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JRAHS Trial HSC Extension 2 - 2009 
  
Question 1 (15 Marks) 
 

Marks 

(a) Find the modulus and principle argument of  z  if 31 iz += . Hence find the smallest 
positive integer n such that nz  is a real number. 
 

3 

 (b)  (i) Find both complex roots of i432 +=ω . 
 

3 

 (ii) Hence find the complex roots of the equation ( ) 08242 =−−+ iziz . 
 

3 

(c) Find all the complex numbers that satisfy iizz 4362 +=− . 
 

4 

 
(d) Find  dx

xx∫ ++ 52
1

2 . 

 

2 

 
 
 
Question 2 (15 Marks) START A NEW PAGE 
 

Marks 

(a) Hot liquid metal is poured into a cooling vat. The initial temperature, 1T , of the metal is 
C°900  and the initial temperature, 2T , of the vat is C°36 . The temperatures of the metal and 

vat satisfy Newton’s law of cooling according to the formulae 

( )21
1 TTk

dt
dT

−−=  and ( )21
2 8.0 TTk

dt
dT

−=  where 0>k . 

 

 

  
(i) Show that 0

5
4 21 =+

dt
dT

dt
dT  and hence prove that 756

5
4

21 =+TT . 

 

3 

  
(ii) Find a formula for 

dt
dT1  in terms of 1T  and hence show that 

tk

AeT 5
9

1 420
−

+= , where 

A and k are constants, satisfies this differential equation. 
 

3 

 (iii) Four hours after the metal is poured into the vat, the metal has cooled to C°500 . Find 
the temperature of the metal after a further 2 hours. Give your answer correct to the 
nearest degree. 
 

3 

 

(b) 
 

(i) The area bounded by the graph of 24 xxy −=  and the x-axis is rotated one 
revolution about the y-axis to form a solid. Show, with the aid of a sketch of the curve 

24 xxy −= , and using the method of Volume by Cylindrical Shells, that the 
volume, 3 uV , of the solid is given by: 
 
  dxxxV ∫ −=

2

0

22 44π . 

 

2 

 (ii) Using the substitution θsin2=x , find the volume of the solid that is formed. 4 
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Question 3 (15 Marks) START A NEW PAGE 
 
 

Marks 

(a) The diagram shows the graph of an increasing 
function ( )xfy =  and its inverse ( )xfy 1−=  for 

0≥x , and the line xy = . The graphs intersect 
at ( )0,0  and ( )αα ,P . 
 
  y = f(x)

 y = x
 y

 x O

 P(α ,α )
 y =  f  -1  (x) ̂

 <  >

 
 

 
4 

 Use the substitution ( )xfu 1−=  to show that ( ) ( ) duufudxxf ∫∫ ′=− αα

00

1  and hence show 

that the area , A square units, bounded by ( )xfy =  and  ( )xfy 1−=  for 0≥x  is given by 

 ( ) ( ){ }∫ −′=
α

0
dxxfxfxA . 

 
 
 

 

(b) For the curve xxy 1tan −= . 
 

 

 (i) For what values of x is xxy 1tan −=   an increasing function? 
 

1 

 (ii) Show that xxy 1tan −=  is concave up for all real values of x. 
 

2 

 (iii) Sketch the graph of xxy 1tan −=  for 5.25.2 ≤≤− x , clearly showing any stationary 
points. 
 

2 

 (iv) If ( ) xxxf 1tan −= , 0≥x , show on a new diagram the graphs of  ( )xfy =  and its 
inverse ( )xfy 1−= , and the line xy = . Clearly label the coordinates of their points 
of intersection. 
 

3 

 (v) With the aid of the result from Q3(a), find the area of the region bounded by 
( )xfy =  and ( )xfy 1−= . 

 

3 
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Question 4 (15 Marks) START A NEW PAGE 
 

Marks 

(a) 

 x
 20 cm

 j

 UV = h cm   and   UW = 100 cm

 G

 F
 T

 H

 E

 R

 P

 Q S

 U

 D

 B

 A

 C

 W V

 
 

 The above solid has a square face (ABCD) at one end and a triangular face (PQR) that is 
parallel to it at the other end. The solid is 100 cm long. The square face has sides of length 

cm20  and is perpendicular to the base (ADRP) while the triangular face is isosceles with 
QP = QR. The triangular face BCQ and rectangular face ADRP are parallel. 
 

 

 (i) If the length cmhUV = , show that the area, 2cmA ,of the cross-section EFGH is 
given by hA 2400 −= . 
 

2 

 (ii) Hence calculate the volume of the above solid. 
 
 
 

3 

(b) The total surface area, 2cmA , of a cylinder is given by ( )hrrA += π2 , where cmr is  the 
radius of the base and cmh is the height. Find the rate at which the surface area is changing 
if the radius of the base is increasing at cm/minute2.0 and the height is decreasing at 

cm/minute5.0 when the base radius equals 16 cm and the height equals 20 cm. 
 
 
 

3 

(c) (i) If ( )kk xcxy −+= , where 0>c , 0>k , 1≠k , show that y has a single stationary 
value between 0=x  and cx = , and show that this stationary value is a maximum if 

10 << k and a minimum if 1>k . 
 

3 

  
(ii) Hence show that if 0>a , 0>b , ba ≠ , then 

kkk baba






 +

<
+

22
 if 10 << k  and 

kkk baba






 +

>
+

22
 if 1>k . 

 

4 
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Question 5 (15 Marks) START A NEW PAGE 
 
 

Marks 

 A toy soldier of mass 500 grams has a parachute attached to it. The toy soldier is released 
from rest at a position 60 m above the ground. During its fall the forces acting on the toy are 

gravity and, owing to the parachute, a resistance force of magnitude 2

80
1 v   when the 

velocity of the toy is smv / . After 2ln5  seconds the parachute fails and from then on the 
only force acting on the toy is gravity. The acceleration due to gravity is taken as 210 −ms  
and at time t seconds the toy has fallen mx  from its release point and its velocity is smv / . 
 
 

 

 (i) With the aid of a force diagram show that while the parachute is operating, 
2

40
110 vx −= .  

 
 

1 

  
(ii) Show that 








+
−

=
1
120 t

t

e
ev . 

 
 

4 

  
(iii) Show that


















−−=

2

20
1ln20 vx . 

 
 

4 

 (iv) Find the exact speed of the toy and the exact distance fallen at the instant the 
parachute fails. 
 
 

3 

 (v) After the parachute fails, find an expression for the acceleration x  and hence find the 
speed of the toy the instant it hits the ground. Give your answer correct to two 
significant figures. 
 
 

3 
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Question 6 (15 Marks) START A NEW PAGE 
 
 

Marks 

(a) 
 

Two particles of masses kg2m and 
kgm respectively are connected to a light 

inextensible string of length ml . The string 
passes through a fixed smooth ring. While 
the kg2m  mass hangs in equilibrium a 
distance mx  below the ring, the other mass 
describes a horizontal circle with angular 
velocity rad/secω . (Take the acceleration 
due to gravity as 2m/sg ) 
 

 

 

 (i) Draw a diagram showing the forces acting on each mass. 
 
 

2 

 (ii) Find the angle that the string makes with the vertical. 
 
 

3 

  
(iii) Prove that the angular velocity of the smaller mass equals rad/sec2

xl
g
−

. 

 
 
 
 
 

2 

(b) In the diagram, AB and AC are tangents from 
A to the circle with centre O, meeting the 
circle at B and C. ADE is a secant of the 
circle. G is the midpoint of DE. CG produced 
meets the circle at F. 
 

 D

 F

 G
 A

 O

 C

 B

 E

 
 

 

 (i) Copy the diagram onto your answer sheet and prove that ABOC and AOGC are cyclic 
quadrilaterals. 
 
 

2 

 (ii) Explain why OACOGF ∠=∠ . 
 
 

1 

 (iii) Prove that BF || ADE. 
 

5 
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Question 7 (15 Marks) START A NEW PAGE 
 
 

Marks 

 
 
 

 

The line l is a common tangent to the hyperbola 2cxy =  and 12

2

2

2

=−
b
y

a
x  with points of contact P 

and Q respectively. 
 

 

(i) 
Considering l as a tangent to 2cxy =  at 








t
cctP , , prove that l has the equation 

ctytx 22 =+ . 
 

3 

(ii) 
Considering l as a tangent to 12

2

2

2

=−
b
y

a
x  at ( )θθ tan,sec baQ , prove that l has the equation 

1tansec
=−

b
y

a
x θθ . 

 

3 

 

(iii) Deduce that 
ctbta 2
1tansec

2 =
−

=
θθ . 

 

1 

(iv) Write the coordinates of Q in terms of  t, a, b and c, and show that 04 22242 =−+ atctb . 
Deduce that there are exactly two such common tangents to the hyperbolas. 
 

3 

(v) Copy the diagram onto your answer sheet, and using the symmetry of the graph, draw in the 

second common tangent with points of contact R on 2cxy =  and S  on 12

2

2

2

=−
b
y

a
x . Write 

down the coordinates of R and S in terms of  t, a, b and c.  
 

2 

(vi) Show that if PQRS is a rhombus, then 22 ab = . 
 

3 
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Question 8 (15 Marks) 
 

Marks 

(a) Six lines are drawn on a plane such that no two lines are parallel and no three lines are 
concurrent (i.e. pass through the same point). 
 

 

 (i) Show that there are 15 points of intersection. 
 
 

1 

 (ii) If three of these points are chosen at random, show that the probability that they all lie 

on one of the given lines is 
91
12 . 

 
 

2 

 (iii) Find the probability that if three of these points are chosen at random then none of 
them lie on the same line. 
 
 
 

2 

(b) (i) Prove that: 
 

 ( ) ( )1
!1

1
1

1
0

1

+
=

+
−

xxx
C

x
C

α . 

 
 

( ) ( )( )21
!2

21
2

2
1

2
0

2

++
=

+
+

+
−

xxxx
C

x
C

x
C

β . 

 
 

2 

  

(ii) Given ( ) ( )( ) ( )kxxxx
kxkT

+++
=

21
!, , prove that ( ) ( ) ( )xkTxkTxkT ,11,, +=+− . 

 
 

3 

 (iii) Hence prove, using Mathematical Induction or otherwise, that for 1≥n : 
 

( ) ( )( )( ) ( )nxxxxx
n

nx
C

x
C

x
C

x
C

x
C n

n
n

nnnn

++++
=

+
−++

+
−

+
+

+
−




321
!1

321
3210 . 

 
[ ]1

1: result  theusemay You −
+ += r

k
r

k
r

k CCC  

5 

 
 
 

THIS IS THE END OF THE EXAMINATION PAPER 
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JRAHS Trial HSC Extension 2 – 2009 - Solutions 
  
Question 1 (15 Marks) 
 

Marks 

1(a) Find the modulus and principle argument of  z  if 31 iz += . Hence find the smallest 
positive integer n such that nz  is a real number. 
 
SOLUTION: 
 

( )
2    

31
22

=

+=z  

( ) 3arg π=z  

( )
3

3

2     

2
π

π

nn

nn

cis

cisz

=

=
 

If nz  is real then ZnZkkn ∈∈= ,,3 ππ  
....3,2,1,3 == kkn  

3=∴n  
 

3 

 1(b)  (i) Find both complex roots of i432 +=ω . 
 
SOLUTION: 
 

( )

( )i2
)inspection(by   1,2or    1,2

2  and  3
432

43Then  

,     ,Let  

22

22

2

+±=
−=−===⇒

==−∴

+=+−⇒

+=+

∈+=

ω

ω

baba
abba

iiabba
iiba

Rbaiba

 

 

3 
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 (ii) Hence find the complex roots of the equation ( ) 08242 =−−+ iziz . 

 
SOLUTION: 
 

( ) ( ) ( )( )

( )

( )

( )

( ) ( )

( ) ( ) ( ) ( )

iz

i

iiii

ii

ii

ii

iii

iii
z

2or  4
2
8or    

2
4    

2
2424or    

2
2424    

2
2224    

2
43224    

2
161224    

2
324161624    

2
8142424 2

−=

−
=

+−+−+++−
=

+±+−
=

+±+−
=

+±+−
=

+−−±+−
=

−−−±−−
=

 

 

3 

1(c) Find all the complex numbers that satisfy iizz 4362 +=− . 
 
SOLUTION: 
 

Ryxiyxz ∈+= ,,Let  
( )

( )( )

iiz
y

yy
yy

yy
xyyx

iixyyx
iiyxiyx

54or  44
4or  5

045
020

 3616
4  and  36

436
436Then  

2

2

22

22

22

−−+−=
−=

=−+
=−+

=++∴

−==++⇒

+=−++

+=+−+

 

 

4 

 
(d) Find  dx

xx∫ ++ 52
1

2 . 

 
 

( )

cx

dx
x

dx
xx

+





 +

=

++
=

++

−

∫∫

2
1tan

2
1                           

41
1

52
1

1

22

 

2 
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Question 2 (15 Marks) START A NEW PAGE 
 

Marks 

2(a) Hot liquid metal is poured into a cooling vat. The initial temperature, 1T , of the metal is 
C°900  and the initial temperature, 2T , of the vat is C°36 . The temperatures of the metal and 

vat satisfy Newton’s law of cooling according to the formulae 

( )21
1 TTk

dt
dT

−−=   and  ( )21
2 8.0 TTk

dt
dT

−=  where 0>k . 

 

 

 
2(a) 

 
(i) Show that 0

5
4 21 =+

dt
dT

dt
dT  and hence prove that 756

5
4

21 =+TT . 

 
SOLUTION: 
 

( ){ } ( )

0                     
8.08.08.08.0                     

8.08.0
5
4

2121

2121
21

=
+−+−=

−+−−=+

kTkTkTkT

TTkTTk
dt

dT
dt
dT

 

7568.0
756.

.369008.0
36 and 900,0when 

.8.0

08.0   Since

21

21

21

21

=+∴
=

=+×
===

=+

=+

TT
const

const
TTt

constTT
dt

dT
dt
dT

 

 

3 

 
2(a) 

 
(ii) Find a formula for 

dt
dT1  in terms of 1T  and hence show that 

tk

AeT 5
9

1 420
−

+= , where 

A and k are constants, satisfies this differential equation. 
 
SOLUTION: 
 

( )

( )
( )

( )4208.1       
7568.1       

8.0756       

1

1

11

21
1

−−=
−−=

+−−=

−−=

Tk
Tk

TTk

TTk
dt
dT

 

 

( )

( ) 420  since  4208.1 

8.1       

8.1

420

1
5

9

1
1

5
9

5
9

1

5
9

1

−=−−=∴









−=

−=

+=

−

−

−

−

TAeTk
dt
dT

Aek

ekA
dt
dT

AeT

tk

tk

tk

tk

 

 

3 
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2(a) (iii) Four hours after the metal is poured into the vat, the metal has cooled to C°500 . Find 
the temperature of the metal after a further 2 hours. Give your answer correct to the 
nearest degree. 
 
SOLUTION: 
 

kteT
A

Ae
Tt

8.1
1

0
1

480420
480

420900
900  ,0when 

−+=

=
+=∴

==

 

 

( )

t

t

k

k

k

eT

eT

k

k
e

e
e

Tt

6ln
4
1

1

2.7
6ln8.1

1

6
1

6
12.7

2.7

2.7
1

480420

480420

2.7
6ln
ln2.7

80480
480420500

500  ,4when 

−







−

−

−

−

+=

+=

−
−

=

=−

=

=

+=∴

==

 

 

C
T

e

eT

t

°=
=

+=

+=

=

−

×−

453etemperatur
...65986.452

480420    

480420

6when 

1

6ln
2
3

66ln
4
1

1

 

 

3 
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2(b) 
 

(i) The area bounded by the graph of 24 xxy −=  and the x-axis is rotated one 
revolution about the y-axis to form a solid. Show, with the aid of a sketch of the curve 

24 xxy −= , and using the method of Volume by Cylindrical Shells, that the 
volume, 3 uV , of the solid is given by: 
 
  dxxxV ∫ −=

2

0

22 44π . 

 

2 

   
SOLUTION: 
Volume of cylinder formed by rotating  
right side section of curve approximates the 
volume of a rectangular prism  
 

∆ V

∆ x
 2π x

 y = x  4-x 2

 

∫

∑

=

∆=
→∆

2

0

2

00

2

2lim

dxxyV

xxyV

R

xR

π

π
 

but graph is odd and corresponding volume 
is an even integral LeftRight VV =   

∫

∫

∫

∫

−=

−=

=

×=

2

0

22

2

0

2

2

0

2

0

44  

4.4   

4    

22

dxxx

dxxxx

dxxy

dxxyV

π

π

π

π

 

 
Or  

2422 xxyheight −==  by symmetry of 
solid after rotation, then 

( )

∫

∫

∑

−=

=

∆=
→∆

2

0

2

2

0

2

00

4.4

4

22lim

dxxxxV

dxxyV

xyxV
x

π

π

π

 

 

 
 
 
 

 2.5

 2

 1.5

 1

 0.5

 -0.5

 -1

 -1.5

 -2

 -2 5

 y

 -2.5  -2  -1.5  -1  -0.5  0.5  1  1.5  2  2.5 x

 y = x  4 -  x  2

 
 
 
 

 2.5

 2

 1.5

 1

 0.5

 -0.5

 -1

 -1.5

 -2

 -2 5

 y

 -3  -2  -1  1  2  3  x

 y = -x  4 - x 2  y = x  4 - x 2
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2(b) (ii) Using the substitution θsin2=x , find the volume of the solid that is formed. 

 
SOLUTION: 
 

2

2

0

22

2
00

cos2

44

πθ
θ

θθ

π

=⇒=
=⇒=

=

−= ∫

x
x

ddx

dxxxV

 

 

( )( )( )

( )

( )∫

∫

∫

∫

=

=

=

−=

2

2

2

2

0

2

0

22

0

2

0

22

cossin216    

cossin416    

cos2.cos2.sin44    

cos2.sin44sin44

π

π

π

π

θθθπ

θθθπ

θθθθπ

θθθθπ

d

d

d

dV

 

[ ]
( ) ( ){ }

32

2
2

04
1

0

0

2

4volume
4    

0sin02sin8    
4sin8    

2
4cos116    

2sin16    

2

2

2

u

d

d

π

π

ππ
θθπ

θθπ

θθπ

π

π

π

π

=

=

−−−=

−=







 −

=

=

∫

∫

 

4 

 



JRAHS Ext 2 Trial 2009 7 

 
Question 3 (15 Marks) START A NEW PAGE 
 

Marks 

3(a) The diagram shows the graph of an increasing 
function ( )xfy =  and its inverse ( )xfy 1−=  for 

0≥x , and the line xy = . The graphs intersect 
at ( )0,0  and ( )αα ,P . 
 
  y = f(x)

 y = x
 y

 x O

 P(α ,α )
 y =  f  -1  (x) ̂

 <  >

 
 

 
4 

 Use the substitution ( )xfu 1−=  to show that ( ) ( ) duufudxxf ∫∫ ′=− αα

00

1  and hence show 

that the area , A square units, bounded by ( )xfy =  and  ( )xfy 1−=  for 0≥x  is given by 

 ( ) ( ){ }∫ −′=
α

0
dxxfxfxA . 

 
SOLUTION: 
 

( ) ( )
( )

( )

( )
α

αα
=
=⇒=

=
=⇒=

′=
=⇒=

−

−

−

                  

0                 
00

1

1

1

fux

fux
duufdx

ufxxfu

 

 
( ) ( )

( ) dxxfx

duufudxxf

∫

∫∫
′=

′=−

α

αα

0

00

1

                     
 

 
( ) ( )

( ) ( ){ }
( ) ( ){ }∫

∫

∫∫

−′=

−=

−=

−

−

α

α

αα

0

0

1

00

1

dxxfxfxA

dxxfxfA

dxxfdxxfA
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3(b) For the curve xxy 1tan −= . 

 
 

3(b) (i) For what values of x is xxy 1tan −=   an increasing function? 
 
SOLUTION: 
 

0  when  0tan  and  0
1
 since  0 if 0

tan
1

tan

1
2

1
2

1

>>>
+

>>∴

+
+

=

=

−

−

−

xx
x

xx
dx
dy

x
x

x
dx
dy

xxy

 

 

1 

3(b) (ii) Show that xxy 1tan −=  is concave up for all real values of x. 
 
SOLUTION: 
 

( )( ) ( )( )
( )

( )

( )

( )

Rx
Rx

x

x
xx

xx
x

xx
xxx

dx
yd

x
x

x
dx
dy

∈∴
∈>

+
=

+

++−
=

+
+

+

−
=

+
+

+

−+
=

+
+

= −

 allfor  up concave
 allfor  0        

1
2        

1
11        

1
1

1
1        

1
1

1
211

tan
1

22

22

22

222

2

222

2

2

2

1
2

 

 

2 
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3(b) (iii) Sketch the graph of xxy 1tan −=  for 5.25.2 ≤≤− x , clearly showing any stationary 

points. 
 
SOLUTION: 
 

x -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 
y 2.98 2.21 1.47 0.79 0.23 0 0.23 0.79 1.47 2.21 2.98 

 
 3.2

 3

 2.8

 2.6

 2.4

 2.2

 2

 1.8

 1.6

 1.4

 1.2

 1

 0.8

 0.6

 0.4

 0.2

 -0.2

 -0.4

 y

 -3  -2.5  -2  -1.5  -1  -0.5  0.5  1  1.5  2  2.5  3  x 0

 

2 

3(b) (iv) If ( ) xxxf 1tan −= , 0≥x , show on a new diagram the graphs of  ( )xfy =  and its 
inverse ( )xfy 1−= , and the line xy = . Clearly label the coordinates of their points 
of intersection. 
 
SOLUTION: 
 
Curves meet when  

( )

1tanor    0
1tanor    0

01tan
tan

1

1

1

==
==

=−

=

−

−

−

xx
xx

xx
xxx

 

 
 2.8

 2.6

 2.4

 2.2

 2

 1.8

 1.6

 1.4

 1.2

 1

 0.8

 0.6

 0.4

 0.2

 -0.2

 y

 -0.5  0.5  1  1.5  2  2.5  3  x

 tan1 , tan1( )
 y =  f  -1  x( )

 y= f  x( )  = xtan -1  x

 0
 

 

3 
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3(b) (v) With the aid of the result from Q3(a), find the area of the region bounded by 

( )xfy =  and ( )xfy 1−= . 
 
SOLUTION: 
 

( ) ( ){ } ( )

( )

( )

[ ]
( ) ( )

( ) 2

1tan
0

1

1tan

0 2

1tan

0 2

2

1tan

0

1
2

2
1

1tan

0

1
2

1

11tan

0

  11tanArea
0011tan    

tan    

1
11    

1
    

tan
1

tan    

tan
1

tan    

tan     where

u

xx

dx
x

dx
x

x

dxxx
x

xxx

dxxx
x

xxx

xxxfdxxfxfxA

−=

−−−=
−=









+
−=








+

=









−







+

+=









−







+
+=

=−′=

−

−−

−−

−

∫

∫

∫

∫

∫

 

3 
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Question 4 (15 Marks) START A NEW PAGE 
 

Marks 

4(a) 

 x
 20 cm

 j

 UV = h cm   and   UW = 100 cm

 G

 F
 T

 H

 E

 R

 P

 Q S

 U

 D

 B

 A

 C

 W V

 
 

 The above solid has a square face (ABCD) at one end and a triangular face (PQR) that is 
parallel to it at the other end. The solid is 100 cm long. The square face has sides of length 

cm20  and is perpendicular to the base (ADRP) while the triangular face is isosceles with 
QP = QR. The triangular face BCQ and rectangular face ADRP are also parallel. 
 

 

4(a) (i) If the length cmhUV = , show that the area, 2cmA ,of the cross-section EFGH is 
given by hA 2400 −= . 
 
SOLUTION: 
 

QBC∆  and QFG∆  are similar 

( )

5
100

20100
100

equal are sides ingcorrespond of ratios

hFG

FGh
BC
FG

QS
QT

−
=

=
−

=∴

 

( )( )

( )

( )
hA

h

h

hA 

uFGEHTVEFGH

2400
2002     

5
10010010     

5
1002020

2
1

2
1 of Area 2

−=
−=







 −+

=







 −

+=

+=

 

 

2 
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4(a) (ii) Hence calculate the volume of the above solid. 

 
SOLUTION: 
 

( )

[ ]
( ) ( )

3

2

100
0

2

100

0

100

00

m 30000Volume
30000    

00100100400    
400    

2400    

.lim

c

hh

dhh

hAV
h

=

=
−−−×=

−=

−=

∆=

∫

∑→∆

 

 
 

3 

4(b) The total surface area, 2cmA , of a cylinder is given by ( )hrrA += π2 , where cmr is  the 
radius of the base and cmh is the height. Find the rate at which the surface area is changing 
if the radius of the base is increasing at cm/minute2.0 and the height is decreasing at 

cm/minute5.0 when the base radius equals 16 cm and the height equals 20 cm. 
 
SOLUTION: 
 

( )
( ) ( )

( ) ( ) ( )

{ }

π

π

π

π

π

π

8.4      

2.0205.0162.01622

20,16,5.0,2.0

22

2

2

2

2

2

2

=

×+−×+××=

==−==







 ++=







 ++=







 +=

+=

dt
dA

hr
dt
dh

dt
drwhen

dt
drh

dt
dhr

dt
drr

dt
dA

r
dt
dhh

dt
dr

dt
drr

dr
d

dt
dA

rh
dt
dr

dt
d

dt
dA

rhrA

 

Surface area is increasing at min/8.4 2cmπ  
 

3 
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4(c) (i) If ( )kk xcxy −+= , where 0>c , 0>k , 1≠k , show that y has a single stationary 

value between 0=x  and cx = , and show that this stationary value is a maximum if 
10 << k and a minimum if 1>k . 

 
SOLUTION: 
 

( )
( )

( )
( )

cx

xcx
xcx

xckkx

y
xckkxy

xcxy

kk

kk

kk

kk

2
1

0when 

11

11

11

=

−=
−=

−=

=′
−−=′

−+=

−−

−−

−−

 

 
( ) ( )( )

( )

( )
2

22

22

2
12     

22
1

2
1when 

11

−

−−

−−







−=



















 −+






−=′′

=

−−+−=′′

k

kk

kk

ckk

ccckky

cx

xckkxkky

 

 
( )

( )  t.p.min. local,0011 If
 t.p.max. local,00110 If

∴>′′⇒>−⇒>
∴<′′⇒<−⇒<<

ykkk
ykkk

 

 

3 
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4(c) 

 
(ii) Hence show that if 0>a , 0>b , ba ≠ , then 

kkk baba






 +

<
+

22
 if 10 << k  and 

kkk baba






 +

>
+

22
 if 1>k . 

 
SOLUTION: 
 

( )

( )

( )

kkk

kkk

kkk

k
kk

k

kk

baba

baabaa

axbac

cxcx

cxcx

k

c

cccy

cwhenx







 +

<
+

∴







 +

<
−++

=+=







<

−+
∴







<−+∴

<<







=







 −+






=

=

22

22

  and   t  le
22

2
2

max. local a is pt. stat.  ,10 if
2

2   

2
1

2
1

2
1

 

 

( )

( )

( )

kkk

kkk

kkk

k
kk

baba

baabaa

axbac

cxcx

cxcx

k







 +

>
+

∴







 +

>
−++

=+=







>

−+
∴







>−+∴

>

22

22

  and   t  le
22

2
2

min. local a is pt. stat.  ,1 if

 

4 
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Question 5 (15 Marks) START A NEW PAGE 
 
 

Marks 

 A toy soldier of mass 500 grams has a parachute attached to it. The toy soldier is released 
from rest at a position 60 m above the ground. During its fall the forces acting on the toy are 

gravity and, owing to the parachute, a resistance force of magnitude 2

80
1 v   when the 

velocity of the toy is smv / . After 2ln5  seconds the parachute fails and from then on the 
only force acting on the toy is gravity. The acceleration due to gravity is taken as 210 −ms  
and at time t seconds the toy has fallen mx  from its release point and its velocity is smv / . 
 
 

 

5(a) (i) With the aid of a force diagram show that while the parachute is operating, 
2

40
110 vx −= .  

 

1 

  SOLUTION: 
 

2

2

40
110

80
15

2
1

vx

vx

forceforcexm

−=

−=

↑−↓=







 

 0

 mg = 5

 1
 80  v 2 ̂

 V

 V
 

 

5(a)  
(ii) Show that 








+
−

=
1
120 t

t

e
ev . 

 
SOLUTION: 
 

( ) ( )[ ]
( ) ( )









−
+

=

−−−+=
−−+=









+
+

−
=

−
=

=
−

−
=

−=

∫

∫

v
vt

vv
vv

dv
vv

dv
v

t

dtdv
v

v
dt
dv

vx

v

v

v

20
20ln

020ln20ln   
20ln20ln   

20
1

20
1   

400
40

400
40

40
400

40
110

0

0

0 2

2

2

2
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( ) ( )
( )
( )1

120
1201

2020
20
20

20
20ln

+
−

=

−=+

−=+

=







−
+









−
+

=

t

t

tt

tt

t

e
ev

eev
veev

e
v
v

v
vt

 

 
5(a)  

(iii) Show that

















−−=

2

20
1ln20 vx . 

 
SOLUTION: 
 

( )[ ]
( ) ( )

















−−=








 −
−=

+−−=

−−=

−
=

−
=

−
=

∫

2

2

2
0

2

20

2

2

20
1ln20

400
400ln20   

400ln20400ln20   

400ln20   
400

40
400

40
40

400

vx 

v

v

v

dv
v

vx

dv
v

vdx

v
dx
dvv

v

v

 

 

4 

5(a) (iv) Find the exact speed of the toy and the exact distance fallen at the instant the 
parachute fails. 
 
SOLUTION: 
 

( )
( )
( )

smspeed

e
ev

t

/  
33

620
33

620  

132
13220  

1
120
2ln5when 

2ln5

2ln5

=

=

+
−

=

+
−

=

=
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mdist

x

x 

v

  
128

1089ln20.

128
1089ln20

1089
128ln20     

20
33

620

1ln20

33
620when 

2







=







=







−=



































−−=

=

 

 
5(a) (v) After the parachute fails, find an expression for the acceleration x  and hence find the 

speed of the toy the instant it hits the ground. Give your answer correct to two 
significant figures. 
 
SOLUTION: 
 

( )

( )fig. sig. 2 to/ 26speed
393.26

128
1089ln400

33
6206020

60when 
128

1089ln400
33

62020

128
1089ln200

33
620

2
1

128
1089ln200

33
620

2
1

33
620,

128
1089ln20when 

10
2
1

 10

10

10

2
2

2
2

2

2

2

sm
v

v

x

xv

c

c

vx

cxv

dxvdv
dx
dvv

x

=
≈







−






+=

=







−






+=







−






=

+





=








=





=

+=

=

=

=

 

3 

 



JRAHS Ext 2 Trial 2009 18 

 
Question 6 (15 Marks) START A NEW PAGE 
 
 

Marks 

6(a) 
 

Two particles of masses kg2m and 
kgm respectively are connected to a light 

inextensible string of length ml . The string 
passes through a fixed smooth ring. While 
the kg2m  mass hangs in equilibrium a 
distance mx  below the ring, the other mass 
describes a horizontal circle with angular 
velocity rad/secω . (Take the acceleration 
due to gravity as 2m/sg ) 
 

 

 

6(a) (i) Draw a diagram showing the forces acting on each mass. 
 
SOLUTION: 
 

 Tension

 Tension

 mg

 2mg

 V

 V

 ̂

 

2 
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6(a) (ii) Find the angle that the string makes with 
the vertical. 
 
SOLUTION: 
 

( )

( )
( )3sin

2cos
mass 1at 

12
mass 2at 

2 





ωθ

θ

mRT
mgT

m

mgT
m

=

=

=

 

 
( )

( )

3

2
1cos

cos2
2 into sub.

2  1 from

πθ

θ

θ

=

=

=

=

mgmg

mgT

 

 

 x  l - x

 R

θ

 Tsinθ

 Tcosθ

 T
 T

 2mg

 mg
 O

 ̂

 V
 ̂

 V

 <

 V

 ̂

 

3 

6(a)  
(iii) Prove that the angular velocity of the smaller mass equals rad/sec2

xl
g
−

. 

 
SOLUTION: 
 

( )

sec/  2locityangular ve

.2

sin

3

2

rad
xl

g
mR

xl
Rmg

mR
T

from

−
=∴

−=

=

ω

θω

 

 

2 

6(b) In the diagram, AB and AC are tangents from 
A to the circle with centre O, meeting the 
circle at B and C. ADE is a secant of the 
circle. G is the midpoint of DE. CG produced 
meets the circle at F. 
 

 D

 F

 G
 A

 O

 C

 B

 E
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6(b) (i) Copy the diagram onto your answer sheet and prove that ABOC and AOGC are cyclic 

quadrilaterals. 
 
SOLUTION: 
 

)arysupplement are angles opposite ofpair  one( quad cyclic a is 
180

90

ABOC
ACOABO

ACOABO
°=∠+∠∴

°=∠=∠
 

 
( )

) and at vertex  angles equal subtends  interval( quad. cyclic a is 
90

chord  thelar toperpendicu is chord a bisects that radius90

CGAOAOGC
ACOAGO

AGO
°=∠=∠

°=∠
 

 

2 

6(b) (ii) Explain why OACOGF ∠=∠ . 
 
SOLUTION: 
 

( )angleinterior  opposite equals quad. cyclic of angleexterior OACOGF ∠=∠  
 

1 

6(b) (iii) Prove that BF || ADE. 
 
SOLUTION: 
 

( )( )
( )

( )
( )

( )

( )

( )equal are angles alternate||
2

both

2

 anglestraight  of sum angle
2

 arc sameon  centreat  angle half is ncecircumfereat  angle
2

arysupplement are  quad. cyclic of angles opposite2
equal are trianglescongruent in  angles ingcorrespond

part  from
 tLe

ADEBF

BFGFGE

FGE

AGEFGE

BCBFG

ABOCBOC
BAO

SSSACOABO
iiOAC

OGF

∴







 −=∠=∠∴

−=∠

=∠=++∠

−=∠

−=∠
=∠∴
∆≡∆
=∠∴
=∠

θπ

θπ

ππθπ

θπ
θπ

θ

θ
θ

 

5 
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Question 7 (15 Marks) START A NEW PAGE 
 
 

Marks 

 
 
 

 

The line l is a common tangent to the hyperbola 2cxy =  and 12

2

2

2

=−
b
y

a
x  with points of contact P 

and Q respectively. 
 

 

 
7(i) Considering l as a tangent to 2cxy =  at 








t
cctP , , prove that l has the equation 

ctytx 22 =+ . 
 
SOLUTION: 
 

( )

( )

ctytx
ctxctyt

ctx
tt

cy

t

ct
cyP

xcy
xcy

2                    
                    

1:istangent 

1               

,at 

2

2

2

2

2

2

22

12

=+

+−=−

−−=−

−=

−
=′

−=′

=
−

−

 

 
 

3 
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7(ii) Considering l as a tangent to 12

2

2

2

=−
b
y

a
x  at ( )θθ tan,sec baQ , prove that l has the equation 

1tansec
=−

b
y

a
x θθ . 

 
SOLUTION: 
 

( )

( )
( )

( )

( ) ( )
( ) ( ) ( )
( ) ( ) ( )

1tansec
1tansec sincetansec

tansectansec
secsectantan

sec
tan
sectan:istangent 

tan
sec                   

tan
sec,at  

022

1

22

22

22

2

2

2

2

22

2

2

2

2

=−∴

=−=−

−=−

−=−

−=−

=

=

=

=−

=







−









y
b

x
a

abyaxb
abyaxb

abxbabya

ax
a
bby

a
b

ba
ab

dx
dyQ

ya
xb

dx
dy

dx
dy

b
y

a
x

dx
d

b
y

dx
d

a
x

dx
d

θθ
θθθθ

θθθθ

θθθθ

θ
θ
θθ

θ
θ
θ
θ

 

 

3 
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7(iii) Deduce that 

ctbta 2
1tansec

2 =
−

=
θθ . 

 
SOLUTION: 

( )

ct
ec

ctt

ec

y
a

x
b

ctytx
t

ct
cyP

xcy
xcy

2
1

b
tan

a
s

2
1a

s

1
b

tan
constant  theand tscoefficien of ratios comparingon 

1sectan  also and

2 :istangent 

1               

,at 

2

2

2

2

2

22

12

==⇒

=








=








=+

=+

−=

−
=′

−=′

=
−

−

θθ

θθ

θθ

 
 

1 
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7(iv) Write the coordinates of Q in terms of  t, a, b and c, and show that 04 22242 =−+ atctb . 

Deduce that there are exactly two such common tangents to the hyperbolas. 
 
SOLUTION: 
 

c
tb

ct
btb

by
ct

a
ct
aa

axQ

2
          

2
.          

tan       
2

           

2
.           

sec,at 

2

2

2

−=








 −
=

=

=

=

=

θ

θ

 

2

2242

2

2242

2

2242
2

22242

2

22

22

2

2

22

2

22

2

2

2

2

42    

2
424    

2
4164

04

1
44

1
22

 

1on   lies but 

b
bacc

b
bacc

b
bacct

atctb
c
tb

tc
a

b
c
tb

a
ct

a

b
y

a
xQ

+±−
=

+±−
=

+±−
=

=−+

=−

=








−

−









∴

=−

 

 

line for the positions possible 2 exists  thereso,for   values twoare there

42

42

0but  

2

2242

2

2242
2

2

t
b

bacct 

b
bacct

t

∴

++−
±=∴

++−
=∴

>
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7(v) Copy the diagram onto your answer sheet, and using the symmetry of the graph, draw in the 

second common tangent with points of contact R on 2cxy =  and S  on 12

2

2

2

=−
b
y

a
x . Write 

down the coordinates of R and S in terms of  t, a, b and c.  
 
SOLUTION: 
 

 S

 R

 







 −−

t
cctR ,    and   








−

c
tb

ct
aS

2
,

2

2

 

 

2 

7(vi) Show that if PQRS is a rhombus, then 22 ab = . 
 
SOLUTION: 
 

( )

( )

2

22

22

22
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22
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1           

22

 then  rhombus a is  If

a
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a
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Question 8 (15 Marks) 
 

Marks 

8(a) Six lines are drawn on a plane such that no two lines are parallel and no three lines are 
concurrent (i.e. pass through the same point). 
 

 

8(a) (i) Show that there are 15 points of intersection. 
 
SOLUTION: 
 

15                 
 points No. 2

6

=
= C  

 

1 

8(a) (ii) If three of these points are chosen at random, show that the probability that they all lie 

on one of the given lines is 
91
12 . 

 
SOLUTION: 
 

91
12          

6Prob.

6 events Favourable
 space Sample

3
15

3
5

3
5

3
15

=

×
=

×=

=

C
C

C
C

 

 

2 

8(a) (iii) Find the probability that if three of these points are chosen at random then none of 
them lie on the same line. 
 
SOLUTION: 
 

91
3          

!3Prob.

!3
 events Favourable

 space Sample

3
15

2
2

2
4

2
6

2
2

2
4

2
6

3
15
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××
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××
=
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C

CCC

CCC
C
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8(b) (i) Prove that: 

 ( ) ( )1
!1

1
1

1
0

1

+
=

+
−

xxx
C

x
C

α . 

( ) ( )( )21
!2

21
2

2
1

2
0

2

++
=

+
+

+
−

xxxx
C

x
C

x
C

β  

 
SOLUTION: 
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( )
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1                         

1
1                         

1
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1
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1
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+
=
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=

+
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x
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2 

 

8(b) 
 

(ii) Given ( ) ( )( ) ( )kxxxx
kxkT

+++
=

21
!, , prove that ( ) ( ) ( )xkTxkTxkT ,11,, +=+− . 

 
SOLUTION: 
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( )( ) ( )( )121
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+
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
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8(b) (iii) Hence prove, using Mathematical Induction or otherwise, that for 1≥n : 

 

( ) ( )( )( ) ( )nxxxxx
n

nx
C

x
C

x
C

x
C

x
C n

n
n

nnnn

++++
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+
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
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321
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321
3210 . 

 
[ ]1

1: result  theusemay You −
+ += r

k
r

k
r

k CCC  
 
SOLUTION: 
 
True for n = 1,2 by (i) 
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THIS IS THE END OF THE EXAMINATION PAPER 
 


