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Section |
Questions 1 — 10 (1 mark for each question)

Read each question and choose an answer A, B, C or D.
Record your answer on the Answer Sheet provided.
Allow about 15 minutes for this section.

1 Let a=2—-iandB=1-3i.

What is the value of (a — B )*?

A) 7 —24i
B) — 7 — 24i
C) —7 —40i
D) 41— 24i
2 Consider the statement.

“If a quadrilateral is a rectangle, then the diagonals of the quadrilateral are equal in
length.”

Which of the following is true about this statement and its converse?
A) Both the statement and its converse are true.
B) Both the statement and its converse are false.
C) The statement is false and its converse is true.

D) The statement is true and its converse is false.
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In the Argand diagram the point E represents a complex number.

. . N1 N

When this number is multiplied by ( V3 +i ) (4— -5t ) it gives a new
complex number.

y

F
.G
X
; 0
. .E
H.

Which of the following points represents the new complex number?
A) F
B) G
C) H

D) I

A particle is moving in simple harmonic motion. The displacement x metres of the particle

isgiven by x = 1 + 4 sin (2t — Z , Where t is measured in seconds.
g y 5

Which of the following is the first time the velocity of the particle is —8 ms~1?
A) —
B) —
C) —

D) —
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Let the points A and B represent the complex numbers A = In3a + i In? a
and ¢ = — 2 Ina + 8i respectively.

When the point B is rotated about the origin by 21 in a clockwise direction
we get the point C.

For which values of « do A and C coincide?

A a=1
B) a = e
C) a=1lora= e?

D) a=e or a= e?

Consider the position vector of a particle r= —3sin ti+ 3 cos tl + tk.
Which of the following statements best describes the motion of the particle?
A) A spiral about the z axis in an anticlockwise direction.

B) A spiral about the z axis in a clockwise direction.

C) A spiral about the x axis in a anticlockwise direction.

D) A spiral about the x axis in a clockwise direction.

Consider the following statement:

"V n € N, if n? is odd then n is odd.”

Which of the following is the negation of the statement?
A) Vn €N, ifn?isnotodd then n is also not odd.
B) 3n €N, suchthatn is not odd and n? is not odd.
C) VneN,ifnisnotoddthen n? is not odd.

D) 3In €N, suchthatn? is odd and n is not odd.
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The equations of two lines £; and £, are

—1+t(2Y) 1+ t(8+2")
n=| —5+t(6-2%) and 7, = 2 + 6t ,
-2 +t(7-2") -3+ t(5+2%)

where t is a real number and A is a constant.

For what value of A are the two lines £ and £, parallel?

A 4
B) 3
c) 2
D) 1

A particle initially at rest at the origin starts to move along the x axis.

Its velocity at any time t in seconds is v m s™1.

3
The acceleration of the particle is givenby a = (1 + v?)z.

Which of the following is the correct expression for the velocity v ?

A) v=tan (cos™!t)
B) v=tan (sin"'t)
C) v = sin! (tan t)

D) v=cos (sin"'t)
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The complex number z satisfies | z + a| = a, where a is a positive real number.

The greatest distance that z can be from the point P representing the complex

number ka + a (k + 1)i, where k is a positive real number, is (3v2 + 1)a.

What is the value of k ?
A 1
B) 2

C) 3

D) 4

End of Section |
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MATHEMATICS EXTENSION 2

Section |11

90 marks
Attempt Questions 11 — 16

Allow about 2 hours and 45 minutes for this section.

INSTRUCTIONS

e Answer each question in a separate writing booklet.

e Extra writing booklets are available.

e Your responses should include relevant mathematical reasoning and/or calculations.
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Question 11 (15 marks) Use a SEPARATE writing booklet

a) Consider the complex numbers = 2iand B =v3 +i. 3
Show that (&« — B)° is purely real.

3
b) Consider the line £ with equation r = ( -2 >+ A ( 6 ) 2
5 4

Show that the point A (2, -5, 3) lies on the line £.

C) Solve z? — z + (4 — 2i) = 0. Give your answers in the form x + yi, 3
where x and y are real.

d) PQRS is a parallelogram with vertices P (2,4,3), Q (4,3,1),R(3,2,5) 3
and S (x,vy,2).

Find the coordinates of S and the length of the diagonal | Q5 |.

e) A particle is moving along the x axis in simple harmonic motion 4
centred at x = 2 and with amplitude 3.

The velocity of the particle is given by v2 = p + gx — 6x?,
where p and q are constants.

Find the period of the motion.
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Question 12 (15 marks) Use a SEPARATE writing booklet

a) Prove that x3 + x% >2,wherex > 0. 2

b) Consider the predicate statement P(n) where n € N. 3

“If 5n* + 8n is multiple of 16, then n is even.”

Prove that the converse of P is true.

C) Find all the 4™ roots of 1 + +/3 i. Give your answers in exponential form. 3

d) A particle starts moving from x = In (e* + 1) with velocity e and 3
acceleration given by v? (e* + Inv ), where v is the velocity of the particle.

Find an expression for x, the displacement of the particle, in terms of v.
e)  The polynomial Q(z) = z* — 823 + pz? + gz — 80 has aroot 3 + i,
where p and g are real numbers.

i) Find all the roots of Q(2). 3

ii) Write Q(2) as a product of two real quadratic factors. 1
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Question 13 (15 marks) Use a SEPARATE writing booklet

a) The cubic equation 2x3 — 7x + 4 = 0 has roots &, § and y.
1

1
Find a cubic equation with roots — , — and .
af’ ay By

b) A boat needs to travel from port A to port B on a true bearing of 333°
at a speed of 35 kmh™1.
However, a constant current of 15 kmh~1 is flowing from the southwest.

Find the speed and the direction to which the boat should head to compensate
for the current and maintain its speed of 35 kmh~1 in the desired direction.

c)  Use a contrapositive proof to prove that “ If p is divisible by 5 then p can be

expressed as a sum of five consecutive integers”.

sec’ O +tan @

2
Q) Find J{(Ztan9+3)sec eJde 3

2k 2k + 2

e) i) Show < for k > 0.
k+2 k+3

ii) Use mathematical induction to prove that

1 2 3 n 2n 1

cer 4 < — forn > 1.
3! 4! 5! (n+2)! n+2 (n+2)! n
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Question 14 (14 marks) Use a SEPARATE writing booklet

b)

i 9imr  —7im - 3im

The complex equation z° = i has roots are e10, e10,e 10 ,e 10 and a.

i) Determine the value of «. 1
i) On an Argand diagram, sketch the roots of this equation. 2
n .. m _ 1

iii) Show that cos T sing; = 7. 3

A particle of mass 1 kg is projected from the origin with initial speed V ms™!
at an angle « to the horizontal plane.

The forces acting on the particle are gravity fq) and air resistance 50 ,
where ¥ is the velocity vector of the particle.

Let the acceleration due to gravity be 10 ms™2.

The position vector of the particle, at time t seconds after the particle is projected,
is 7(t) and the velocity vector is ¥(t).

-5t
i) Show that ﬁ(t)=< Ve wcosa ) 3
(Vsina+2)e >t -2

-5
ii) Given that 7’(1) = ( (250 \/521026) s, ) find the initial speed V 2

and the angle of projection a.

iii) Show that the ratio of the horizontal velocity at the origin to the horizontal 3
velocity at the maximum heightis ( 1+ 1253 ) : 1.

10
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Question 15 (15 marks) Use a SEPARATE writing booklet

a) A particle of mass m kg is moving along the x axis under the action of
a resisting force m ( pv + v?2), where v is its velocity and p is a
positive constant.

Initially, the particle is at x = In 2 and is travelling with velocity p.

i) Show that the displacement x of the particle in terms of v is 2
4p
x=In ( )
p +v
i) Show that the time t, which has elapsed when the particle is travelling 3

with velocity v, is

1 +
t=—ln<p v).
p 2v

iii) It took the particle %ln 2 seconds to reach the point where x = In 3. 2
Find the value of p.

b)  Two lines, L, and L,, are represented by position vectors r; and r, respectively.

The vector equations of these two lines are

-1 -1 -1 1
r1=(—1)+l< 2) and r2=< 1)+,u<—1>,
- 1 1 - -1 1

where A and u are real numbers.
i) Show that L; and L, are skew lines. 4

i) Find the shortest distance between the two skew lines L, and L. 4

11
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Question 16 (16 marks) Use a SEPARATE writing booklet

a)  The point A, which represents the complex number z, = —5 — 4i, lies between
two parallel lines #; and #,.

The equations of #; and £, are y = 5 and y = —12 respectively.

The point B(b, 5), which represents the complex number zg, lies on #;.
The point C(c, —12), which represents the complex number z, lies on £, such that

5
AC = 2AB and £ BAC = ?n, as shown below.

y
y=5
> X
Not to Scale
y=-—12
Find the exact value of the complex number z. 4
7
b) Letl, = J. sin®™*3 xcos® xdx, N =0,1,2, -
0
. n+1
i) Provethatl, = " I,_q, forn=>1. 3
. 1
ii) Deducethat I, = 3

m+Hn+3)n+2)"
iii) Let], = [, x*"*7 (1—-x%? dx, n=0,1,2,..

Show that /= 3 Iy. 3

c)  Prove by contradiction that
2 2
(sinx)5+(cosx)521,for0£x£§andn=3,4,5,.... 3

END OF PAPER

12
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Measurement Financial Mathematics
Length A=P(l+r)
o= i X 27r
360
Sequences and series
Area
Az%xm‘z Tn=a+(n—l)d

A =!21(a+b)

S" = ﬁ[2a + (n - 1)(1] = ’2—l(a + I)

7
Surface area _ 24
T =ar"
A = 2mr* + 27rh ( ) ( )
all=r") a(r"-1
A = 4nr? = = r#l
I'= r—1
Volume
I s=—|r|<1
V=—Ah r
3
V=—n?
3
Functions Logarithmic and Exponential Functions
Jb2 .
= —bt 5 —4ac log a*=x= Pl
a

For ax> +bx’+cx +d = 0:

a+ﬁ+y=—§
aﬁ+ay+ﬂy=%
and aﬁyz—%

Relations
(x - h)2 + (y - Ic)2 =r?




Trigonometric Functions

sin A =%, osA=a—dJ, tan A =ﬂ
hyp hyp adj
|
A=—absinC o
2 NV
e s
sinA  sinB  sinC
¢ =a*+b*=2abcosC
2492 2
cosC=2T2 "¢ Fo - 30°
2ab
2
l=r@
- %ﬂa /60°

Trigonometric identities

secA = ,cosA#0

cos A

1 s
cosecA =——, sinA #0

sin

cosA
COtA =— .
sinA

sind #(

2

2 =
cos“x+sin“x =1

Compound angles
sin(A + B) = sinAcos B + cosAsin B

cos(A + B) = cos A cos B — sinAsin B

B tanA + tan B
|-tanAtan B
If r= tzmi then sinA =
2 1472
3
cosA = !
1+ 12
21
tanA = v
=1t

cosAcosB = %[COS(A — B) + cos(A + B)]
sinAsinB = %[COS(A — B) - cos(A + B)]
sinAcosB = %[sin(A + B) + sin(A - B)]

cosAsinB = %[sin(ﬁ. + B) - sin(A - B)]

. ]
sin’nx = 5( | — cos 2nx)

2

cos“nx = %{] + cos 2nx)
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Statistical Analysis

X—Uu An outlier is a score

o less than Q, — 1.5 X IQR
or

more than O, + 1.5 X IQR

-
£

Normal distribution

* approximately 68% of scores have
z-scores between -1 and 1

* approximately 95% of scores have
z-scores between -2 and 2

* approximately 99.7% of scores have
z-scores between -3 and 3

E(X)=

Var(X) = E[(X - p)*] = E(X*) - ¢
Probability

P(40B) = P(a)P (}
P(AUB)=P(4) + P(B) ~ P(ANB)
P(A|B)=%,P(B]i0

Continuous random variables

P(X<x)= J F(x)dx

b
Pla<c X< b}zJ F(x)dx

Binomial distribution
PX=r)="Cp'(1=p)~

X ~ Bin(n, p)

= P(X=x)

= (”)Px(l -p)" L x=0.1,....n

E(X)=np
Var(X) =np(1-p)



Differential Calculus

Function
y=f(x)
}' =Ny

y = g(u) where u = /()

v
y = sin £(x)
y=cos f(x)
y=tan f(x)
y= e/ ()
v=Inf(x)
y=alt

y=log, f(x)

y=sin"! f(x)

y=cos ! f(x)

y=tan"! £(x)

Derivative
dy ; il
—=nf(x)[£(x)]
dx
dy dv du
—— =Nt V—
dx dx  dx
ay @9 g u
dy du’ dx
du  dv

V——U—
dy _ _dx  dx
dx v
ﬂ — *, o 5
dx = f'(x)cos f(x)
Y _ p(x)sinf(x)
dx
ﬂ—_;"(g]ucczf(l)
de 7T
ﬂ _ prpon FLD)
dx #xe
dy /)
dx  f(x)
dy (Ina) f*(x)a’™
dx
dx  (Ina)f(x)
&y ___ S
dx  J1-[£(x)P
dy __ fx)
dx =[]
dy _ [(x)
dx 1+ f(x)]
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Integral Calculus

’ " o _l . n+1 5
J-f {x}[f{x)] dx = P [f{ }] +
where n# -1

Sx)sin fx)dx ==cos f(x)+c

o

f’(x}c()s_f(x}dx = alnf{l) +¢

-

F(x)see? F(x)dx =1an £(x)+¢

-

Fix)eWdy=e 1

[£ucemirre
R (x)
Fix)a My = = +c
J Ina
SUx) S
J e =[]
Sf(x)

ﬁd}: = %IRH_I@+C
Joa“+]f(x)

. X

i
udlr."x = uv—Jlfd—”dx

il

S(x)dx

L}

=

b;::{f(a)+f{;;)+ z[f(xl e s

¥ f{xn—l}]}

where a = x, and b=x,

15



Combinatorics

”Pr:
(n=r)!

(n)=,,cr= n!
4 ri(n=-r)

n

(x+a)'=x"+ (1

e n d
)X” 1a+---+(r)x” 'a’+-~+a”

Vectors
|f3‘=|_x£+y£"=\fx2 +y*

v =|u||y|cosé = xx, + y,y,.
where u = x|i+y,J

and v = X0+ Y,j

r=a+Ab

Complex Numbers

z=a+ib=r(cos@+isin0)
= re'?
[r(cosﬂ + isin 9)]" = r"(cos n@ + isinn)

— rnemﬂ

Mechanics

d dv dv d ( 1 2)
e i B e | e
dt= dr dx dx\2
x=acos(nt +a) +c
x=asin(nt+a) + ¢

i= —1:2(x -c)
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2024 Year 12 Mathematics Extension 2 Task 4 Trial - Worked Solutions

1. B

(@=B)= (2—-i—1+3i)*=(1+2i)~
Also, (1 4+ 2i)* = 1+4Q2)+6Qi)%*+

4 (20 )% + (2i)*

=148 +6X4i2+4x8i3+16i*
=1+4+8i—24-32i+16

Therefore, (0 — B)* = —7 — 244,

Hence, the correct option is B.

2. D

Property: The diagonals of a rectangle are equal in
length and must bisect each other. So, if the diagonals
of a quadrilateral are equal but they do not bisect
each other, this indicates that the quadrilateral is not
a rectangle. As an example: If the quadrilateral is an
isosceles trapezium, then its diagonals are equal but
they do not bisect each other.

Hence, the statement that

“If a quadrilateral is a rectangle, then its diagonals are
equal in length” is true, but its converse: “If the
diagonals of a quadrilateral are equal in length, then it
is a rectangle” Is false.

Hence, the correct option is D.

3. C

\/§ + i =2cis g and this means

41 2T
(V3 + i) = @)%cis === 16cis 5

Bym JE) () as(-)
zicis (—g) and this means
(£- v )L (&) cis(3x-3) =5 cistm)

NE1 VB, 3
Hence, (\/§ + 1 ) (Z-— Z—L )
2w 1, i (T
16 cis X cis(—m) =2cis ( . )
So, the new complex number will be twice as far from
the origin as E. Also, the new complex number will

. . T .
have an argument which is rotated -3 radians

1
4

from E. The point H is in this position,

Hence, the correct option is C.
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4. A

As x = 1+4sin(2t—§) then

T
v =8cos (Zt—g) =8cos?2 (t——ﬁ) &V =8
A cosine curve without any horizontal translation has
a maximum when t = 0 and its first minimum will be

att = %T ,where Tis the period. As this curve is
Tr 3 .
translated by To to the right, then the first maximum

. 2
isatt = 1% and as its period is T = f— =1, then the

first minimum is at

=4 ?‘
Hence, the correct option is A.

1
t=—+-Xm
10 2

Alternative method
As the minimum value of the velocity is —8 then to

find the time the velocity of the particle is a minimum,

we let v = —8.We get 8cos (Zt - 15[-) = —8, thatis
Ty — —1 —

cos (Zt _E) = —1=cosm.

2t—%=n+2nn or 2t—%=—1t+2n7r

61 41
2t = —+ 2nmw 2t=——+2nn
5 5
‘= 3 + . 2T +
== nm =—7 nmw
Whenn=1,t = 3?11 is the smallest positive value of t

for which the velocity is at a minimum.
Hence, the correct option is A.

5. B

We are given A = In3a + i In? ¢ and
¢ = — 2Ina + 8i.Thisindicates

OA=In*a+im?aqand OB = —2Ina + 8i.
By rotating vector OB by g in a clockwise direction,

we get vector OC, this means

0C=-i(—2lna+8i)=8+2ilna

Now, A and C coincide if their real and imaginary
parts are equal. This means

nfa=8 and M*a=2Ina

Ina=2 (1)and Ina=0o0rlna=2 (2)

From the above we can see that (1) and (2) are both
valid only if Ina = 2, thatis, & = e?.

Hence, the correct option is B.



6. A

The table below shows the position of the particle for

certain values of t.

SR
o

— | T | =— | 2™
2 | T2

From the table we can see that in the xy plane the
particle is rotating in an anticlockwise direction
starting from (0,3)to (—3,0)to (0,—3) to (3,0)
and then it repeats the same moves. Also, it should be
noted that at the same time its z coordinate is
steadily increasing.

So, the motion of the particle is a spiral about the

z axis in an anticlockwise direction.

Hence, the correct option is A.

7. D

For a statement "V 11 € N, if P then Q“, its negation
statement is “3 1. € N such that P and not Q”.

So, as the statement is “V 1. € N, if n? is odd then
n is odd ”, the negation statement would be
“3n € N, such that n? is odd and n is not odd.”

Hence, the correct option is D.

8 C

£, and ¥, are parallel if the components of their
directional vectors are in the same ratio.

24 8 + 24
Thismeans | 6 —24 | =k 6
7 2% 5424

A
2
so, 24 =k (84 2%). Thatisk = - 1
( ) s+ 28 M
Also, 6 — 2% = 6 k. Thatis k = = (2)
From (1) and (2), we get
24 6 — 2%
8+2+ 6
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6x2% =48—-8x244+6x24 _ o
224 4 8x 24 —~48=0
(22+12)(2*=4)=0

24 =-12 or 2*=4

Note: 2* = —12 is invalid. This indicates ¢
Thatis A = 2 is the only solution.

Note: To check solutions, we substitute } — 2int
the directional vectors of £; and £,, we get °

24 4
(6—2’1)=<2> and

7— 2% 3

g + 24 12 4
(oo )-(e)=(2)
5424 9 3

This indicates that 4 and ¥, are parallel.
Hence, the correct option is C.

hat21:4'

9. B
dv 3
av _ 232
= (1 +v7)
dt 1
L -
W1 4p2)2
1
farm [— s
(1 +v2)2
e
(1 +v2)2

letv = tan§, so dv = sec?8 d@
and 1 +v2% =1 + tan?0 = sec?6 .50

t= ;Bseczede
(sec?0)2
1
- 2
t fsec39 sec*6do
1
t—fsece do
t= [cos@ do
=sinf+c

So,t =sin(tan"*v)+c
When t = 0,v =0 andso
0 = sin (tan™10) + c. That is

¢ = 0. This indicates that




t=sin(tan!v)

sin"*t=tan"! p

v =tan (sin™! ¢)
Hence, the correct option is B,

10. B

As the complex number z satisfies | z + a | = q,
then it lies on a circle with centre € (—a, 0) and

radius a. The diagram shows the circle with centre C
and the point P.

y=ak+1) y. P(ka, a(k+ 1))
| A ka
a (-
' la
kala™*
A |
x=ka

From the diagram above we can see that PB is the
greatest distance that z can be from the point P.
Using Pythagoras’ theorem in triangle APC, we get

PC =4 a?(k+ 12+ a? (k+1)2

PC = /2 a2 (k + 1)?, thatis, PC = a (k + 1)V2.
So, PB=PC+CB=a(k+1)V2+a

But PB = (3\/_2_ + 1) a. This means
atk+1DV2+a= (3V2+1)a

Dividing by a, which is a positive real number, we get
(k+1DVZ+1=3V2+1

= (k+ 1)V2 = 3V2 ,thatis, k + 1= 3.
Therefore, k = 2.

Hence, the correct option is B.

Question 11

a) Note: a — B =2i— (V3 +i) =—V3 +i.

Now,|a—fB| = ’(—\/§)Z+12 =2

and Arg(a — ) = S?n.

So, (@ - B)® = (2 cis (5—" ))6 = 26 cis (5m)

6
= 64 cis (5m) = 64 (—1) = —64.
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b) To show that A (2,—5,3) lies on the line £ we
substitute its coordinates into the equation of £.
We get

2 3 2
(5)-(2)(5)

3 5 4
Now, we need to verify that there is only one value

for A in the solutions of the following three equations.
2=3+2Aand -=5=—-2+621and 3=5+41

—-1=22 —-3=641 —-2=42
A L A= L A——-l—
-T2 T2 T2

As A= —% is the common solution for the above

equations then A lies on the line £.

c) Wecansolve z2—z+ (4—20) =0
using the quadratic formula.

1+ 1-4(4-20)

2
1 +v1-16+8i
zZ =
2
;= 1+y—-15 + 8i (1)

2
Now, let (a + ib)? = —15 + 8i
a®? —b?+2abi=—15+8i
Equating reals, we get
a’?—-b%2=-15 (2)
Equating imaginaries, we get
2ab =8 3)
Equating moduli, we get
a?+b2=17 (4)
(2) + (4) gives
2a? = 2, thatisa? = 1.
So,a=+1.
Now,whena =1,b = 4 and
whena =-1,b = -4

So, V-15+8i =+ (1+4i) (5

By substituting (5) in (1), we get

s 1+(1+4i)
=

1+(144i) 1—-(1+4i)
Z=—— “orz=— - %
2 2
244 =i
Z = 2 or z = 2

z=142i or z =—-2i.
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d) As PORS is a parallelogram then QP = RS.

. 2—4 -2
QP=(4—3>=( 1 )
3-1 2
. x—3
RSz(y—Z)
z—5

Now, we equate the components of the two vectors,

we get

x—3=-2andy—-2=1and z—5=2
x=1 y=3 z=17
So,S(1,3,7).

. 1-4 -3
Also,QS=| 3-3 |=| O
7 -1 6

lﬁl =/(=3)2 + 02 + 62 = 3+/5 units.

Alternative method
Diagonals of a parallelogram bisect one another.
Therefore, the midpoint of PR = midpoint of QS. This

implies 233,4 _ 4+x,3+y’1+z .
2 2 2 2

=x=1,y=3&z=7 with S(1,3,7) . Applying the

distance formula, |@S"| = \/(—3)2 + 02 + 62 =345
units, as before.

e} Asthe moticn is simple harmonic motion with
centre at x = 2 and amplitude 3 this indicates that
v = 0 whenx = 5and when x = —1.

By substituting into ¥2 = p + qx — 6x2, we get
0=p+59—-150 (1)and0=p—q—6 (2)

By subtracting (2) from (1), we get

0 = 6g — 144, thatis, g = 24.

By substituting into (2), we get

0 =p—24—6,thatis, p = 30.

So, v2 = 30 + 24x — 6x*

1

Evz =15+ 12x — 3x*
2

d(%v)

—5 = 12 — 6x

—6( x — 2) and this means

n? = 6,thatis,n =v6asn>0.

o _ i
V6 3

a=
a=

Hence, the periodis T =
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Alternative method
As the motion is simple harmonje then

V2 =n? [02 —(x—xo )2] Where

X is the centre of motion and 4 g the amy,

Tp itll(]c

: .
s0.12(9-(x-2)") = pax-62

2
n’ (5 +4x—x ) = p+qx—6x°, This implies

n’=6,4n" =qandSn’ = p.. p=3g. g=2g
n? = 6;thatis,n =v6asn>0,

. . _ 2n 77-’\/_6-
Hence, the periodis T = 7 = 3 s hbefore,

Question 12

2
1
Vi ——) >
a)(x X x&) > 0, where x > (.
This means x> — 2 +i3 > 0.
X

1
Hence, x* + = > 2.
X

Alternative method

1 1
¥ +—2 2.1% X—5 using the AM/GM Inequality.
X x

Thatis, x3 += > 2.
X

b} The converse of P would be “ If n is even, then
5n* + 8n will be a multiple of 16.”
Proof: Asniseven,letn = 2m, where
m is a positive integer.
So5n* +8n = 5(2m)* +8 X 2m
=5x16m* + 16m
=16 (5m* +m)
Let 5m* + m = k, where k is a positive integer-
So, 5n* + 8n = 16k
Hence, the converse of Pis true.

¢) Letz = rei be afourth root of 1 + V3i.
This means z* = 1 +/3i.

in
Now, as 1 4 /3i = 2e 3 then
in
z* = 1+/3 i can be written as r*e*? =28

1

150
This indicates that r* = 2, thatis 7 = 2% @7 7
and cos 48 = cos g

_n IR L
80,48 = = + 2nm, that is g=5+73

7 13w 1971
Therefore, 6 = = ,2Z =% or —.
' 12 '12' 12 12

Hence, the four roots of z* = 1 +V3i3re

et



1 im 1 7w 1 Q13w 1 —inm
2412, 24@12,24¢ 12 =24 12

i19%

or 24 e 12 =2

NP

d) Note: The initial velocity is e which is positive.

So, the particle will start moving in the positive
direction and its acceleration @ at the that time is
e?(e* +1ne) = e?*(e* + 1), which is also positive. So
then, the velocity will increase and a will always be

positive.
dv 2 (4
a=v_—=v (e* + Inv), thatis
dv dx 1

4
—=v(e*+Inv),andso —=———
dx ( ) dv  v(e*+Inv)

Integrating both sides, we get

fdx—] ! d
v (et rmn ™

1
x=|———d
Jv (e* + Inv) v
Let u = e* + In v. This indicates that du = Uidv

xzfi du = In u + c. This means
x=In(e* + Inv) +c.

Whent =0, x=ln(e4 + 1) and v =e.

This indicates In (e* + 1) =In(e* + lne)+c
So,c = 0.

Hence, x = In (e* + [nv).

e) i) Q(z) = z* —8z% +pz? +qz — 80
As the coefficients of this polynomial are real, the
conjugate of theroot 3 + 1, whichis3 —1i,isalsoa
root (Conjugate Root Theorem). Now, let the roots be
3+i,3—1i,a,p.
The sum of the roots is
34i+3—i+ a+ f=8thatisa+ f=2.
The product of the roots is
aB(3+0)(3—-i)=-80
10 @ f = — 80, thismeansa f = — 8.
The quadratic equation with roots a and Bis
z2—-2z—-8=0.
(z—4)(z+2)=0.50,z=4o0r—2
Hence, the four rootsare 3 4i, 3 — i, 4, -2.
ii) Using part (i), we can write
0@) = (z-3-D(z-3+D(z—D(z+2)
=((z—3)?~i®)(z* -2z 8)
=(?—6z+9+1)(z2—22z—8)
= (z* -6z + 10)(z% — 2z — 8).
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Question 13

a) The roots of the cubic equation
2x3 —7x+4=0area, fand y.

Product of the roots is affy = —g— = —2.

Now, consider the roots of the new cubic equation,

1 1
that is — , —— and —.These roots can be written

ap’ ay By

as L4 P and 2 By substituting

afy’ afy  aBy
affy = —2, these roots will be in fact the same as
_Y _B 42

R and >

This indicates the equation needed can be found by
substituting y = —g that is x = —2y in the original
cubic equation.

So, the new equation is 2(—2y )® —= 7(=2y ) +4 =0
— 16y 3 + 14y + 4 = 0,thatis8y > — 7y —2 = 0.
Now, as the variable is immaterial, we can write the
equationas 8xX3 —7x—2=0.

b) N

7°
45 15

w A E

AB represents the course from port A to port B.
AC represents the flow of the current.

CB=4D represents the course and velocity that
must be steered to achieve the resultant course AB.
ZBAC = 27°+45°=172°

Using the cosine rule in triangle ABC, we get

BC? =352 4 152 — 2 x 35 X 15 X cos 72°

BC = 33.5489....

£DAB = £ABC (alternate angles, AD || CB)
Now, using the cosine rule, we get

352+ 33.548..2 —152

cos LABC = that s,
2x 35% 33.5489... '

¢ABC = 25.16°.

This means £DAB = 25.16°.

Hence, the boat should head on a bearing of

360° — 27° — 25.16° = 307.84°and at a

speed of 33.5489 ..km h™! to reach its destination
at the required speed.




Alternative method

AB = —35c0563° + 35sin63°j

AC = 15c0545° + 155in45°j

CB =7AD =i+ 7yj&CE = AB — AC.

s %i+yj = (—35c0563° — 15c0545°)i +
(355in63° — 155in45°)].

Speed = /()2 + (y)? = 33.548951 ...& True bearing

=270° + tan~1 H =307.835103 ... degrees.

¢) To prove the given statement by contraposition we
need to prove “If p can not be expressed as a sum of
five consecutive integers then p is not divisible by 5”.

Let us assume that p can not be expressed as a sum of

five consecutive integers. This indicates there is no
integer g suchthatp =q+ (g + 1) + (¢ +2) +
(@+3)+ (q+4).

This means that p # 5q + 10, that is p # 5(q + 2).
So, p # 51, where r = q + 2 is an integer and this
shows that p is not divisible by 5.

Hence, by contraposition the statement is true.

8 1= f (2tanf +3) sec? g
sec2 8 +tan 6

= (2tanB+3)sec29d
1 +tan? @ +tand

Letu=tanfsodu =sec?9dg

dé

_ 2u+3 _p2u+142
SO'[—fl-E-u—{-uz _f1+u+u2du
_ ( 2ut1 du - d
I T T+utuz

2
=inli+u+u? +f\du

: | 14+ u+ u?

2
Note: 1+u+u?= (u + %) + -?1 which is positive.

2
I=In (1+u+u2)+J
R
2 4—

1—1n(1+u+u2)+—3-tan'1 ( )

2
I—ln(1+tan9+mn23)+——ta -1( ta““ 1)

2k +2
k+2 k+3
2k k+3 2k+2 k+2
T k42 k+3  k+3  k+t2
_ 2Kk%+ 6k ~ (2k%+ 6k + 4)

B (I + 2)(k + 3)

e
“m<0ask>0.

€) 1) Consider
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2k 2k +2

I+ 2 It+3 <0

o,

2k +2
Ik+2 < Ic+3 for k>0-
11)RTP—+ T

(n+2) So—__1
forn = 1. NOW forn=1 RAEEIT YN

Hence,——

g
1
LHS:_:— RHS=2_1_1
6 33,
As - , the statement Is true for = 1

Assume the statement is true for p = that

1, 2 J P

TR e TP I O
(Ue+2)! ™ k42 (k+2)| M

Our aim is to prove the statement is trye for

n=1k+1,thatis

k e+
—+—|+ L c+1 2k +2

1
(k+2)! 7 (k +3)1 Prre

&y
Starting from the assumption (1) and adding—L_ k1
(k+3
on both sides, we get: :
1 2 k k+1 2k
ottt ——c 21
(k+2)1 ° (k+3) < k+2  (k4g)
k41
(k + 3)

2k Uk +3)  k+1
k+2 (k+3)!+m
2k (k+3)—(k+1)

T k42 (k+3)

_ 2 2

T k+2  k+3)
2k 1

< -—_—
k+2 (k+3)
Note: The final inequality is valid as we are
subtracting a smaller term.
2k +2

P btractin
Now, frompartl))!H_2 <k+3 by su g
1
R both sides, we get:
2k 1 _zk+z 1
k+2 (k+3) k+3 (k+3)

Now, from the above, we can state that

k+1 <2k+2__,,,T
_'+ Pt +(k+2)v+(k+3)! TERRGE

Hence, if the statement is true forn = k, itis
also true forn = k + 1.

The statement is true for n = 1, and by
mathematical induction it is also true for
n=2,3,4andsoon.

Hence, the statement is true for all integers
nz=1.

1




question 14

a)i) .

JTT
. . [— _—
Weobservei® =i=eZandsoa = ez,

Alternative method
letz = re'? be a root of the complex equation

in

5= 5 5i6 andi=e¢z. Then

75 = i. Thismeans z° = 1°e

- 5 50 L
45 = icanbewrittenasr3e®f =z,

This indicates that 7> = 1, thatis,r = Lasr > 0
and e5% = €7, thatlis, cis 56 = cis Z.

S0, cos 50 = cos %and this means

9—n+2n7tthatise— i +2nn
W=7 BT
mon 9n’ 31r 771.'

re, 80 = — —
Therefo 10’2°10° 10’ 10

Hence, the five roots of z5 =iare

i i 9ir  —7im 13i7 ~ 3im
610,(){:@2,310,@ 10 = ¢ 10 gre 10 =
17im i

e 10 . In particular, ¢ = e 2.

ii) The Argand diagram below shows the five roots of
of the equation z° =iorz®> —i =0.

_____________________

iii) The sum of the roots of the equation z°> — i = O1is

in oin ~7i7 —3in
e + ez+ ew+ e 10 +e 10 =0
ur 9in

Also, from the diagram e10 + e10 = 2 sm

—7in =3in

-3 37
and e 10 10 = — = —2isin—
+ e = 2isin To 2L To

in
andez = |,

- N . i i 3
This indicates that 2i sin—ln—o +i—2i sm—1% =0.

This mea in—— —J ein T = i
ns 2 sin 10+1 — 2 sin 0 0, thatis

. 3m T 1
SIN —— — ¢j —
T A

From the Reference Sheet,
Sin(A + B) — sin(A ~ B) = 2 cosA sinB
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=37 _p=2=-
let A+ B = o (1) and A —B = m 2
By adding (1) and (2), we get
—4r T
2A = 0 thatis A = 5
By substituting in (1), we get B = —

From the above, we can state that

3 T 9 T T 1
sin 10 Smﬁ cosssm 0°- 3
Hence, cos = sin— = 1

’ 5 10 4

Alternative method

Using sm— — smE = =, we get
3, T ﬁ ~EN
10 ~ 101\ _; 10 10} _ =
2 cos T sin = >

s . (9 1
2 cos— sin—=-—
5 10 2

7 . % 1
Hence, cos sin- =7
b)i) md = —10m — 5V
As the massis m = 1, then
@ = —10 — 57 with the positive sense being the
direction of motion for all vector quantities.

©=(3)=(L5%0)

_di_
X—-dt-— X

dx
f—,—-:f—Sdt
X

Inx = —5t + A, where A is a constant.
5 = g~5t+A = gAg=5t

Let e = B. So,x = Be™5¢t

Now, whent = 0,xX = V C0S «, this means
B =Vcosa.

Hence, ¥ = Ve >t cos a.

Also, § =2 = —55 — 10

.
f————y fdt
5y — 10

1 dy
"5 y+2

v

y+2

In (¥ +2) = =5t + C, where C is a constant.
J+2= p—5t+C = o5t

Let e€ = D. So,y + 2 = De 5t

So,y = De™5t — 2.

Now, when t = 0,y = V sin a and this means



Vsina = D — 2, thatis, D = Vsina + 2.
So,v = (Vsina +2) e 5t - 2.

- Ve Stcosa
Hence, B{t) = ( (Vsina+2) et —2 )

g Ve Scosa )

vl = , but we are
17 Q) ((Vsina+2)e‘5—2

o 25075

ivenv (1) = .

given v (1) ((zso@u)e—s-z)

This means that V cos @ = 250 and
Vsina + 2 = 2503 + 2. S0, Vsina = 250+/3.
Dividing these two equations, we get
tana = /3, that is
a = 60° { as «a is an acute angle).
Now, by substituting @ = 60°, we get
V cos 60° = 250 thatis V = 500 ms™*.

iii) By substituting @ = 60° and V = 500
in the vector velocity , we get
36 = ( 500e5¢ cos 60° )
(500sin60°+2)e 5 -2
250 eS¢ >
(250v3+2)e 5t -2
Now, to find the horizontal velocity at the origin we let
t=0in % = 250 e~5%, and we get % = 250.
Also, we let T be the time taken by the particle to
reach its maximum height. This means the horizontal
velocity at that position is
% =250e 5T,
Therefore, the ratio of the horizontal velocity at the
origin to the horizontal velocity at the maximum
height is
250:250e 5T =1:¢75T (1)
Now, to find T we let y = 0, we get
(250V3+2)e5T—-2=0
57 _ 2 _ 1
T 250V3+2 12543 +1
By substituting in (1), we get
1
125V3 +1

=(1+125v3): 1L

So, B(t) = (

Ratio= 1:

Question 15

a)i) F:ma:_m(pv_*_vZ)
Dividing by m, we get
a=—(pv+v?),thatisa=—v(p+v).

Thismeansa=vz—:=—,v(p+v).
dv
== "(pt+v)
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f -1 dv=fdx
p+v

x=-In|p+v|+c

As the particle’s initial velocity is p, which is
positive, this means p + v > 0. Then
x=—In(p+v)+c (1)

Now, when t = 0,v = p and x = In 2. This
meansIn2 = —1In (p + p) + ¢, thatis
In2 =—In2p+c.So, c= In4p.

By substituting the value of cin (1), we get

x=—In(p+v)+inip

x = In (quv>'

fdt-‘f"v—(g%“)

dv
t=_fv(p+v) (2)

Now, using partial fractions, we let
1 a b
_ =
v(ip+v) v p+v
Multiplying both sides by v ( p + v ), we get
l=a(p+v)+bv
Forv=—p,wegetl = —bp,thatish = —%.

Forv=O,wegetl:ap,thatisa=%.
1 1 1 1
Therefore,—:—(———)
v(p+v) p \v ptv

Now, by substituting in (2), we get

1 1 1
t=——f (—— )dv
P v p+t+v

1
t=—z—)(ln lvl—ln|p+v|)+c

p+v
v

t= ?1-ln I I +c
4

AsV > 0 and p + v > 0, this indicates
1 ptv

t=z—’ln( > )+c 3)

Now, whent = 0,v = p, and this means

0 =-1-1n (p—ﬂ’) + ¢, thatis 0 = ~In 2 +c
P p p

So,c = ~Im2.
D
By substituting in(3), we get
1 1
t=—ln(p+v>——ln2
p p

=E(ln<—p—i'—v)——ln 2)
D v



At e
oAb ot i

1 H(P+V)
Hence,t=P 2v

substituting X = In3intox = ln( 4p ),

iii) BY p +v
4p

. _4p
we get In3 = In (?_’_—;) that is —
This means 4p = 3p + 3v So,p = 3v.

1
py substituting t=3In2and p =3vinto

t:%ln<p2':7”),weg6t —2—1n2 =% ln(BVTT;U)'

1 1
that is Eln 2= ;1n 2.
pividing both sides by In 2, we get % - %

Hence, P = 2.
Alternative method

By substituting t = %mz and p = 3vinto

1 p+v 1 -1 (3v+v)
t’;m( 2v )'Weget 2lnz 3vln 20 J’

1 _ 1
that is Ean = 3vln 2.

Dividing both sides by In 2, we get % = %

Hence, 3v = 2and asp = 3v, thenp = 2.

b)i) L, and L, are skew lines if they are not parallel
and not intersecting.

First, let us check if they are parallel by considering
the components of their directional vectors and
suppose they are in the same ratio.

-1 1
Thismeans( 2>=k<—1>
1 1

So,—1=k (1)
Also, 2 = —k, thatisk = —=2. (2)

From (1) and (2), we can see that k is not the same.
So, their directional vectors are not in the same ratio
and this indicates that they are not parallel.

Now, we check if they are intersecting by equating
their parametric equations.

The parametric equation of the line Ly or the
coordinates of any point on L, are

A(-1-2,-1+22,1+ 1) (A)
The parametric equation of the line L or the
Coordinates of any point on L, are

B(-14p,1—p,—14p) (8

Now, we equate the coordinates of the above two

Points, and we get:

;\éo— A=—1+y, thatis p = —A 3)

N\ »=14+21 =1—p thatisy =2—21  (4)
¥ €quating (3) in (4), we get

“A=2-2).50,1=2. Also,asp = —A=—2

20 .
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Now, we substitute A = 2 into (A), the parametric
equations of L, thatis (=1 —A,—1+4 21,1+ 1).
We get (=3, 3, 3) and then we substitute y = —2
into ( B) the parametric equations of L, that is
(~1+p,1—p,—1+p) Weget(-3,3,-3).
As the points obtained are not the same, then there
is no common point between the lines Lyand L,.
Hence, the lines L;and L, do not intersect. From the
above, we can conclude that L; and L, are skew lines.
Alternative Method
By substitutingd =2 & u=—2into1+A=-1+4
we have 3 =—3, which is absurd. So the system of

—1—-A=—-1+u
equations {—1 + 21 = 1 — u is overdetermined; that
1+A=—=-14u

is to say, the system of equations is inconsistent.

ii) From part i), we use the points A and B (say) that

are on L, and L, respectively to find the vector AB.

That is

. —1+pu+1+4 pu+Aa

AB = ( 1—u+1-22 ):( 2—,11—22.)
-1+u—1-2 —2+u— A/

The shortest distance occurs when AB is

perpendicular to both L; and L.

(1 . 1
So, AB. 2>=OandAB.<—1>=0.
1 1

-1
First, we find AB.( 2 ) = (. This means
1

p+a -1
(2—[1—22.).( 2):0
—24+u—4 1

—p-A+4-2u—4A—2+p—-1=0
2 —2u—61=0thatisl—u—-31=0
u=1-31 (1)
. 1
AIso,AB.( -1 >= 0. This means
1

u+i 1
(2—#—22).(—1):0
—2+u—2 1

,u+A——2+u+2/1—2+,u— A=0
—4+3,u+22=0,thatis3u=4—21 (2)
substitute (1) in (2), we get
3091 =4—2A ThatisA=—>.

10

. 3
By substituting in (1), weget u=1+ S =

Now, the vector AB with the minimum magnitude is



10 1 9

— H+d "0 2 ‘
AB=(2-u—2/1 =| 2-—+= |[=| =
24— 777 7
10,1 3

777 7

Or equivalently:

We substitute 1 = -—% and u = g to find the

coordinates of the points A and B when they
are the closest to each other, and we get

A(-1+%,—1—§,1—%)=(_9 _

9
7
andB(—1+§,1_g’_1+g)=(

3 3 3)
77 7y
3 6 9
s Z
7 7 7
- 3 9
So, AB = —s+= | = g
3.6 3
77 7

Now, to find the shortest distance between the two
skew lines L, and L, we calculate ’ AB |
Hence, the shortest distance between the two lines is

G)+6)"+ () =2 s

Question 16

a) We are given 4 (—5,—4), B(b, 5 Yand C (c,—12).
This indicates that
AB=(b+5)+(5+4i=(b+5)+9 and
AC = (c+5)+ (12 +4)i = (c +5) — 8L
By rotating vector AB by S?E in an anticlockwise
direction and multiplying its magnitude by 2, we get
vector AC. This means
AC =2 (coség+ isins?n) AB
By substituting AC and 4B, we get

V3 1. )
(c+5)—8i=2(—7+§l (6 +5)+9i)
(c+5)—8i=(—V3+i)((b+5)+9i)

(c+5)—8i=—\/§(b+5)—9\/§i+(b+5)i—_9v

(c+5)—8i=—/3b—5/3—9N3i+hi+5 -9
(c+5)—8i=—V3b—-5/3-9+

' (-9v3+b+5)i (1)
Equating imaginary parts in (1), we get '
~8 = —~9v3 + b+ 5,that is
-13=-9V3 +b
Therefore, b = 93 — 13.
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Now, equating real parts in D), we get
c+5=—V3bh-5/3-9

By substituting, b = 93 — 13, we get
c+5=-V3(9V3 -13) = 5y3 _ g
c+5=-27+13V3 ~5y3—9
Therefore, c = 83 — 41.

Hence, z; = 8v3 — 41 — 12i.

b) 1) I, = [Z sin*"*3x cosSx dx, n = o, 1,2

T
= J2 sin®™2x . sinx .cosSx dy
Using integration by parts,
letu = sin?"t2y

du = (2n + 2) sin®**1x cosx dx
andletdv = sinx .cosSx dx

: 5 1 6
V= | sinx.cos°x dx=—gcos x

bid
1 Z
I, = [sinz’”'zx X ~ —cosz] +
6 0
2n + 2 (2
c f sin®™ 1y cos7x dx
0

6
Note: cos"g = (cos—;z) =0

and sin®*"*20 = (sjn 0)2"+2 = (.

n+1
L, =0+

LS
p)
f sin®™ 1y cos7x dx
0

T
I, = z ; 1 joz sin®™1x  cosSx (1 — sinx) dx
LY
I, = z -3}- ! [j;z sin®™*1x  cosSx dx —
T
f ® sin2nt3y .cos>x dx ]
0
L, = E-:;-_:l([n—l —I;)

3h =W+ Dy — (n+ DI,
B+n+ Db =m+ D,
m+ D =mn+ DI,

n+1

Hence, I, = (n—+4

) Li_yforn>1,

i) I, = (2—:1)&-1
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n
n-—
[1-2 = (m ) In—3
n—-Z)I
[71_3=(m n—4
.
()
(s
50;171:(%)X(n—13')1n—2
Inz(%)x(niﬂ)x(%)ln—3

(n+1)(n)(n=1) (n—2).. 5x4x 3x2 <
Tt D+ @+ 2) D). 8x7x6x5 <10 (1)

Now, to find I we letn = 0 in

T
Iy=JZ sin®™3x cosx dx , we get

ks
— (3 i3 5
IO_f(]Z sin3x cos®x dx
T

2
Iy = f sinx (1 — cos?x) cosSx dx
0

letu =cosx When x=0,u=1

So,du = —sinx dx and When x=§,u=0

0
Now, Iy = —f (1—-u®)u®du
1

Iy= f01 (w5 —~u”) du

b=[£-%],
b= (-9)-0-0

By substituting the value of Iy in (1), we get
L=+t (n)(n—1)... x3x2 _ 1
M+ DM+3)(n+2)..x6x5 24
L = (n+1)(n)(n—1)... x3x2
M+ +3)n+2)..x6x5x4x3x2

Hence, I, = 1 !
O+Hm+3)(n+2)
i) J, = _[01 X7 (1 )2 gy
letx? = 5ing
2xdx = cos@ dg

xdx:%COSQ do

and whenx = 1,0=§

whenx =0,6=0

1
fn=f0(x2)2n+3 A~ (x?)?)2 xdx

024
Year1z Mathematics Extension 2 Task 4 — Worked Solutions

1 (7
Jn= 3 J; SI*™30 (1 - 5in%0) 2 cosO do
T
17
Jn= 3 f Sin®*"*39 (cos?20) 2 cosd do
071'
1 (7
In= Ef sin®™39 cos50 do
0

As the variable is immaterial,

b4
1~
Jn = > JE sin®™3x cosSx dx
1
Hence, J, = >

st

2
2 2z

for which (sinx) 7 + (cosx)n < 1,and n = 3,4,5, ....

Also,as 0<x < IZE' then sinx > 0 and

cosx = 0. This indicates that

¢) Assume there is an x in the domain 0 <x <

2 2

0<(sinx)7 + (cosx)n < 1.

Now, by raising the inequality to the power of n,
we get

OS((sinx)?zf+(cosx)%)n<1 (1)

Note: ((sin x) z + (cosx) %)
= (8) ((sin x) %)
n , 2\ 1 2\!
+ (1) ((sm x) n) ((cos X) n)
NN

n . 2\? 2\"?
+ (n _ 2) <(sm x) n) ((cos x) n>

n 2 1 2 n—1
+ (n _ 1)((sinx) ﬁ) ((cos x) ﬁ)
+ (Z) ((cos x) %>n

putas () ((sin ) )
n 2Xn

and (Z) ((cos x) %) =1X(cosx) m = cos2x,

n

n . 2xXn
=1X(sinx) ™ = sin?x

2 2\
this means ((Sin x) 4+ (cosx) F)

n . 2\t 2\!
= sin®x + (1) ((smx) n) ((cosx) n)

+ (;) ((sin x) %)n—z ((cos x) %)2
o

11



1 n-1

+ (n ﬁ 1) ((sin x) %) ((cos X) rzt) + cos?x

n 2\n—1 2 1
=1+ () ((sinx) ﬁ) ((cosx) ﬁ)

2 N—2 2\ 2

+ (;) ((sin x) E) ((cos X) H)
LT

(o (cosodf”

By substituting (2) into (1), we get
n—-1 1

o<1+ () ((sinx) 72‘1) ((cosx) %)
+ (721) ((sin X) %>n-2 ((cos X) %f
ol

n Z 1 2 n—1
+ (n _ 1) ((Sll’l x) n) ((cos x) n) <1
By subtracting 1, we get

n 2 n—-1 2 1
-1 < (1) ((sin x) ﬁ) <(cos x) 7‘1)
n . 2\"? 2\?
+ ( 2) ((sm x) n) ((cos x) n)
i 3
L]

2\1 2\ 1

+ (nf 1) ((sinx) 5) ((COS x) 5) <0 (3)

n-1 1

But the sum Gl) ((sin X) %) ((cos x) %)

+ (721) <(sin Xx) %>n_2 ((cos x) %>2
M

n . 2% AN
+ (n N 1) ((sm x) “) ((COS x) n) is positive as
all its terms are positive. This means it cannot have a
value between —1 and 0 as shown in (3).

This causes a contradiction which means the
assumption

2
(sinx) 5 + (cosx)n < 1is not valid.

2 2
Hence, (sinx) =+ (cosx)n =1,
for0<x Sgandn= 3,4,5,..
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