Student ID:

Maths Class:

2025 YEAR 12 TRIAL EXAMINATION

Mathematics Extension 2

General - Reading time — 10 minutes
Instructions - Working time — 3 hours
« Write using black pen
- Calculators approved by NESA may be used
- A reference sheet is provided at the back of this paper
- For questions in Section Il, show relevant mathematical reasoning
and/or calculations
- Write your Student ID and Maths Class at the top of this page

Total marks: Section | — 10 marks (pages 3-6)

100 . Attempt Questions 1-10
« Allow about 15 minutes for this section

Section Il - 90 marks (pages 7-14)

- Attempt Questions 11-15
« Allow about 2 hours 45 minutes for this section



Section I

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 What is the distance of the point (2, 3, 7) from the x-z plane?

2 3
C. 7 D. 9
2 If a, b, c and d are consecutive integers, then which of the following statements may be false?

a+ b+ c +d is divisible by 2.

B. a+b+c+disdivisible by 4.
C. axbxcxdisdivisible by 2.
D. aXxb X cxdisdivisible by 4.
3 The acceleration, ¢ ms~2, of a particle that starts from rest and moves in a straight line is

described by a = v + 1, where v ms™! is its velocity after ¢ seconds.

The velocity of the particle after In(e + 1) seconds is

A. e

B. e+1

C. e2+1

D. In[(1+e)]+1
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A skydiver jumps out of a plane and experiences a resistive force of m (v + v?). Let the acceler-
ation due to gravity be 10 ms ™.

What is the terminal velocity of the skydiver?

\/3_94-1 _1 \/@_1 -1
_ — m

A. B.
7 ™ 2 i
V41 +1 V41 -1
C. T+ ms™! D. —2— ms~!

The area bound by the curve y = cos™! x and the coordinate axes is rotated about the y-axis.
The volume of the solid formed is given by:

1
A. JT/ (cos™' x)? dx
0
1
B. 71/ cos y4/1 — sin’ y dy
0
/2
C. ﬂ/ V1 — u? du, where u = sin y
0
1
D. 71/ V1 —u? du, where u = sin y
0

The sphere (x — a)? + (y — b)> + (z — ¢)? = 1 lies entirely within the sphere x> + y*> + z> = 9.
What is the maximum value of a? + b? + ¢2?

A 8
B. 4
C. 3
D. 2
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Consider the following propositions:

|
P Vx > 0,3n € Z such that x > —
n
1
0: dn € Z such that Vx > 0,x > —
n

Which of the following is false?

AL Q = -P
B. -P = Q
C. Q=P
D. P = Q0

For what values of a and b, with a < b, does the integral

b
/a (Sx -6 —xz) el dx

attain its maximum value?

A, a=-1,b=6
B. a=-2,b=3
C. a=1,b=6
D. a=2,b=3
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9 Which of the following represents the curve Arg(z%) = |z|, where Arg(z) refers to the pricinipal
argument of z?

A. y y

10 Letu =2i—2j+ k, and suppose v is a vector in three dimensions.

Let p be the vector projection of u onto v, and let n be the vector component of u that is
perpendicular to v, thatis, u = p + n.

If [p| > |n|, which of the following could be y?

A i+j+k
B. 3i-j+2k
C. i+3j+k

D. 3i+4j+2k
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Section 11

90 marks
Attempt Questions 11-15
Allow about 2 hours 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

For questions in Section II, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (19 marks) Use the Question 11 Writing Booklet

(@) Letu=2+iandv=-1-1.
(i) Find Im(uv).
(i) Evaluate |u — v|>.

(iii) Express — in the form a + ib where a and b are real numbers.
v

(b) (i) Find the square roots of 2i, giving the answers in the form x + iy, where x and y are
real numbers.

(ii) Hence, solve 272 + 2V2z+1-i=0.

(c) Leta, b be positive, real numbers.

b
(i) Show thata; > \ab.

(i1)) Hence, show that for ¢ > 0,

a’b? + b*c* + c*a® > abe(a+ b +¢).

3x
dx.

1
(d) By making an appropriate substitution, or otherwise, evaluate / o
0 e

Question 11 continues on page 8
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Question 11 (continued)

1 2
(¢) Letu =|2|andy =|—1|. Find the area of the triangle formed by u,v and u — v, given
3 1

that the area of a triangle can be calculated using the formula

A= \J(ulleh? - (- )2

You do NOT need to prove this formula.

(f) A particle moves along a straight line. When the particle is x m from a fixed point O, its

velocity, v ms™!, is given by
3x+2

[T

where x > 1.

Find the acceleration of the particle in ms~2, when x = 2.

End of Question 11
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Question 12 (19 marks) Use the Question 12 Writing Booklet

(a)

(b)

(c)

(d)

(e)

Prove for all integers n, that n? is odd if and only if # is odd.

/3
Evaluate / sinx In(cos x) dx.
0

Use mathematical induction to prove that, for all integers n > 0,

(xe®) = 2" (2x + n)e?.

xl’l

The vertical displacement, y(z) centimetres, of the seat of a toy horse from the mean
position after ¢ seconds is measured as the toy horse moves up and down a pole during a

ride on a merry-go-round.
) ) . d?y m\2
The vertical motion of the toy horse obeys the equation 7 (5) y

The vertical motion of each toy horse spans 50 centimetres, and the seat of the toy horse is
at the mean position at the start of the ride.

(i) Determine the vertical displacement function, y (7).

(i) Determine the maximum vertical speed of the toy horse, correct to the nearest cen-
timetre per second.

An object of mass 70 kg, initially at rest, is pulled along a horizontal surface by a constant
horizontal force of 140N. It experiences a resistance proportional to its speed, v.

When the speed is 10 ms™!, the acceleration is 1 ms™2.

Let x represent the displacement in metres from the initial position of the object.

1
(1) Show that the equation of motion is ¥ = 2 — Ev.

(i) Find an expression for x as a function of v.

(iii) Show that the object’s speed cannot exceed 20 ms~".

End of Question 12
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Question 13 (16 marks) Use the Question 13 Writing Booklet

(a) (i) Find constants A and B such that

1 __A B
w+u—-1 L 1+2\/§ u+ 1—2\/5
cos
(i) Hence, find / —x2 dx.
sinx — cosZ x

(b) (i) Prove thatif a and b have no common factors other than 1, then a? and b also have no
common factors other than 1.

(i1) Let x be a positive rational number different from 1. Using part (i), or otherwise,

1 .
prove that x + — can never be an integer.
X

1 . | .
(c) (i) Prove thatcosf = 5(610 +e7%) and sin 6 = 5(619 — e,
l

(i) Hence, prove that for all real @ and g,

cos2(a + ) —cos2a —cos2B + 1 = —4sina sin Bcos(a + 3).

(d) Suppose that the non-zero vectors g and b satisfy
proj,a=4b  and  proj,b=(1-2A)a

where A is a real constant. Prove that g and b are not parallel.

End of Question 13
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Question 14 (19 marks) Use the Question 14 Writing Booklet
1
(a) Letl, = / x"V1 = x2 dx.
0

(i) Show that, forn > 2,

A

A new gaming company logo has been designed using the curves y*> = x*(1 — x?) and
x? = y*(1 — y?) inscribed inside the unit circle.

(i) Find the ratio of the shaded area to the unshaded area in the company logo.

Question 14 continues on page 12
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Question 14 (continued)

(b) The lines given by

(©)

(d)

1 2
ri=|1/+4|-1| whered € R
1 1
and
3 3
r = |4+ pu|s| where u € R
5 t

meet at a right angle.

Find the values of A and u where the lines meet.

1
z is a complex number such that arg (1 - —) =
Z

Wl

(1) Sketch the path that z traces out, showing all important information.

(i1) Hence, show that z satisfies

Iz +]z =117 = |2 — 2| + 1.

A 300 kg space probe is launched vertically upwards from the surface of Saturn’s moon,
Titan, at a speed of voms~'. The acceleration due to gravity on Titan is 1.4 ms~2. The
space probe experiences a resistive force from the dense atmosphere of magnitude 150v
Newtons, where v ms~! is the speed of the space probe. Eventually, the space probe falls
back onto Titan’s surface.

A sensor on the space probe calculates that the sum of the initial speed and the speed at

which it hits Titan’s surface is 50 ms~!.

(i) Find vy, correct to one decimal place.

(i) Determine the total flight time, correct to one decimal place.

End of Question 15
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Question 15 (17 marks) Use the Question 15 Writing Booklet

(a) In AABC shown below, K is the midpoint of BC, L is the midpoint of CA and M is the
midpoint of AB. Let the points A, B, C have position vectors a, b, ¢ respectively. Let G be

1
the point with position vector g = 3 (a+b+o).

A

You are given the triangle inequality, that is
lu+v| <|ul+|v] (Do NOT prove this).

— —> —

(i) Show that 2|AK| < |AB| + |AC]|.
B — — — — — —
(i) Hence, show that |[AK|+ |BL|+ |CM| < |AB| + |BC| + |CA]|.
—
(111) By expressing OK in terms of b and ¢, show that points A, G, K are collinear.
(iv) Deduce that AK, BL, CM are concurrent at G.
— —

(v) Show that the ratio |[AG| : |GK|=2: 1.

(vi) Hence, prove that

— — — 4 /1 — — —
[AB|+|BC| +|CA| < 3 (|AK| +|BL| + |CM|) .

Question 15 continues on page 14
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Question 15 (continued)

(b) The points A, B,C, D, E, F and G, corresponding to the complex roots of 7z’ =1, form the
vertices of a regular heptagon in the Argand Diagram, as shown in the diagram below.

Im

2
(1) By considering appropriate arguments, show that ZCAB = % and /ZDAB = 77T

T .. 7
Let w = cos = +isin —.
7 7

(i1) The points Y and Z are chosen on the line segment AD, such that
AY =AB and AZ=AC.
Find the complex numbers representing points ¥ and Z in terms of w.

(111) Hence, or otherwise, prove that

11 1
AB  AC AD
End of paper
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Multiple Choice

1 2 5 6 9 10
B B A D D B A D B B
Question 11

a)

uv=0Q2+i)(-1-10)
=2(-1-i)+i(-1-1)

=—-2-2i—1i—i?
=-1-3i
Im(uv) = =3 1 mark (must get all prior working out before getting the mark)

Special Note: Way too many students wrote —3i as the answer for our comfort.

u—v=0Q2+i)—(-1-1
=34 2i

lu —v|? =32+ 22
=13 1 mark (must get all prior working out before getting the mark)
Special Note: Most common mistake was people forgetting to square the modulus at the end.

u 241
v o—1-i
24+i -1+ ) ) ,
= - X - 1 mark for knowing to multiply by conjugate
-1-i -1+
—2+2i—-i—-1
= (—1)2 — 2
-3+
T2

1
= — > + Ei 1 mark for answer

Special Note: The question asks for x + iy form! ; (=3 + i) is not quite that, consider yourselves VERY

lucky not to have lost a mark. Don’t make the same mistake in the HSC!



Letz = x + iy wherez? = 2i andx,y € R

(x2 —y2) + 2xyi = 2i

x?2—y?2=0=x=+y Equation1

2xy=2=>xy=1 Equation 2 1 mark for setting up the simultaneous equations

Sub Equation 1 into Equation 2:

ty?=1
y=11 (Sincey € R)

Wheny=1,x=1
Wheny =-1,x = -1

wz=1+4ior—1-1 1 mark

Done well generally, with the exception of a few arithmetic errors.

_—22+/8-4(2)(1- 1)
a 4

—2v/2 +/8i
4

—2v2 4+ 24/2i

i — 1 mark for simplifying discriminant appropriate to use part i.

—2 ++2i
2
—VZ+ (1 +90)
2
—VZ2+1 1. —2-1 1

> + El or > Ei 1 mark for answer

z 1 mark for applying quadratic formula correctly

Special Note: You DO NOT get the mark after just substituting +(1 + i) into \/2i, MUST write your

answer into are recognised form of a complex number.



(Va—-vb) =0
a—2Vab+b >0
a+b>2Vab

+b
a2 > Vab

1 mark

From i:

a’b? + b%c? > 2/ a?b*c?

= 2ab?c (a,b,c = 0) Equation 1

c?a® + b?c? > 2+/a?b?c*

1 mark for using part i. appropriately.

= 2abc? (a,b,c = 0)Equation 2

a’b? + c?a® > 2/ a*b?c?

= 2a?bc (a,b,c = 0)Equation 3

Equation 1 + Equation 2 + Equation 3:

2(a?b? + b?c? + c%a?) = 2(a®bc + ab?c + abc?)

a’b? + b%c? + c?a? > a®’bc + ab?*c + abc?

=abc(a+b+c)

1 mark completing proof without skipping steps



He(u—-1)  du Letu =1+ e*
I=f X 1 mark
2 u u—1 du X
el —
B 1+e(u_1)2d dx
- u u du du
2 dx = — =
1+e /,,2 e* u-—1
u‘—2u+1
=f — u du Whenx=1,u=1+e¢e¢
2

Whenx =0,u =2

1+e 1
=f (u—2+—)du
) u

® 1+e Common mistake: Changing the
= I7—2u+ln|u|l 1 mark
2

limits incorrectly, or forgetting to

14 e)? change it altogether.
=%—2(1+6)+1n(1+e)—(2—4+1n2)
1 e?
=E+e+7—2—2e+ln(1+e)—2+4—ln2
_1 +ez+1( e) 1 mark
=5-et—+in(— mar

Note: Final mark is only awarded if you have
attempted to, and successfully clean up your

expression by adding/subtracting your like terms.

|u|2=12+22+32=14

|13|2 =22+ (-1)%?+12=6

(lj.y)z=((1><2)+(2><—1)+(3><1))2=9

“ A= %,/(14 X 6) — 9

v
=Tun1t

1 mark awarded for either working out the two moduli correctly, or u - v.

Full marks for correct answer and working

Very well done generally, the most common mistake came from simple arithmetic errors.



2 —

3x + 2 (3x + 2)2
=

V-1 “\2x—1
lvz=l(3x+2)2
2 2\2x — 1
d 1 N 1 _3x+2y (32x—1)—23x+2)
E(E”)‘EXZ(ZJC—JX( (2x - 1)? >
3x + 2 —7
=<2x—1>x(2x—1)2
—21x — 14
= (2x - 1)2
—21x — 14
= 2x - 1)3
When x = 2
~42-14 56
a=——pF—=—o_ms
or
3x+2
VT ox—1
dv 32x—-1)—-23x+2)
dx (2x — 1)?
—7
T (2x-1)?
dv
a=va
3x + 2 —7
=<2x—1)x(2x—1)2
—21x — 14
" (2x - 1)2
When x = 2
_—42-14 56 _
a = 57 ——ﬁms

1
1 mark for showing the knowledging for squaring velocity, multiply by 5 , then diff WRT x.

1 mark for final answer

Note: It was VERY worrying to see students unable to demonstrate the relationship between v(x)
and a(x). Too many students thought that a(x) = v'(x). Other errors also included students

accidentally integrated instead of differentiated.
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(a)

|t is recommended to first show that 2 AK = (TE + Té) and then apply the
triangle inequality

(i) & (iii) These parts are well done. However, it is important to mention the
common point:

since AK || AG and A is a common point, it follows that 4, G and K are
colinear points

(iv) Avoid repeating identical proofs multiple times. Simply writing “similarly” is
sufficient.

(v) Note that AK = %(b +c—2a) and AK # %\/12 + 12 4+ (—2)? because a, b

and ¢ are NOT component vectors

(v) Many students had difficulty manipulating the vector effectively to achieve the
required result.

(b) This part was generally done poorly, possibly due to time pressure at the end
of the exam.

(i) Since this is a “show” question, it is essential to present all relevant
steps clearly.

A common mistake was writingO_B’ = . Itisin fact OB = w?.

(i)  Some failed to find OY and 0Z in terms of w .
(i)  Afew students attempted this part.
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