0r+ 22 8]

_1f_8x-4 1[ 2 .
_2[4x2—4x+5 *T2) -z 2™

1 1 2x—1
4X2—4X+5|—§X§tal'l_1( 5 )+C

-4 ’4 2_4 +5| Ly -1(2x 1)+
= _ ! - p
2[1 X X 2 an >

_11
_En

Since 4x% — 4x + 5 > 0 for all x, the absolute value signs are not required

for full marks. /
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Question 13 (b)

Criteria Marks
* Provides correct solution 2
+ Attempts to use a or a® in the AM-GM inequality, or finds LHS minus 1
RHS, or equivalent merit
Suggested solution(s) comments
Let x = a?, y = 1 in the given result
a?+12>2/a? x1 w el

a’+1>2|a| since v/ a? = |a|
a?+1

2

~lal <

Alternative solution I:
Waz +1
2
a’?—2lal +1
————
_ (lal —1)?
T2
<0 since R? > 0
=~ LHS < RHS
a’+1
2

LHS — RHS = |a| —

~lal £

° Ve/rzg
cthfeupied/.

pT ]
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Question 13 (c)

Criteria Marks
* Provides correct solution 3
* Proves the base case and uses P (k) correctly in the body of the 2
proof, or equivalent merit
* Proves the base case, or uses P (k) correctly in the body of the 1
proof without proving the base case, or equivalent merit
Suggested solution(s) comments

Let P(n) represent the proposition. .
P(1) is true since @, = 2172 =21"1 =1 ol oy 1= , v
TEF(/() is true for some arbitrary k > 1 then a, = 21-2079) <*)
RTP P(k+1)  age, =20"27)
LHS = a4

= \/2 x 2(0-2079) gom p(k) A
_ [

_ 22k

_

— 12

= RHS
~P(k)=Pk+1)

Hence P(n) is true forn > 1 by induction @

7/

\u.lu.c)"; Ve U Mﬁs& é#)

“aWE> ('L -‘

& slould be:

-, =1 w—\

‘l"e,g.i-/\/e"‘% ‘Pél)

cenel. @ :JZce foor n=23,% -
v

P >) o e Lenk
Heen P(K) cosi- e 4‘*4“"2—()"'3'9Q
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5

==
15
0

0)+c

I @

5
zl—lt n
ek

Alternative solution II:
5 . ) dv
~ v =—t since the gradient ofa is constantand whent = 0,v

=0 [C]

Note: students who do not use calculus need to refer to both the gradient
and v-intercept to gain the third mark.

Page 24 of 53




Question 13 (e) (ii)

t = 3.633180 (t > 0)

£ = 3.6 seconds (1 dp)

Criteria Marks
*  Provides correct solution 2
* Finds the primitive correctly 1
Suggested solution(s) comments
dx B 5
dt 11 Lwell e theud ted
3 5 t
f dx =— | tdt .
0 11 J, - Nole:
3 5 re2)
[, =55z =362
o 11]2 ],
5 ~ dce kew.
3-0=o(t2-0) e
5 TS 3-69 edpud
3=—1t2 T
22
66
o =
5
t =3.63318 (t>0)
g = 3.6 sec_grlds (1dp)
Alternative solution I:
dx _ 5
g I
[ax=gp[ e
X = =——
11 tat
5
=—¢t2 A
X, 22t +c
Letx =0,t =0
0=0+c¢
c=0
_5t?
=2
Let x =
5
8 =—¢2
&
t? =—
5
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Question 14 (a)

Criteria Marks
* Provides correct solution 2
* Rearranges the numerator in terms of e* + 1, or correctly rewrites 1
the integral in terms of their u, or equivalent merit
Suggested solution(s) comments
er —eX
—
,[ e*+1 2 .V“zg w-a(/(
(e*(e* + 1) — 2e%) cetaue
B [ e*+1 s
- f . 2e* p
- ¢ e*+1 *
:ex—Zlnex+1|+c

The absolute value signs are not needed as e* + 1 > 0 for all x, so e* —
21In(e* + 1) + c is acceptable for full marks.

Alternative solution I:

u=ce*
e2X _ pX @:ex
—d
fex+1 X dx du
dx = —
u
> —u du
=] X —_— A
,[u+1 u
_/u—ld
T Ju+1 u
u+1-2
=j—du
u+1
- [ ()
B 14+u N
=u-—2In 1+u‘+c
:ex—21n|1+ex+c

-
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Question 14 (b) (i)

Criteria Marks
* Provides correct solution 2
*  Shows that ¥ = —4x, or equivalent merit 1

Suggested solution(s) comments

The extremities of the mass’ motion are 3 metres from the centre of its

2m 2m /
FT=— 2 i=— 5 n=2 € {opece
c=0 3%{’&” 98/& co-rrack
¥=-n’(x—rc)
e = —4x wAetch 22
The x@n force is at the left-hand extremity of the motion, x = —a.
o My. -> < -2 >
Bax = MXjpax .lf%— ) 1 -
24 = 2 x (—4(-a)) — o 2
e RosesuneEe
24 = 8a b e
a=3

force

b My weogfutt

wel(

(L = 2.

A

motion. enk pe ks
N — e =—2
4«_ = 2%t

Question 14 (b) (ii)
Criteria Marks

* Provides correct solution 2

* Separates the variables, or equivalent merit 1
Suggested solution(s) comments

X =—4x
dv o
L dx x . V"\f w el

Alternative solution I:

wu—ewé)‘
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dv b
_— = — x
vdx

fvdvz—élfxdx

i Deddt

— = —2x

5 c

Letx=-3,v=0
:—2(—3)2+C

¢,= 118
2

<

=-2x%2+18

2= —4x* 436
=—-4(x*-9)

'C.‘NI

Alternative solution II:

X =—4x
L)
o2
e= —4]xdx
=-2x*+¢c
Letx=-3,v=0
= —2(—3)2 +c
c=18
v? "
7 = —-2x°+18
v? = —4x? + 36
=—4(x*-9)
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Question 14 (c) (i)

Criteria Marks

*  Provides correct solution 2

* Uses De Moivre’s theorem correctly, or equivalent merit 1
Suggested solution(s) comments

z"+z™" = (cosf +isinB)" + (cosf + isinf) ™" PV

= cosnf + isinnb + cos(—no)

+ isin(—n@)
= cosnf + isinnf + cosnf — i sinnf since cosine is even and sine is odd | M =
S — ——

= 2cosnf

Alternative solution I:
z"+2z7" =(cosB +isinB)" + (cosO + isinB)_"> Lt
= (cosO +isinB)" + (cosf + 1sinH)" ’
= cosné + isinnb 2 == QR{CZ)

+ cosnf + tsinné

j 2)
= 2Re(cosnB +isinnf) & %P@"%' '

= 2cosnb

Alternative solution II: & Not- e

"z = ()" 4 (e®)™

= ginb 4 ,=ind

:ein9+em9 J PM ‘,7.
= ZRe(eine)

= 2cosnb

» &u.:te,— s 'e‘u

&

Bect st Lﬁ

ﬁ w&“i% w

2™ be ‘—&I‘_

+ cosn® —L 54

a5
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Question 14 (c) (ii)

Criteria Marks
* Provides correct solution 3
* Rearranges the expression in preparation to use the result from (i) 2
withn = 2and n = 4 or n = 1 respectively, or proves the result
using the double angle result without using the result from (i), or
equivalent merit
* Attempts to use the result from (i) with n = 1, or attempts to use the 1
result from (i) with n = 2 and n = 4, or equivalent merit
- =4
cesnld = 2(+—f ' “Sa’:z——g}’
Suggested solution(s) & i comments
ot -
8cos*0 —10cos? 6 + 2 u\” q-ﬁ +-l.é.+-l42'=-l—7' i
7_ + U2 - _I-|—-2-
+Z
—8[ (Z+z_1)] —10[ (z+z'1)] +<2—/ ‘° I -i2
= E[(Z +2z7) +4(z% +2z72) + 6] ——[(Z +z2)¥2]+2
1 1
==(z*+z")—-=(z*+2z7?)
2 2 - < U
1 1 - Foai il W
= (2cos40) — 5 (2 cos206) ‘dw{—qp.

=cos40 —cos20 R¥>

v Sauael betawe

Alternative solution I: \e,ow(;c;t“-:&d( L4
cos48 — cos 26 I S WTul O

! 1 LWS > Rils
== +z7Y) —z(z%+27%)

1, 1, 1, 1_ .
=-z"+-z " —52"—52 +

1 1 5 5
=|zz*4+222+3+2z72 4 —2_4] - [—zz +5 +§Z_2 +2
2 P 2 ko

1 5 4/‘»(,(/‘&«
=§(z+z_1)4—§(z+2_1)2+2 ¥
1 5
=§(2cosél)4 —5(2 cos )% + 2
=8cos*6 —10cos?6 + 2 LHS
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Question 14 (d) (i)

Three bald answers is worth three marks.

Alternative solution I:

Every rotation by g increases the distance from the origin by g, so f(t) = % X p(t) and
t

g9(t) =< x q(2).

Clockwise rotation is the opposite to the normal rotation of the unit circle, so instead of

p(t) = cost and q(t) = sint we swap them around to get p(t) = sint and q(t) =
cost.

The distance from the origin is always half the value of t. At t = T, the distance from
the origin is 21, so T = 4m.

WS aA
b oles medheed

Alternative solution II:
An anticlockwise spiral is typically in the form

X = atcost
{ y =atsint
his is i . o e
As this is .m a clockwise direction we need L= {z )
x = atsint R
y = atcost

The spiral completes two revolutions

Criteria Marks
* Provides correct answers 3
* Finds the parametric equations without finding T, or finds T and 2
creates a pair of parametric equations with an increasing radius or a
clockwise spiral, or equivalent merit
+ Attempts to find the parametric equations of a spiral, or attempts to 1
find the value of T, or equivalent merit
| Suggested solution(s) comments
t .
X = 5511’1 t
¢ for [0,4n]
y = ECOS t

Combining the above, we have ce e wq
t
x—?smt - Po:;;g:‘(,k&
y = zcCost
Checking2 a few points: . CL"'WZ ":\'
Whent:n,xz%sinnzO,yz%cosn:—g v geﬂ-w& Sl
Whent:%r,x:%nsin%r:—%n,y:%ncos%n=0 v
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~0<t<4n > T =4n
Whent = 4m,y = 2n

& 21 = a(41r) cos 4n
2r=ax4m X1

pl
=7
6=
xzzsmt
¢ for [0,47r]
= — t
y 2cos
/
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Question 14 (d) (ii)

Criteria Marks

*  Provides correct solution 1
Suggested solution(s) comments
There are 3 points of intersection.
A bald answer is acceptable for this question.
Explanation — not needed for the mark.
The domain of the second spiral is [0, 27], so it is a single anticlockwise spiral ending at
(m, 0).
The graphs intersect when % sint = cos t for [0,27], which is when t = O,% and %.
The points of intersection occur when t = 0 (they both start at the origin) and when
sint = cost - tant = —. tl cos & —eenE) =0

4 = f‘““'b _ l) =0
Not required as part of the solution, but here we can see the two curves together, with
) . . sm : =
points of intersection when t = 0,%,%. - = Fosn€ e s
YA

spiral |

amsS L &

sl

X
spiral 2
G,”;_-e-' 'gt‘-cn.'f: )
=° Q?‘"’)
X
3
= S%
M
._._-_._,_..——"-‘-'__-‘-‘
LQuestion 15 (a) (ﬂ s
Criteria Marks

*  Provides correct solution
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ab, or factorises LHS — RHS, or equivalent merit

«  Finds a®? —ab + b? > ab, or shows a? — ab + b% = a? — 2ab + b* + 1

Suggested solution(s)

comments

(a—b)*>0 sincea # b
a’ —2ab + b*> >0
a’—ab+b®>ab (1)

a® + b3 = (a+b)(a?—ab + b?) given

(as + b® > (a+ b)ab using (1)
Alternative solution I:
a3+ b3 = (a+b)(a® —ab +b?)
= (a + b)(a® — 2ab + b? + ab)
= (a +b)[(a — b)? + ab]
> (a+ b)[0+ab] sinceR>=0,a+ b
=ab(a+b) as aib FO
Alternative solution II:
LHS — RHS = a® + b3 — a?b — ab?
= a(a® - b?) — b(a® - b?)
= (a - b)(a® - b?)
= (a-— b)ga + b)(a—b)
=(a-b)(a+b)
> 0sinceR? > 0anda,b>0 "< il
. LHS > RHS
%~ a®>+b%>ab(a+b)
Alternative solution III:
LHS — RHS = a® + b® — ab(a + b)
= (a+b)(a®—ab+ b?) —ab(a + b)
= (a + b)(a® — ab + b? — ab)

= (a+ b)(a® — 2ab + b?)
= (a+b)(a-b)?
> 0since R >0anda, b >0
» LHS > RHS
~ a®>+b3>abla+b)

e as «tPZ0

it
aphe wef
e :‘ ""‘H%
wtelt s plag vigh

cet P
metead
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Question 15 (a) (ii)

Criteria Marks

*  Provides correct solution 2

* Use the result from (i), or attempting to use the AM-GM for two or 1
three terms, or equivalent merit

Suggested solution(s) comments

Similarly from (i)

a®+c3®>acla+c)

b3+ c? > be(b + ¢) -\/“45 ..Qd(
{

Adding the inequalities ct P(-e wef
2@+ b3 +c3®) >abla+b)+acla+c)+belb+c)
2(a® + b3+ c?) > a?b + ab? + a’c + ac? + b2c + bc?

2@ +b3+c®)>a?b+c)+b%*(a+c) +c?(a+b)
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Question 15 (b)

Criteria Marks
* Identifies the contradiction, or provides correct solution 3
* Rearranges the equation to eliminate all fractions, or equivalent 2
merit
* Attempts a proof by contradiction, or equivalent merit 1
Suggested solution(s) comments

Suppose by contradiction that the negation is true
1 g 1

a—2b:a 2b
1 _2b—a
a—2b  2ab
1 _ a—2b
a—2b  2ab
—2ab = (a — 2b)?

This is a contradiction as the LHS is negative as a, b > 0 and

the RHS is positive as R? > 0

1 1 1
..a_zbia—z fora, b > 0anda # 2b

Alternative solution I:
Suppose by contradiction that the negation is true

1 _1 1
a—-2b a 2b
1 _2b—a
a—2b  2ab
1 _ a—2b
a—2b 2ab
—2ab = (a — 2b)?

—2ab = a* — 4ab + 4b*
~ a?—2ab+4b*=0

a’?—2ab+b%+3b%=0

(a—b)>+3b2=0

Now (a — b)? > 0 since R? > 0, and 3b? > 0 since b > 0, so the LHS > 0. |
cone ks ons

This is a contradiction as the RHS = 0.

1 1 1
..a_Zb;ta—% fora, b > 0anda # 2b

Alternative solution II:
Suppose by contradiction that the negation is true

2. cestelS

— (4’9;4—' -5'(’} = O
L3 (ee— 35‘)" + 2ab
Ao ten

. V“‘S w el

b= ue]

Led.
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x

1 2b—a
a—2b  2ab
—2ab = (a — 2b)?
—2ab = a® — 4ab + 4b?
~ a’?—2ab+4b%>=0
Using the quadratic formula as a shortcut for completing the square -
taking a as the variable and b as a constant
A = (=2b)? — 4(1)(4b?)
= —12b?
<0 sincebh®=>0
~ no solutions, which is a contradiction, so the negation is false
1 1

1
"a—Zbia_% fora, b >0anda # 2b
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Question 15 (c)

Criteria Marks
* Provides correct solution 3
* Findsa-b= % or equivalent merit 2
=i meé-1
* Finds an expression for the dot product of u and v in terms of m, a 1
and b, or equivalent merit
comments

Suggested solution(s)

mlal"+ ot =@ b —mle[ =1

m+@m?—-1a-b-m=1

(m?-1a-b=
| 1
ab=
: T a-b
A cos§:~:—5—
7 2| [
(4%
1
s m2_1
G = =1
37 T Ix1
1_ 1
2 m?2-1
m?—1=
m? =3
m=+v3
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Question 15 (d)

From (1): kS = g(e* —1) + kvekt
Kt _
s=9E o),

kt
X ve
Lett=T,v=20
kT
gle™ —1
S=¥ (3)

Substitute (3) into (2):
g(ekt - 1) N g(ekT —1) g

==

P P
B gle™ 1)  g(ekT=0 — g=k)
===% ! 2

g(et — 1 4 ek(T-0) _ e~kt)

g(ek(T—t) ~1)

e (D]

Criteria Marks
* Provides correct solution 4
* Finds a correct expression for v in terms of t or S in terms of T, or 3
finds an equation linking g, T, k and S, or equivalent merit
* Finds the correct primitive for T or t, or equivalent merit 2
+ Attempts to find a force equation, or equivalent merit 1
Suggested solution(s) omments
Y paker : Jos
o 2 =
& = (g +hv) g Al DA
L=t »=% V- =
f dt = _j dv 6¢? . \/M.
g+kv
s
[t] =5 [ln(g + kv)]
0 v e/QL
1 » \-:’Mr w
t—0=-( + kS) —In(g + kv
(g + kS) ~In(g + k) Lé&a obted
g+kS
kt = In W
e _9kS e Nalel +o
et = Lo
g+ kv %%me Aiaarau«
Kkt Kkt _ D) =
ge™t + kve™ =g+ kS (1) ™ T
kvekt = g(1 —e*t) + kS ) e [
gle™*-1) —kt wodhts Dk
:?+Se (2) wils. hﬂ«‘()& ot
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b@uét"p

Alternative solution I:

X¥=—g— kv
=—(g + kv)
dv
—=-(g +kv)

at

t v dv
[l ]

0 s gtkv

HZ = Lfintg + ) JS

v

t—0= %(ln(g + kS) —In(g + kv))

kt = ln(gikg)
g+kv
_gHtkS
T g+kv
gekt + kvekt = g + kS
g+kv=(g+kS)e ™k
kv=(g+kSe*—g
(g +kS)e Kt —g

ekt

k
Subt=T,v=0in(1)
~ geXT =g+ kS
ge!T x ekt _ g

Sub (3)in (2): v =
g(ek(T—t) . 1)
-k

(1)

(2)

(3)
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Question 16 (a) (i)

Criteria Marks
* Provides correct solution 3
* Correctly splits the integrand, or equivalent merit 2
* Correctly applies integration by parts, or equivalent merit 1
Suggested solution(s) comments
v 1
i u=(1-x)" o X2
In:f\/E(l——x)”dx o A
0 =~ — =1 = n-1 = —x2
Ir n(l—x) v 3 X
27 3 L 2nt o3
:§[x2(1 —x)"] +?f xZ(1—x)""1dx
0
2 2n (1 Y 0 . Rpasew<hly
:—(O—O)+—fx x(1—x)"1dx & LBl .
3 . 3 0 ” g.#mw&"‘ﬁ - G/(L
2n "
:?f (1_(1_x))\/;(1_x)n—1dx Solne Not
0
anl 2n L ﬁu.ve-rﬁ *’ﬁ:
=— \/E(l—x)”"ldx——-f Vx(1—x)"dx B]
3. Jo 3 Jo = = L— (- )
2n 2n
“ =g =gl o pregtnte
31, = 2nl,,_4 — 2nl,
Cn+3)I, = 2nl,_4
2n
= g3
Question 16 (a) (ii)
Criteria Marks
* Provides correct solution 1
Suggested solution(s) comments
)
h=3 +3 fo
2 . )
zgf Vx dx Verk well| dons
0
212 37
= —|=x2
5 [3" ]0
_ 4
15
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Question 16 (b) (i)

Criteria Marks
* Provides correct solution 3
» Simplifies the expression in terms of trig ratios ofg and i, or in terms 2
of t and i, or shows Arg (H—W) =+Z orshows |1+—W| = |cot9], or
1-w 2 1-w 2
equivalent merit
+  Substitutes w = e® or w = cos6 + isin 6, or draws a diagram 1
showing vectors 1 —w and 1 + w where w is on the unit circle, or
equivalent merit
Suggested solution(s) comments
14w 14 cos@ +isinf
=3 .. ~ 95
1-w 1-cos 92—15m9 weens -&—vewb‘—:/wcs.s-'f-ra
1-—t T
R ey ] ey -
= _ 2 =2
Q_1-t2 . 2t Weel - Aug /

1+ Tyez castest
*1+t2+1—t2+2ti

T4 t2—1+t2— 2t

242t
2% — i

1+t
Tttt —1i) -2

1+t t+i -
= X —— _

tt—10)  t+i R
ottt S>en &
Tt(t2+ 1)
—t_(1+t2) |—cos ©

i
Tt

. 0
= lCOtE

Alternative solutions next two pages )
'.-.;;u = Z‘»Ot = }
|— > b — e o e et
= W — o
2 ((wk)
= 2Ls = 45 21400
Soso e Ta-eew)
Alternative solution I: = L e £
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14w 1+
1—-w 1—¢if
_i6 6
e 2 +e2
T i0

e 2 —e2

_i6
2Re (e 2)

_b
20 Im (e 2 )

cos (—

isin

)
(@]
7
|

X
~1

in

"
N | N D o | N D

/N

|

N pl | o N—
~.

i cos
= since cosine is even, sine is odd and i? = —1
smi
) 6
=1 COtE

Dol

G e e BTRY

Alternative solution II:

s
Arg(l —w) = Arg(w + 1) — =

T
Arglw +1) — Arg(1 —w) = 5

T
= E‘ Im

w+1)

Alg (1 —-w

14w v imagi
“T—w 1s purely 1maginary

1+w) (14w
1-wl |1-w|

Now

0
= cotz from diagram

1+w . 6
. —— = jcot=

* Angle in a semicircle is a right-angle
1-w 2

Angle at the circumterence is half the

angle at the centre

Alternative solution III: ——=p

Napt Cowmmean

Wees ke p«a-ahs(—em
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eril

[ a SIn
tan {tan‘ (———
1+ cos
s
tan {tan‘1 ( m

T+ cosd

— Arg(1 — cos @ —isinB)

—siné

)=

—cos@)
71( —sinf
1—cosf

)} - tan ftan~1

i

—sinf

0
6

1—cos@

-/

=

tgl ) F dee

)}

|1+ tan {tan‘1 (1 =

_sinf
1+ cosf

sinf
cos 8
—sinf
1 —cosf

)} X tan {tan‘l (1_

sin @

sin @
-1+1+c059

1—cosf
[sin® — sin O cos 6 + sinf + sin O cos H

1— cos®@

= tahi ¥

_2sin0_
1—cos?8

1- sin?§
1-=cos?@

= tan~
1~ cos?8 —sin?26

[ 1—cos?26
- [Zsine]
= tan 5
T
2
|1+W| B |1+c056+isin9|
[1—wl ™ [1—cos@ —isinfl
3 J (@ + cos 6)? +sin2 6
\/(1 — cos 8)2 +sin? 9

€y

o K

V1 + 2cos8 + cos?26 +sin2 6

_\/1—2c059+c0529+sin29
VZ+2C059
\/2—2c059

1+ cosf
1—cos@

1—t7-
1+t2
_1—t2
1+ t?

14+t241—¢?
Lot 62— 4 2

1

L

L

]

6
tani
co 2

@

From (1) and (2): W

[—t tg
w = 1CO 5

o bk NoY

sin@
— cos @

)}

u;,?»:é’&
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Question 16 (b) (ii)

Criteria Marks
* Provides correct solution 3
e Shows z = it—: where |w| =1 and Arg(w) = 6, or shows the 2
solutions satisfy |z — 1| = |z + 1| and arg [ﬂ] = (~2k+—1)13, or
z+1 8
equivalent merit
*  Shows :—1 is equal to one the eighth roots of —1, or rearranges the 1
. 1+2\8 . .
equation to (T) = —1, or shows the solutions satisfy
|lz—1| = |z + 1] orarg [E] == Qk;l)", or equivalent merit
Suggested solution(s) comments
8
z—1 _
(z+1) =1 NOEELLY
=csk+nr = € b &2
z—1 2k + )ue
= Ci =—4,-3,... A
=1 cis 3 for k 4,-3,...,3
2k + Dm 2k + U)m
.'.z—lzzcis( ) +cis( ) z Mot
8 8 < G\
2k + 1) 2k + Dm T |
z 1—CIST = 1+c1sT —ut L e = 3
Tl (Zk-;l)n ,‘. = —L, ‘%,-H)?' 3
= T
8
2k + Dt 2k + Dm
= icot(—) withw = cis(T) in part (i)
T 3 T
:iCOt(ii_6)'iCOt<iIg>""'iC0t<i_1—6)
. i ) 3 i Va4
:ilCOt(-l_f,)'ilCOt(I€>""‘ilCOt(IE) . Fa&f% wo e U
Alternatively: WWPM
. t(ﬂ) ) t(?)n) ) t(1571)
= — — L L O ==
z=1ico 16,lC0 16)’ o C T
&l c Bast solie
(AT
. . wF=— = ¢ )
Alternative solutions next two pages
. . >4
Alternative solution I: Ss\ve W =-/
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(2k+1)m, (2k+1)m.
z—1=e 8 "z+e 8 °
(2k+1)m, (2k+1)m.

Z (1 —e 8 } =14+e 8
(2k+1)m.
1+e 8 °
(2k+1)n:

(2k + 1)Tr (2k+1)m;
=icot withw =¢ 8 in part (i)

T 3 7
= LCOt( —6) zcot( E) .. .,icot(iﬁ
=4 ({%),-HC (i:) ..,iicot(%)

Alternative solution II:
z—1\8
G57) |-
z—18
z+ 1 =1
z—1 B
z+1]
lz—1|=lz +1]|

The solutions lie on the perpendicular bisector of the interval joining (1,0) and (—1,0),

which is the imaginary axis. The solutions are all purely real.

Nb-l—' u_;,e_dr‘l-b;' A’l

z—1\? i
g |(:57) | = areD tm}
— 1‘ o
=Qk+n A
_ £~ \
[z - 1 (2k + Dm ,f"’
T 1l 8
In the diagram a = (Z—RI%)E /
tana = —
|| —
|z| = cota
g 2k + Dm
Bl U

Since z lies on the imaginary axis above or below zero,

3 Vi
z:icot(i—z),icot<i—n), .,icot(i—n>

16 16 16

T 3 Vs

=+ —), + ., ticot|—
lCOt(16) Lcot(16> ,_Lcot(16>

—

Re
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Question 16 (c)

Criteria Marks
* Provides correct solution 3
* Finds an equation for the dot product of QP and MN in terms of m 2
and n, or equivalent merit
* Finds expressions for p and g in terms of m and n, or equivalent 1
merit
Suggested solution(s) comments
p = ON + MN MP =P -
= W = en
=n+n—m N %/?/ MM:'L;(E,-%)
=2n—m I/\ ,1..\./—"?‘/;—*’“”——,;% » P
— —~— / =~
O_Q':W+TQ - ,y\\/ ///F mw =N P
JEE— —_ G /"’ /’/ %
q=O0N+ AON / /;/ NE& sAok &R
p 0 =\ Y s il L(
=(1+A)ON > Fajrly wee‘Q
= (1 + n . _— “&H—QMP"
- Pé( = -0(?
P=p-
=2n=m—-(1+M)n = = — -2 Re Draw
I v Dy s
=(-Dn-m - S PR RE
(52_ N—t\j\)
P——émzo Lee &I I3\
_ _ 3 _ — 157 e
(m=@=n)(n-m)=0 D
mn—-mm—-—>1-An-n+ @A—-A)n-m=0
Z 2
A= +@=-Dm-n-|m| =0
2 2 2
A(inl —m-n)+2m-n—|m| —|n| =0
2 2 2
Al =mn) = ]+ [af" = 2m -
2 2
|m| + ‘n‘ —2m-n
1= 5
‘n‘ -m-n
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Question 16 (d)

Criteria Marks
*  Provides correct solution 3
» Simplifies the denominator, or equivalent merit 2

« Uses ffx f(x)dx = f;f(g_x) f(g—x)dx’ Snift/ king's Prop 1

orA, = fog (% = x) f (% = x) dx, or equivalent merit

Suggested solution(s) comments
A1 = ln 2
T
2
Ay = f x f(x)dx
0 =T -
7 8. awiph er ot bt w=T o
[ GG
I I
since 0 and > are equidistant f'romZ and the two functions are reflections a‘l?)out X
s 4D Hemy kedw©
4
T T
2 7 4 d
= X = * we N
0 1+cos(%—x)+sin(%—x) Naﬁwe“PM
w I
3 F—X
- f YT L - Need 4o
o 1 +sinx + cosx ) Herwl o
_ nff dx f? x dx LHotsd w = _t%_—..‘
2Jy 1+cosx +sinx J, 1+ cosx+ sinx e | to
L \ | 7
T (2
Azz—f f(x)dx_Az ’—g
2 ) Y
) T
2142—5141 mnl R L‘LA»\,
lnz e I lny
7IA1 = 4A2 A, = i:l;!u\\ \ e
" Ap A, =4im T s
o,
Alternative solution I:
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:f:

Il

I
I

I I
] NS

S

1z

L]

xf(x)dx+j

T

G-

0

since (g = x)

1

I
4

dx+j
+ cosx + sinx 0

1+
m
7

4+ cosx + sinx

dx

!

-3

1

2

X

| Qo
5 X
NN

1+ cosx+ sinx
Vs

f? dx
o 1+cosx+sinx

=3
)

T
~ AA, = an:Zan

=4

s

ENE N =

e

G-

i
5~ X

s
is a reflection of xf (x) about x =
————

Da M..-g\a kub\a?ll"fh}f-

preperly o

dx

1+Cos(%—x)+sin(%—x)

s
7—)(

1+ sinx 4+ cosx

T
since f(x) is symmetrical about x = i

1P |
18P B jl%w).b( — No+ qge wel

/>

','/
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2025 Year 12 Trial HSC Mathematics Extension 2

Mapping Grid

Section |
Question | Marks | Content Syllabus Outcome Targeted
Bands
1 1 MEX-P1 The Nature of Proof MEX12-2 E2-E3
« use the formal language of proof, including the terms statement, implication, converse, negation and
contrapositive (ACMSMO024)
1 MEX12-4 E2-E3

MEX-N2 Using Complex Numbers

* identify subsets of the complex plane determined by relations, for example |z — 3i| < 4, 11/4 < Arg(z) < i—".
Re(z) > Im(z) and |z — 1| = 2|z — i|] (ACMSMO086)

MEX-C1 Further Integration

3 1 MEX-P1 The Nature of Proof MEX12-2 E2-E3
* use examples and counter-examples (ACMSMO028)

4 1 MEX-N2 Using Complex Numbers MEX12-4 E2-E3
* represent and use complex numbers in the complex plane (ACMSMQ71)

5 1 MEX12-5 E2-E3

* decompose rational functions whose denominators have simple lin
both, into partial fractions.

ear or quadratic factors, or a combination of

Mechanics

6 1 MEX-N1 Introduction to Complex Numbers MEX12-4 E3-E4
* represent and use complex numbers in Cartesian form AAM

7 1 MEX-V1 Further Work with Vectors MEX12-3 E3-E4
» define and use the scalar (dot) product of two vectors in three dimensions AAM

8 1 MEX-V1 Further Work with Vectors MEX12-3 E3-E4
* recognise and find the equations of spheres

9 1 MEX-M1 Applications of Calculus to MEX 126 E3-E4

»  derive equations

for displacement, velocity and acceleration in terms of time, given that a motion is simple
harmonic and describe the motion modelled by these equations AAM

10

1

MEX-M1 Applications of Calculus to
Mechanics

MEX 12-6

E3-E4

*  solve problems involving projectiles in a variety of contexts AAM
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Section Il

Question | Marks Content Syllabus Outcome Targeted
Bands
11 (a) 2 MEX-V1 Further Work with Vectors MEX12-3 E2-E3

« perform addition and subtraction of three-dimensional vectors and multiplication of three-dimensional vectors by
a scalar algebraically and geometrically, and interpret these operations in geometric terms

11 (b) 2

MEX-N1 Introduction to Complex Numbers

MEX12-1

E2-E3

* use multiplication, division and powers of complex numbers in polar form and interpret these geometrically

11 (c) (i) 1 MEX-V1 Further Work with Vectors MEX12-3 E2-E3
* determine when a given point lies on a given line in vector form
11 (c) (ii) 2 MEX-V1 Further Work with Vectors MEX12-3 E2-E3

» determine a vector equation of a straight line or straight-line segment, given the position of two points or
equivalent information, in two and three dimensions (ACMSM105)

11 (d) 2 MEX-N2 Using Complex Numbers MEX12-4 E2-E3

«  solve quadratic equations of the form ax? + bx + ¢ = 0, where a, b, c are complex numbers AAM

11 (e) 2 MEX-M1 Applications of Calculus to MEX 12-6 E2-E3
Mechanics

9 5 dv
and derive and use the expressions 5o T and —

*  consider and solve problems involving motion in a straight line with

dv d

dx dx

both constant and non-constant acceleration
(£v?) for acceleration (ACMSM136) AAM

1MEa |2

MEX-C1 Further Integration

MEX12-5

E2-E3

* decompose rational

functions whose denominators have simple linear or quadratic factors, or a combination of
both, into partial fractions

11 (f) (i) 2 MEX-C1 Further Integration MEX12-5 E2-E3
*  use partial fractions to integrate functions

12 (a) 2 MEX-N1 Introduction to Complex Numbers MEX12-4 E2-E3
»  prove and use the basic identities involving modulus and argument (ACMSM080) AAM

12 (b) 2 MEX-C1 Further Integration MEX12-5 E2-E3
* evaluate integrals using the method of integration by parts (ACMSM123)

121(cH 3 MEX-P1 The Nature of Proof MEX12-2 E2-E3
*  prove simple results involving numbers (ACMSM061)

12 (d) 2 MEX-N1 Introduction to Complex Numbers MEX12-4 E2-E3

argument of z

«  represent and use complex numbers in exponential form, z = re‘®, where r is the modulus of z and 8 is the
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Question | Marks Content Syllabus Outcome Targeted
Bands

12 (e) (i) 3 mszr;g/ln1icipplications of Calculus to MEX12-6 E2-E3

*  solve problems involving resisted motion of a particle moving along a horizontal line AAM

12 (e) (ii) 3 ms(i(h—gﬂn?cipplications of Calculus to MEX12-6 E2-E3

*  solve problems involving resisted motion of a particle moving along a horizontal line AAM

13 (a) 3 MEX-C1 Further Integration MEX12-5 E2-E3

* integrate rational functions involving a quadratic denominator by completing the square or otherwise

13 (b) 2 MEX-P1 The Nature of Proof MEX12-2 E2-E3

*  prove results involving inequalities.

13 (e) 8 MEX-P2 Further Mathematical Induction MEX12-2 E2-E4

* use mathematical induction to prove first-order recursive formulae

13 (d) 3 MEX-N2 Using Complex Numbers MEX12-4 E2-E3

*  solve problems involving real polynomials with conjugate roots

13 (e) (i) 3 MEX-M1 Applications of Calculus to MEX12-6 E0-E4

Mechanics

* describe mathematically the motion of particles in situations other than projectile motion and simple harmonic

motion

13 (e) (ii)

MEX-M1 Applications of Calculus to
Mechanics

MEX12-6

E2-E4

» describe mathematically the motion of particles in situations other than projectile motion and simple harmonic

motion

14 (a)

2

MEX-C1 Further Integration

MEX12-5

E3-E4

« find and evaluate indefinite and definite integrals using the method of integration by substitution, where the
substitution may or may not be given

14 (b)

4

MEX-M1 Applications of Calculus to
Mechanics

MEX12-6

E2-E4

« derive v? = g(x) and the equations for velocity and displacement in terms of time when given ¥ = f(x) and initial
conditions, and describe the resulting motion

14 (c) (i) 2 MEX-N2 Using Complex Numbers MEX12-4 E2-E3
* use De Moivre's theorem with complex numbers in both polar and exponential form AAM
14 (c) (ii) 3 MEX-N2 Using Complex Numbers MEX12-4 E2-E4

» use De Moivre's theorem with complex numbers in both polar and exponential form AAM
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Question | Marks Content Syllabus Outcome Targeted
Bands
14 (d) (i) 3 MEX-V1 Further Work with Vectors MEX12-3 E3-E4

* use vector equations of curves in two or three dimensions involving
Cartesian equation in the two-dimensional case, where possible (ACMSM104) AAM

a parameter, and determine a corresponding

14 (d) (i) | 1

MEX-V1 Further Work with Vectors

MEX12-3

E3-E4

« use vector equations of curves in two or three dimensions involving
Cartesian equation in the two-dimensional case, where possible (ACMSM104) AAM

a parameter, and determine a corresponding

15 (a) (i) 2 MEX-P1 The Nature of Proof MEX12-2 E2-E3
«  prove further results involving inequalities by logical use of previously obtained inequalities

15 (a) (ii) 2 MEX-P1 The Nature of Proof MEX12-2 E3-E4
«  prove further results involving inequalities by logical use of previously obtained inequalities

15 (b) 3 MEX-P1 The Nature of Proof MEX12-2 E2-E4
+  use proof by contradiction including proving the irrationality for numbers such as V2 and log, 5 (ACMSMO025,

ACMSMO063)

15 (c) 3 MEX-V1 Further Work with Vectors MEX12-3 E2-E4
* define and use the scalar (dot) product of two vectors in three dimensions AAM

15 (d) 4 MEX-M1 Applications of Calculus to MEX12-6 E2-E4

Mechanics

«  solve problems involving the motion of a particle moving vertically (upwards or downwards) in a resisting medium

and under the influence of gravity AAM

16 (a) (i) 8 MEX-C1 Further Integration MEX12-5 E2-E4

« derive and use recurrence relationships

16 (a) (ii) 1 MEX-C1 Further Integration MEX12-5 E2-E3

* derive and use recurrence relationships

16 (b) (i) 3 MEX-N1 Introduction to Complex Numbers MEX12-4 E3-E4

* represent and use complex numbers in polar or modulus-argument form, z = r(cos 8 + i sin8), where r is the
modulus of z and 6 is the argument of z AAM

16 (b) (ii) 3 MEX-N1 Introduction to Complex Numbers MEX12-4 E3-E4

*  represent and use complex numbers in polar or modulus-argument form, z = r(cos 6 + i sin8), where r is the
modulus of z and 6 is the argument of z AAM

16 (c) 3 MEX-V1 Further Work with Vectors MEX12-3 E3-E4

» define and use the scalar (dot) product of two vectors in three dimensions AAM

16 (d) 3 MEX-C1 Further Integration MEX12-2 E2-E4

« apply these techniques of integration to practical and theoretical situations AAM
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