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Section I
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Consider the statement
“for any integers mand n,ifm+n >7thenm >4 orn > 4”

The contrapositive of this statement is

A Ifm<4orn< 4 thenm+n<?7.
B. Ifm>=4orn=>4,thenm+n=7.
C. Ifm<4andn<4,thenm+n<7.

D Ifm<4orn<4thenm+n<7.

2 Which of the following functions does not describe simple harmonic motion?

A. x =sin?3t —cos?3t
T
B. x—5cos(2t+g)

C. x=2sin4t —4cos2t

D. x=2sin?2t —5cos4t + 2



Consider the statement:

“Whichever positive number r you pick, it is possible to find a number x greater than zero such

1
that= < 1.
X

When this statement is written in a formal language of proof, which of the following is obtained?

1
A. Vr>O,Elx>Osuchthat;<T
1
B. Elr>0,3x>0suchthat;<r
1
C. Vr>O,Vx>Osuchthatx—2<T

1
D. 3r>0vx> OSuchthatx—2< r

Which of the following is a vector equation of the line joining the points P(1, —3,4) and
Q(5,0,-2)?

1 4
A, r= —3) + 1 (3), A is a scalar parameter.
4 6

5 —4
B. r={(0 ) + A (—3), A is a scalar parameter.
-2 6

2 4
C. r= —1.5) + )l( 3 ), A is a scalar parameter.
1 —6

1 5
D. r= —3) + )l( 0 ), A is a scalar parameter.
4 -2



5

6

The position of a particle at a time t is given by r(t) =

(“tt_z) fort = 2.

The Cartesian equation of the path of the particle is given by

y=x%—2forx >0
y=x?+2forx =2
y=x2+2forx >0

y =2x%+ 2 forx =2

Which of the following curve describes the diagram given below?

|
5l -

Ao 0= ) fse<®
B. r(t) = (:;r;i) for =<t < 3%
c. r(t)= (—Sézstt) for %Tn <t< %ﬂ
o w0 (00) e Fee s

(

|
=Y



dx

Which expression is equal to f S
x?>+4x+ 6
A tan X2
L an-1%42
B. \/Etan 7z
C. tan’! % +c

1 _1X+2
D. Etan 1T+C

A particle moves on the x-axis with velocity v. The particle is initally at rest at x = 2.

Its acceleration is given by X = x — 5. The speed at x = 1 is given by

A, |v]|=7m/s
B. |v|= %m/s
C. |vl=+V7m/s

V7
D. lvl=5m/s

s
4

Letl, = j tan™ x dx,then I, + I,,,, is equal to
0

A S
1
B. 5
1
C.
1
D. %



Two masses of 8 kg and 12 kg are hanging by a light and inextensible string over a frictionless

pulley as shown in the digram given below.

12 Kg

The tension 7 in the string is given by

A. &N
5

B. 24_9N
5

c. HN
5

D. 2y

5



Section 11

90 marks

Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a separate Writing Booklet for Question 11.

1
(a) Givenz =1+1,find z% + = in the form of a + ib, where a and b are real numbers.

(b)  Suppose that a,b € Z.If ab and a — b are both even, prove that a and b are both even.

(c) A particle moves in simple harmonic motion described by the differential equation
X=-16(x+2).

Find the period of motion and the centre of motion about which the motion occurs.

1 -1 3 2
(d)  Show that the pair of lines Ly: r = <2> + A <—2> and L,:s = (1) +u (—1) are

3 1 3 0
perpendicular to each other, where A and yu are scalar parameters.

1
Also, show that they intersect at (2)
3

(¢)  i. Show that for any integer n, e + e~"% = 2 cosn#.

. 83
ii. By expanding (e‘e + e‘lg) , show that cos36 = %cos 0 + %cos 36.

End of Question 11

— 7



Question 12 (15 marks) Use a separate Writing Booklet for Question 12.

(a)  Prove by contradiction that log, 9 is an irrational number.

dx
1 —cosx +sinx’

(b)  Evaluate f

(c)  The complex number 3 — i is a zero of a cubic polynomial Q(z) = z3 + pz? + qz + r where
p, q,r are real numbers.

Given that z = —1 is also a zero of Q(z), find the vales of p, g, r and then write the complete
factorisation of Q(2).

(d)  For all real numbers x and y, with x? + y? # 0,

2 2
i _x 2 ) =
1. prove that( x2+y2) + (W) 1

.. . x y
1. Hence, or otherwise, prove that <1 and <1
’ ’ p /x2+y2 /x2+y2

(e)  With respect to the origin O, the lines L; and L, are given by the equations:

10 -1
L1r1:<0>+l<1>
-9 2
17 5
Ly:ry = ( 1>+,u<—1>
3 2

where A and p are scalar parameters.

. . . 2 .
Show that the shortest distance between the two lines 1S — units.

Vi1

End of Question 12

— 8—
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Question 13 (15 marks) Use a separate Writing Booklet for Question 13.

x%+1

1. Express as the sum of partial fractions.
(a) PresS et D) (x—2) (2 +x+1) P
1i. Hence, or otherwise, show that
x> +1

Gt DD rxt D

A 1 I — 2]+ o 4 x4 1] 4 tant 2
= 3nx 21nx 14nx X 7\/§an \/§

where C is the constant of integration.

(b) LetzeCanddefineA=1+iandB =-1+1.
Find the set of points satisfying the condition |z — A| = 2|z — B|.
1. Express this as a Cartesian equation.

il. Interpret the result geometrically.

(c) A crate of mass 15 kg is being pulled along a smooth horizontal surface by a rope inclined at

30° to the horizontal. (g = 10 m/s?)

The tension in the rope is 18 N.

1. Draw a force diagram for this situation.
1. Find the acceleration of the box.
1il. Find the normal force between the box and the floor.

End of Question 13



Question 14 (14 marks) Use a separate Writing Booklet for Question 14.

(a)  Prove that a three-digit number is divisible by 3 if and only if the sum of its digits is divisible
by 3.

(b)  Evaluate

0.5
J‘ 1—x P
T+x"
-0.5
3
(¢)  Aspherehasacentreat| 2 |and its radius is 4 units.
-1

2 2
A line has equation r = (3) +u ( 1 ) where u is a scalar parameter.

5 -1
1. Write down the vector equation of the sphere.
il. Determine whether the line is a tangent to the sphere, clearly justifying your
conclusion.
(d) 1. Show that for k > 0,
1 k [
f sin?k 6 cos 20 d6 = ——f sin?k 6 do.
k+1
0 0
1l Hence prove by mathematical induction that
V3
2n)! =
.2 —
Jsm "0 do = P Xﬁ

0

for all integers n = 0.

End of Question 14



Question 15 (15 marks) Use a separate Writing Booklet for Question 15.

(a)
D (2,2,0)
y; X
For the rectangular prism given above
1. Show that the internal diagonals AG and DF bisect each other. 2
il. Calculate the acute angle, 8, between the diagonals, to the nearest degree. 3
1
x"1dx
(b) IfIn=jmf0rn21
0
3
4
i Show that [,, = j sin® 10 cos™ 10 doforn > 1. 2
0
V4
H 1
11. LetK, = J sin™ 8 df , show that [,, = Z_nKn-l' 2
0
_nn+1) 1T
111. Hence show thatl, =2 2 (E) 1

Question 15 continues to the next page ........ccccevveviinnennnnes



Question 15 (15 marks) Use a separate Writing Booklet for Question 15.

2w . . 2T
(c) Letw= cos -+ isin—-.

i Show that w” is a solution of z° — 1 = 0, where k is an integer.

ii. Showthat 1 + w + w? + w3 + w* + w® + W + W’ + w8 = 0.

4 2T 41
iii. Hence, show that 8 cos 3 X cos S X cos e 1=0.

End of Question 15



Question 16 (16 marks) Use a separate Writing Booklet for Question 16.

(a)  The point P is 5 metres to the right of the origin O on a straight line. 3

A particle is released from rest at P and moves along the straight line in a simple harmonic
motion about O, with a period 4m seconds.

After m seconds, another particle is released from rest at P and moves along this straight line
in simple harmonic motion about O, with period 41 seconds.

Find when and where the two particles first collide.

21, 4T,

(b) Letz=es andw =es".

1. Express z and w in polar form. 1
il. Hence, show that |z + w| = JZ (1 + cos 2?71) . 2
iii. In the complex plane, vectors 04, OB and 0C represent the complex numbers 2

z,w and z + w respectively, where O is the origin. Show that ZA0C = % .

Question 16 continues to the next page ........cccccevveveinvennnnns



(¢)  Anparticle is projected upward from the origin with an initial velocity u m/s at an angle 8 above
the horizontal as shown in the diagram given below. Let the position vector of the particle at

time t be r (t) and define the total time of flight as T. (g = 10 m/s?).

Vi

L -

R X

. . o 0 .
The particle moves under the constant acceleration due to gravity, I = (—g)' The particle lands

on the x-axis after time T, when x = R.

1. Show that the range R of the projectile is given by 3
_ u’sin26
7

ii. A garden sprinkler sprays water symmetrically about the vertical axis with a 1

constant speed of u metres per second. The initial direction of the spray varies

continuously between angles 10° and 75° to the horizontal.

Prove that the sprinkler will wet the surface of the region on the ground that forms
an annular area with the centre at the sprinkler’s position and with its internal and

external radii given by

u? sin(20min) u? sin(20max)
— and ——

p respectively.

Question 16 (c) continues to the next page ........ccccevvveiiinnnnnnn.



(©)

1il.

1v.

A rectangular garden bed has dimensions 8 metres by 5 metres. Assume that the
sprinkler is to be placed in a fixed position, such that the entire garden bed must

be watered.

Determine the minimum velocity u required for the sprinkler to cover the entire
garden bed. Express the condition for u in terms of the acceleration due to gravity
g ensuring that the sprinkler’s maximum range at 8,,,, = 75° is sufficient to cover

the diagonal of the rectangular diagonal bed.

To prevent water wastage and ensure the bed is adequately watered, it is decided
that the sprinkler should be positioned at a minimum possible distance from the

garden bed, while still covering all of it.

What is the required value of u, ensuring it satisfies the condition that
2
”; > 8 + V13,

where u is the speed of the water jet?

END OF PAPER
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2025 Mathematics Extension 2 Trial Examination Solutions

Section I

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Consider the statement
“for any integers mand n, ifm+n>7thenm > 4orn > 47

The contrapositive of this statement is

A Ifm<4orn<4, thenm+n<7.
B. Ifm=4orn=4,thenm+n=7.
@ Ifm<dandn <4, thenm+n<7.

D. fm<4orn<4thenm+n<7.

2 Which of the following functions does not describe simple harmonic motion?

A.  x=sin?3t—cos?3t
m
X = SCOS(ZI: +E)

B.
@ x = 2sin4t —4cos 2t
b

X = 2sin® 2t — 5cos 4t + 2



Consider the statement:

“Whichever positive number 7 you pick, it is possible to find a number x greater than zero such

1
that—2 <r.
x

When this statement is written in a formal language of proof, which of the following is obtained?

1

(A) vr>03Ax> OSuchthatE <r
i

B. 3r>0,3x > 0such tha‘[x—2 <r
1

C. vr>0vx> Osuchthat; <r

D. 3r>0vx> osuchthatxiz <r

Which of the following is a vector equation of the line joining the points P(1,—3,4) and
Q(5,0,—-2)?

- ), A is a scalar parameter.
4
3 |, Ais ascalar parameter.

-6

6
1 5
-3 |+ A| 0 ), Aisa scalar parameter.
4 -2



5 The position of a particle at a time t is given by r(t) = (“ t; 2) fort > 2.

The Cartesian equation of the path of the particle is given by

K=Nt-2 }
A, y=x2—-2forx>0 i Sl
R =Y
B. y=x%+2forx>2
A= y-1
@ y=x*+2forx>0 \)‘:7{1‘4—1
b T By
D, yv=28*42fotx =2 _
% 2.0
Xy &
6 Which of the following curve describes the diagram given below?
yi

1 —
/ x
(L )
i
considec A
-
: 1| T |3
i 5 g 7
st= #\sint |5 "
O Y I
3m L 3 \"w"t | \ﬁ]j‘[-i
= 4
which werks
5
StST
51



7 Which expression is equal to f d—x ?
x2+4x+6
- A~
—1 x+2 s
A, tan 1T 2
42y 473
7 1 -1 2
—={n =—=+€ - ) - .
® #oee - Lo
@ N M N i C
—1 23
C. tan =
D. Ztan1ZZ24¢
2 2
8 A particle moves on the x-axis with velocity v. The particle is initally at rest at x = 2.

Its acceleration is given by ¥ = x — 5. The speed at x = 1 is given by

x=%x-5
A vl =7m/s d(ivY=oy s whin A =\
s et L. . g+ g
B. Ivl=1m/s e ivi=4-%
il 2= * _gx +C
@©) 1ol =7m/s alial Sk v T
7 wlhun T =0, vz 0, A= 2L lrvrl; yr:] mfr‘)
b, vl =Zmys
Z
C=¢
Ay>= X2 - BA + ¢
TE 2. =
4
9 Letfn=ftan"xdx,thenfn+fn+2 is equal to
0
%
1 Ih‘ ) +ﬁ~n rat A=
A a4 v
B, — "
L M2
12 In¥z~ 5 “'W‘\ ‘XdX
© = ; :
& =
b Ta+ Tar2 benn (1A ) df
G'.!'..-
= T 5o dx
g o
+\ =
= "Jr{m“ > ]4 = ""l:—{
Fate i | 7



10 Two masses of 8 kg and 12 kg are hanging by a light and inextensible string over a frictionless

pulley as shown in the digram given below.

.I. *
a$ &JT 12BKE l .
3g

The tension 7 in the string is given by

<<

T..g»ﬂ;ga — a:w

A, 2y | g
5 IZS_T?—\zQ
B. 24y | ,
; 29 T_),;,_-(T—S'f))
4g 4 s e, E
C. =N ,g
(D) =N 249 -2T = 3T- 244
A8y = §T
A T= 29

>



Question 11 (15 marks) Use a separate Writing Booklet for Question 11.

1
(a) Givenz=1+1,findZz 2 4+ s in the form of a + ib, where a and b are real numbers.

Na) Z= |+t
Zl = ([ +i.)2
= 1 +20-!
= 2
_I__ > _l_ .Y Question was done well,
> 7¢ AL nearly all students got full
. marks.
= L
=2
B4 =24
2} 2
=20
X

(b)  Suppose that a,b € Z.If ab and a — b are both even, prove that a and b are both even.

b)  Praot by comtapositive
Case| : One odd and ove even

Let G=2m+l
b= 2n
Then ab=(2wm+)(2w)
= 4wN + 2

= 2(2mn+n) which 15 gvan
a-b = (zmal) - 21
= m-2n 4|
= 2(m-n) 1, Which ig odd
(ag2 - Poth odd
o= (2ml)(2u+l)
= 4mnt 2am+2n+|
= 2(2wmn+m+n) +l, odd

o g contvdicts fhe
ovigmal condihown.



(¢) A particle moves in simple harmonic motion described by the differential equation
¥=-16(x +2) .

Find the period of motion and the centre of motion about which the motion occurs.
) A=-lb(n+2)

In the Form
X = —Mz()(—'C)

Question was done well, nearly
all students got full marks.

n= 4§
¢ 5=l
peviod : 2 (entve of
4 modion
= i[: s
2
1 -1 3 2
(d)  Show that the pair of lines L1: r = (2) + A (—2) and L,:s = (1) +u (—1) are
3 1 3 0
perpendicular to each other, where A and p are scalar parameters.
1
Also, show that they intersect at <2)
3
4 /- )
— 2 = __l
( 0
= =343 4+0
=0 . L.5=0 and

fhe 41,:.0 ;Tvc pevpondicular

When A=0

e

fov 5

(l) <3>+M(l
2 1= (1 -
2 3 0
Lo S=3m 1)

2= |1 -m (2)

fom  (2)

M= -

sub info (1)

L= 3+42(-1)

(LY

|
s and § intevse (1 a1 (é)




e i. Show that for any integer n, e® + e~% = 2 cosné.
y integ

ii. By expanding (e + e‘ie)g, show that cos36 = %cos 0 + %cos 36.

lle)
N e™ = (oM +iginn
M ogU- (4K

™ 27 = ogu+ Lot + cosu SV

= 209N
l¢f n=nb
{,-Lnb+€-tn0: 2005 N0
i) from pavt 1)
(¥ &™)
= ( 20099)?
= %w04%6

(CLB'*‘ e.@)) - (2L9+ e-da)?. (e\9+ e-ue)
= 2% 3¢% 3¢ 0 g™
= ¥ e L 30 )
= 200520 + 3(2¢050)
= 200570 + 6059

N

200539 + 6049
1 0536 +_3 (099
7 4

%0570
04’0

1)



Question 12 (15 marks) Use a separate Writing Booklet for Question 12.

(a)  Prove by contradiction that log, 9 1s an irrational number.
Dssume lm):‘i s rahonal.
Iﬁ. '3 P)(b' ez y tb..# () SWLh“H\ﬁ+

[\,-);’t - _E_b: it ) have M comempa _F,"CJEO\";‘

{5 -q

Mostly well done.
¢ y
4" = q¥

Common errors:

NO‘V, S;Y\‘\Q 4 s even Ahew 4? ¢ also ewem.,

M0 i@ A is odd e 4T 5 also odd.

Students saying that 4 and 9 have no
common factors, when obviously 1 is
a common factor of 4 and 9.

’ P " % - i

<. 4 *C]% which i¢ o sostradichon Sing
0N evem awmper canaut be equal Yv an
0dd quember.

S Ahe (}("\Sic\a\ AEEMMPHOD L N gere of.
’

. ‘03:‘ S i rhona).

(b)  Evaluate f dx :
1—cosx+sinx

- S vl =l d%
J 1= cosxe+Siax T A4
b B -
let t= tan3 2 il - ler) e
x =1 .
gk = n\= \ +C
g e l“]’ﬂ"':'{ "t*\
s At )
dx= 2 dt = | 2Z2=_l4cC
B dacl
Cos %= 1%  giax =2
H * +t*

i T w 2 db Common errors:
___‘f_*‘-—q—-—‘;: incorrect dx and
EEE p

et incorrect integration of j
5§ i t(1+1)

=P /‘1’:__‘5l'b = \(A 2—— at
S Ak (e S(*t T«t*b
i = ales) T Bt

Wheat =0, Ar=1

W 7——\) 2=



(©)

(d)

The complex number 3 — i is a zero of a cubic polynomial Q(z) = z* + pz* + qz + r where

p, g, r are real numbers.

Given that z = —1 1s also a zero of Q(z), find the vales of p, g, r and then write the complete

factorisation of Q(z).
Sin 3-1 8 @a2ec0 op QC2)
? 31‘\/ S a\lp o ze<? S\ w({;ﬁi{;(w{j a<xe m
S22 A0 is o facder e U2
Sing L=-138 o\o azexv,
? Zx\ s fackoe o QC?-\
2 Q@) = (2= ez +19)(z1)

222 +WZHT—0Z 1V

\i

= 23544z H0= ZHPTNGELT

** PE79, 424,r=w

S RE) = (z-3+10) (Z-3-D)(z+1)

For all real numbers x and y, with x* + y? # 0,

2 2
: X y —
1. prove that (W) + (W) =1.

LHS = ( J%L)z + (J;z;-j

Common errors:

Students writing » = —10 after using
sum & product of the roots rather
than correspondence.

Students forgetting to write the
complete factorisation of Q(z).

- z

7:: + : This question was done very well.
R N
- ?(1-5- 2
x % )"‘
= | =gné
.. . X y 2
11. Hence, or otherwise, prove that sz—ﬂz| < 1land Tone <1.
»t Ty (\ x 2z . s X
e (qT'i) r ( i )=l
Xy X +},-'x.

S

Ferem Mgt be Jess Hhan ge e;lua( "’U l

e, (\?@1 )‘Lé_\ 5{\(\-\\5\.,4‘”)’ (ﬂ%})z

—

7 =14 7\

=1

\él

valg bC“‘ SC]U\C&(G(} --l-t.r‘m.i ace ﬂt‘)“\‘htjﬁ‘HVe, 'C?I‘L‘(]

Common errors:

Students lost a mark
because they did not state
adequate reasons.




(e)  With respect to the origin O, the lines L, and L, are given by the equations:

10 -1
Li:ry = ( 0 )+)1( 1 )
-9 2
17 5
LZ:TI =(1)+H(—1)
3 2

where 1 and pu are scalar parameters.

Show that the shortest distance between the two lines 1s ﬁ units.

Assumg f‘ =-«\&§. Ve skew |ines .
P
)
o}

L!
|e+ ﬁ( be L +o both Y;l fm'\(;q. ‘E} ) IE(C‘__ a)‘) 4_7\: _lgl
P 125-45A +n =19
P=(10-2,2,-a+22) - 4
- 7\ = __|_
&= (1454, 1-M 3+2M) l
T: | M= -2
P (‘I-+5M+?~ V=M= X, 1242M-2) "

) . = - . "

Pz" (—]l'llz)zo \ ) > h

- = 3 % A o ‘EE\: (mzl T ! 2\1

T-BM=o + 1M+ WABM =42 =0 ()5 v+ (3)

18 -240=Gn =0

MAZR = —5 () =5 M= 9-32 =
P&- (5..,2) = p
35 ¥25M+5X “ltm+» 294 SM-41 =0

58 +20m+22=0
1ISM+ 2 = -24—3)

A slight error will result in a deduction of 1 mark. The method shown is the most common way of
solving. Although a couple of students used the projection method which is not shown in the
sample solution. Students who achieved full marks made no mistake in the process.




Question 13 (15 marks) Use a separate Writing Booklet for Question 13.

x%+1
(a) 1. Express 1) (—2) (x2 12 +1) as the sum of partial fractions. 4

1. Hence, or otherwise, show that
x%+1
dx
x+Dx—-2)(x2+x+1)

= 2l| +1|+51| 2|+31|2+ +1] + t ‘12x+1+C
3nx 21nx 14nx X 7\/3_an \/§

where C is the constant of integration.

Queation (3
o) 1)
i = A , B . x4+ D

() (=2) (4 kl)  (x4l)  K-2 x2en+l

el = A(x—z)()t?'ﬂtfl) + Bt D3¢ x+1) (CMD)(RT')("‘Z)

aub A=) Suh n=0 Sup x=|
5= B(3)(1) = -2A+86-2D 2 =-3A+6B-2C-2D
5= 3n = *2(:&)4-2—2‘)
.-Ba_':‘a__ 3/ 2.c=-5( _6_) .__) 2
2| 2=4,.5 | 3 5
3 2 =L %30 -5 .3
Suh K=~—| = 4 2l 7
2= A(-3)(1) 7 = b
ol = D= 2 7
3 P fe 3
1
X =¥ ., B ) 2
T(tex+l)

| (xt) (1-2) (" 4t 1) ey 2] (x-2)

A handful of students did not solve by
observation and substitution but
created simultaneous equations.




1) Frowm ppovk )

_ L] =-2 . 5 4 Bxt2
() (1-2) (1 4t 1) d(et)) 2] (x-1) T(n20cl)
S 2ol i = -2 In|n+l|+ 5 In(x-2l S%*% e
() (1-2) (W +t1) 3 2 ey
:'ilnln+ll+jlm{x-zl+§g2"&*' e A
3 2 (4 ) ns 4 I 3\(14-1[“)
= 2fel|+ 5 (nx-2 43 lnaea+l | 4L S_LJ_,_, +C
> . I+ M) (k) (35

=20l [+5 (n[x-2] 43 et [+ 0 2 tan' Atk ac

3 2 |4 ly 3 -

2.
:12,|“Il+||+_'3_|w|x-ll+ilw]nzf'n-ﬂ[+_f_’ran"2%+‘+c

3 2 |4 13 =

Ahevnate waY 0 chanﬁe j ¥Wn+ 2 d

more elegant HEE N A
9

=_fS 42 dn
7 ) nrax+]

=Lsinil_ dus 1 (el dx
7 ) gran+l 7 n‘4n+l

= _.lelnlmﬂf f_I_SZPHI M_'LJ | dx
7 M) Yren+) M ) yren+l

= U n [ xtonsl] # e[ ntened] - L g A
7 4 M) (x4%) (ﬂi)

=3 n|wnt| -1 2 tan” (z[nw@)%
|4 T
5 IV\I}U“J-‘AHI- Jﬂ?m"'(ZM-H)_t.C
I 0



(b) LetzeCanddefined=1+iand B =—1+1i.

Find the set of points satisfying the condition |z — A| = 2|z — B|
1. Express this as a Cartesian equation.

11. Interpret the result geometrically.

D |t %=')('+(.lﬂ
A=|+L) B = =],
|2-A| = 2|z-8|
loe-1) 3@ -1)| = 2{(1«-!)%(1{)-0[

‘] (x-1)* 4+ (‘d“)z_‘ = 2 J (e (lJ~I)2'

Sqpave  both gides
(-1 (y=1)"= 4 (+)*+ ¢(y-1)*

Gntl)t = (=12 +&(y-1)°*-(y-1)*
G(nemsel) = (A2-m+1) + B(g—l)L

WEON+D + 3(g~l)z

() =
=

0= 4x+gnel-nte2n-1 t3(y-1)°
0= 3

0= X+ 100 | + (Y-1)?

3

)

) - f*'_a(lnf(_%_)l £ (y~1)*

= (11‘%)2 + ((j-l)z

1o

T W

|

1) o 6 an eguation of a
civcle with  cewtre (__5_, |)
3

and radivg 4
3



A crate of mass 15 kg 1s being pulled along a smooth horizontal surface by a rope inclined at

(c)
30° to the horizontal. (g = 10 m/s?)
The tension in the rope is 18 N.
1. Draw a force diagram for this situation.
11. Find the acceleration of the box.
1il. Find the normal force between the box and the floor.
)
[ \.‘6‘A - o _ ,
) 5in30=_4_ _ Y= 35130
30° |Y 13
3 .8
L ( . (0530 = X _5 K= I§0530
1%

E

i) Since there 16 no friction
Nel foree 74 owl\j in fhe hovizontal divection.

F = ma
1% 0630 = 19a
ik B lﬁ(%)
15
= FY
E 2
a= 30z mfs

i) Novmal force 15 balanced by
vevlical fvee

5 (10)
7 & fﬁ(-’.)

P2

N+ 1441030
N

f

(

4] N

=
)



Question 14 (14 marks) Use a separate Writing Booklet for Question 14.

(a)  Prove that a three-digit number 1s divisible by 3 1f and only if the sum of its digits 1s divisible
by 3.

et W= huwrdred s gt
b= derls dig-
W= wads digit
J.odhe 3--dfc);-} 0. Can be W.p“fs‘*""fof b»)
N=looh+ gL+ U
N=qqh +9¢ + (hat4u)
Ip 4 )
f e sum g Ang &rg.'%;, h+t+u s d:v.‘s{b'\c\m) 3,
Hea hit+u =3m, megz
SNZ Q9+ o4t 4 3m
=3 (BhE3t+m)
o W ia dwis ble bjj sinag Z3h Y3t 4w ¢ an ‘\Y\'\"Ecj-ez(\.
ASO,5g N s divisioie by 2
T N=3k, kez

Ten Bk 9L + 95 + (hat+u)

7 W= 3% - qqp- 9t

= 3(k-33h-3t)
MU s divisio)e 593 sine K-33h-34 is an 'arﬂ‘tﬂé’('
. Buen of iYs d\“cD"r\S 1S divisib)e "o-D =

<

This question was done very well for students who recognise how to set-up a three-digit number. Since
this is an IFF question, both the statement and its converse need to be proven.




(b)  Evaluate

Method 1:
05
NS =N
o5 N 1T Hx  \i-x
~-0.5
B;§ ‘_—x d%

= 0% _dx +4|_f5-17~ab<

e
Loy V12 - Ni-x*

S
4 _ ol N -
Shn X+ i (i~ 5 ]
-\ c‘—;‘: i
S X A \l‘l—?\"“] =
7 -0
Q|ﬁ"c,% + dy:(o-‘f)l) — (s'Co.9) ¥ V- )

= - 4
Method 2:
. -
let x=smné& when x=-0.5, = —
dx =cos 8d6 6
whenx=0.5.0= il
6
J.E, 1-sin0 x cos @do

This question was not done very well. Most common error is when students tried to rationalise the
denominator instead of the numerator. Another common error is using the wrong substitution.




3
(¢) A sphere has a centre at ( 2 ) and its radius is 4 units.
-1

2 2
A line has equation r = (3) + u ( 1 ) where p 1s a scalar parameter.
5 -1

ol

L Write down the vector equation of the sphere.

equation 0L o FpHeE - Common error:

L \= v Students writing the Cartesian equation of the
\ l'ﬂ_, = l.:,\ = sphere instead of its vector equation. No marks
awarded for students who wrote the Cartesian

l E s k}‘\ \ =4 equation.

1. Determine whether the line is a tangent to the sphere, clearly justifying yvour
conclusion.

Method 1:

e} P be aveckr oy
+he cenlce of Ahe S_?}\f(c o 4t line

E:(‘l‘f:ZM--} M-

5-m+1 “M+©
I e Viae s ‘h\-nge\'ﬁ' Fo Hu Sphece
Fhen
M-t
\ (2.1,4\.‘—\ - 4 Common error:
=M Students messed up in their algebra, thus,
5. 1 getting the incorrect discriminant.
(201" (1) 4 (0 =)= 42

r 3
AMT= AL+ 0 M+ 3b - M [
CM* - 14y 2220
A= (- 4@ = 332
Joono real vl Por M
S 4he Koe s not Yaagoot ot Sphece

GBS Fnew davd dovuch .



Method 2:
ld‘ f’ be @ vechkue feoo~ +y Lt \?-f' %S?hc‘f&’ +o +he il'}\e
P = 24+2M -3 2M =1\
~ +M -2 )ﬁ:. M'r'}
G- M+ ~M
For prepeads cwtae e cves, dot

2 M= 9

M) >; ( ,):0

~M4 6 =
AM-2 + M+ ) +M-6 =0

Gfbi""f :D
e A
- G

poduct = (5

Sl\ab _M:_'E__ ml’o £ :
Fi T N T BT
«B ( ¢y o+ i %g.b)

= iﬂ.zﬁ;)

1£)- \J(%l#(" HBY =T mhA7A
Jodne line Bs ot Hangeat o e spherce.

(d) 1 Show that for k = 0, 2

w T
k
fSiIleQCOSZB de = ——f sin?k 0 d# .
k+1
0 0

foe kK20
= o = & k 2k T = T 2K ; _
T Sin &c,osze dg = S sh¢ ¢ — -2k £ g ( i c,oga‘) 46
) K-r't Jy o
I= <k
du= 2k Sinth-’% COSBHY . gne N 0
; I = =k ‘ —
b‘j pmf*S . 2 SO S B g -K.I
S : » o . ET*+T = = L
e ———Sl';?ﬁ . S/ik sa” b oo Sin2P K fa SS9 Ay
. . /Z 1 (K-ﬂ) = i e
. L “‘j sin ¥4 e
0-0 - Kk sin G (2‘5)1\{) 009-9)(3‘9 ?
. s ki
25 wget™ o 8 ) ,LS s g Ao
] ¥ -geos & P K41
L+

Common error:
Students need to show integration by parts in this show question in order to achieve at least one mark.
This question was not done very well.




Hence prove by mathematical induction that

A
)l m
fsmZIl 0.do = (n.z) X

0
for all integers n > 0.

U
Ih = E} _g',hln.ﬁ clrﬁ = (2“) L
niz .21.n
For n=0
P 5 (<} 1
ST :f@sm Ao (270)"
0 o*
- W
- 937 = I x T
= [ x1
JLLAS= RAS =

S ohw g N0
Assuwe tw por N=K | kK20, ke Z

1€ n 2*% ) T
g s U dp = Gﬂ' ® 5P

0 kg2 2.
Shgw et WS b poe nz K+

ue KT 2(kH)
s By =

PG

k+)!*

< (T 2k
LHg S Slhl ™ g-‘mze dp-
o

= SW .'1’-;9. (p c(cze)clg

[ AN T il
-55 Ante dg 15 s\q’dcosv‘,@d:&

= llj &\f:K@cf'b‘

LI I
(1"’ Q(Kﬂ))jv Sin b 4%

, ’ < A
. S5H S sinuﬂ ae
210 \c-ﬂ)
ok 2¥)!
o g

?_(k-H\} ir 2

¢ O 0 L

x4 20e)” T 21‘“
ek @R« 1
2( k1) x 2(k4) K2 2

= es)! -
(e)® - 2xZ

[7-(\*‘\")] ! =1y
(K'\'\)'z » 22(K+l)

,ano)nez

This question was not done well at all.
Most common error is using 7 =1 as
their base case when the question
mentions “for all integers 7 >0 .

A thorough presentation of mathematical

induction is required to achieve full
marks.

q_(]C-H)

3 (& )j site dg —> e ()
v

X —E‘;_—» (us'ma ass umﬁ’\ﬁﬂ)

ch&ﬂ ?f‘(h'!c( b‘j marbhemarical Yoduckon for all '\*\“}’l'ﬂ‘f/f's n20.




Question 15 (15 marks) Use a separate Writing Booklet for Question 15.
(a)

B (-2/-2,0)

C(-2,2,0)
E(2,-2,2)

4(2,-2,0) )/ D (2,2,0)

y//X
For the rectangular prism given above

1. Show that the internal diagonals AG and DF bisect each other.

Q19 4)
Show mid poivts equal-

l) Mndloow\)f (AGr (() ol ,0 e ,2,2))

fi(o,o,z)

:won)
Midpoint (DF ) = azzm+UVZD

:i(mo»)

(0,0,0
Midpant AG, sine some Tl diagonals bisect.

(1

0



11. Calculate the acute angle, 6, between the diagonals, to the nearest degree

) AG = (<byl.3 =41 5=2;0)
= (-4 ,4%,2)

0F = {Hpanl = (1 1.0)
- (_4/_4', 2.

(060 = A - 6\?
1aG |1 oF |
(=4E9) + (WD + () 2)
() ez O x { revr+()
Y
bX>x6
=
20

%3°. b2
gV (neavept degvee)

il

(l

vy
]

()

1
x"1dx

(b) If[n = m forn>1
0

T
4
i Show that I, = f sin® 10 cos™ 10 dbforn > 1.
0

sin™ 8 d6 , show that I,, = Z_nKn—l'

O3

11. LetK, =
. _n(n+1) T
111. Hence show thatl, =2 2 (E)



n—Il

50) Tn = S' KT o
‘|) 0 ([4)LZ)V|
let x=1ano when 2=
dn - sec*o o ="y
ap when n =0
M = 5’0 db 6=0
T "
T S “tan"'9 . s db
0o 5ec”p )
_ S“N tan""g . 5ec”" " do
0
i S"‘N 5in""'Q _co@ﬁ“")e db
o (0570
- 5“’“' 5in""'o. (05"'0 db
0
i) Fowr pavt i)
T :SM sn"'g 05" dO
0
let a=20 BEQ ,
6=u
2 =1,
db -1 > d6=du s
w 2 2
1 B L2
Tn= ("> 8" (U) 09" (W) du
) w18 4
£ W B gin. U au
PR, 5
= T sin" "w du

[+n
[+ fap’e
5¢¢ O

0 |n

Part ii)

Poorly done.

from  dovble angle
idenhty .

5m“"(_g_) foé‘”"(_zvl)

) (—'—)""SW‘* "
2



W To= Ll b .

Ko :SWZ dg
0 ﬂ'/
= 9 2
[®]
= T
2
Ty ' i
glHetatn sum of AP
_nn-H
= L = AF
2

Part iii)
Most students did

not get up to this
part.




21T . . 2T
(c) Letw= cos—-+ isin—-.

Show that w” is a solution of z° — 1 = 0, where k is an integer.

ii. Showthat 1 + w + w? + w3 + w* + w> + Wl + w” + w® = 0.
i _1=0.

T 2T
111. Hence, show that 8 cos S X cos ry X cos 5

Q15¢)

) = Cl§( 2
o)
a_

N Cl;‘)(ﬂ-%ﬁ)
= clg (am)

a
(wk) = W™, Whee k5 an m’reger.

|
e = W saligfies 27-(=0.

1) From pavt 1)
-l = (-0 (F T+t l)
sub 2= W

(WS W't W4 .+ WE1) =0, =l
EY s TS AL

Altevnate  golution:

5INR x| hul W<
[+ 4 2 = -]

n
|




M) From pavt i)
[+ Q@+ Whe
G A . 4 Y =]
(0 40) + (W4 W) + (W3 8) + (%) = -

2 co5 ;;_r)+ 2(wws ) 2?0«4%) + 205(50) < cos%Tl_r: 2

-l-w%'.:o

2 (0521 . 2¢os 4T 200 = O
9 9 1
09T 4 200541 = 20511
"l 9 |
0921 ., (094w — (05T
q 3 q

(W) + ) [+ ) (1+ w¥) = |
(rvoup con\]w{]ﬁe poivs

(4 0) (140%) = 1+t s+ | (1403®) (1+19°) = 2+ (W3¢ 11¢)
= I+ [ i) = 24 2104 6T
= 2+ 2006 2 q
9
(+w?)(rw?) = 2% (@e’) | (Hw)(1+0®) = 24 (n'en®)
= Q)+ 205 41 = L4 20058W
A a

mutiply all groups of conjugate paivs
24 200920\ [ 2+ 200941/ 2+ 209 b [ 2+ 206 8T = |
i | S T
Using 2+29520 = 4(06%6
G4e05% T . L4052 . 4oof 3. Gostdn =)
2 q a 2

64 (109 T (05 21T (054
a 1 2

B 09T o5 2L oo 4 - |
a 9

) =

=5 iE)
q



Question 16 (16 marks) Use a separate Writing Booklet for Question 16.

(a)

The point P 1s 5 metres to the right of the origin O on a straight line.

A particle 1s released from rest at P and moves along the straight line in a simple harmonic

motion about O, with a period 4 seconds.

After  seconds, another particle 1s released from rest at P and moves along this straight line
in simple harmonic motion about O, with period 4m seconds.

Find when and where the two particles first collide.

X = & cos(nt +)

. N 5 O
T A4 2
K =70
< Ry = 5 QCSJ{‘: (?arﬁde l)
Foe .Pnf“h"('.'lg 7.

7(1-_ '5(,("5"‘1“({"“) ,wi‘\frf R R | |
Find ¢ st e £ 7T when X, =%
L Boask b5 ocost (£ T)

Losst = ch%_(’r'_'r)
Use +he ‘;J@“H-hj s

This question was not done well at all.
Most common error is not recognising
that the answer has to be greater than 7
seconds. Some students also forgot to
calculate where the two particles first
collide, i.e. solving for x.

WSH=wWws® &S A=BF2nT oc A=-B+2nT

Cole | L= Ay -7 ’
= S 5t )f-\-ZnTY
.. I
-7—-'-27\1-‘—
n= Z}L ( agt Valid singe 0 ¢ Z)
227 ALl = ="3F Bl
Case el ( e _Z)w_n
AR = =N g B, 2
zt 1{:'\‘ l-\-va
= W20
t= T2
when N=1 <

£ = T2V = ZD 5T

Sa st w\\isign happens whea t’ SU.:

Sub +=

5
X

In*v ‘7&":’5(_,05*‘?—_%
=50t L

= ” ﬂ
5 ws .

= -
Lt

- °:§_§§“—m or 3,54 m
2-

or 71.85 S




41T,

2m,
(b) letz=es andw=¢s'.

1. Express z and w in polar form.

o8 ZTF 4 L 8in %—'"IT This question was done very well.
2
W= cos ‘_;_“ﬁ + 1M %‘ﬂ

z

€0 = cos @+ Lsind

11. Hence, show that [z + w| = [2 (1 + cosz?ﬂ) .

Method 1:

¢S

= Z . 03 ‘ -,
\Z-iw\ ((‘_OS —5—’![ + cos %"&T) + LJ‘Tn%‘W 4 £ 95_-1()
(R pa
SET 4 2o wsETH oS 2
0 ST‘-“’ZMSHDOSS 0(155-"-
oF S‘“‘l?g‘ﬂ + LoET SINET A+ ST

= . 45 g0k |
\ +9.(w‘5%‘ﬁ oos.g"arumsmms'ﬁ)%-l

2+ 2 s (-ﬁg‘“" 2’5—7)

This question was done well.
= 2 == Method 1 is the most common
= cos = \) _
2 ( |+ s 5 ! solution presented. Students may

have lost mark for not showing a
' 2 z
£ 2 \Z +W \ =\Z2 (‘ + o8 g -IT) clear and presentable solution.

Method 2:
Z-tW (\.&3 STF + CoS %T)“f‘ L (5;n J;:‘W + Slﬂ%'ﬂ'} ‘Lb\qj +he 'L‘fwﬁhji
O;,S'ATC‘USB = 2 \‘.&S(ﬂ%—ﬁ) Cog (G_E-_B_) %51: 3 A+ CVS;’%T—
=

Cos &gy + ST = 9 os 2y cosT

v
; 5 S RicgsX = 4(1+c<.-;’:;1)
SINBYEARs 2 B (0 wS(‘%@) + 5 \i -2

%
Sin%‘ﬁ.f S,mf-gyg - 2.,911’\-%1‘( QOS“;__“_ ) \'Z‘TW\ = m

we Lapals 2 wsé'ﬁ (oos 24 ( sm%‘ﬁ)

| zaw\ = 4 wszjsl ( uo/sl?;_‘lr; Sm{';: 'W) = 4 @,Os’g‘_‘l_;:_

3 \zaw) = acos'{;j—




111. In the complex plane, vectors 0A, OB and OC represent the complex numbers

T

z,w and z + w respectively, where O 1s the origin. Show that LA0OC = -

=¥ > T
0A =2, OB=w 0C7ZxwW

‘K = ,
\z| % 280C = ag (z+w) - oy (2)
| - 3=
/1 W =T

A : o
Y| ™ ;’\)(7. .'“-

() ——
»../i ]’

awarded 2 marks.

Since there was an error in the
original question “Show that

ZAOC = ?ﬁ”, everyone was

(c)  Aparticle is projected upward from the origin with an initial velocity u m/s at an angle 6 above

the horizontal as shown 1n the diagram given below. Let the position vector of the particle at

time ¢ be r (t) and define the total time of flight as T. (g = 10 m/s?).

Vi

U

o
-
T

R

The particle moves under the constant acceleration due to gravity, I = (_Og). The particle lands

on the x-axis after time T, when x = R.

1. Show that the range R of the projectile is given by

_ u?sin 26
g



:?;::O “-:‘):,.9

KB, g = -t + 3

- = (= CQ g N

e b #uc\isueéosﬁ Sl R S e
So%Ew s (5= WSNY
%= ukt wWs¥ rCa = Y= -t)"c T WoiaY

ot ¥=0, x=0 ¥ (,=0 Y= -9 L utsiab +¢,
.“ ~r = z
A= Wb egsg- b 't:*O, \5;0)$C4‘:U

2 Lj’:_ - % 9kl‘+ U\‘k_ S‘ﬂ?

when x=R, \j‘: 0
0= {-196+ U SHE)

=R -L-:O ; ".‘z(jt;\‘ \,{S;\-’\Q’:U

e

j marks.

SRz Ut wsE

A clear presentable solution needs to be
F A=V " 2U $iav demonstrated in order to achieve full

This question was mostly well done.

= i (’)—_\AS)‘W}) cos©
9

= u (25199 cosd)

= W Smzo

9

1. A garden sprinkler sprays water symmetrically about the vertical axis with a 1

constant speed of u metres per second. The initial direction of the spray varies

continuously between angles 10° and 75° to the horizontal.

Prove that the sprinkler will wet the surface of the region on the ground that forms

an annular area with the centre at the sprinkler’s position and with its internal and

external radii given by

u? sin(20yin) u? sin(20pax) )
————— and =————————— respectively.

g g

Sy Hu g,’,rink\e-f Ohates e n'H‘nU(?MJ'\j Yetween ‘emm ond e mayc

L imimu® FTadivg (ic e gm}( of annu\ug)

Rmin = u._l B (2@""‘“")

D AX] e -rp\:‘-\?.'us (1e onten ecb)( U-{lﬁﬂhu\\‘-{S—)
Rmex = W sia(28 max)

Yrownd ogea wettd by S speiakier is
k'e—‘f):‘lq\ﬁ vl.i""‘h (f?\t{l; R\"f\i‘f\ ;,-(v\cl le\xfﬂ

S e

A certain explanation
should be provided to
achieve a mark for this
question.

G fwﬂmw\ﬁ(‘




(©)

111.

A rectangular garden bed has dimensions 8 metres by 5 metres. Assume that the 3
sprinkler is to be placed in a fixed position, such that the entire garden bed must

be watered.

Determine the minimum velocity u required for the sprinkler to cover the entire
garden bed. Express the condition for u in terms of the acceleration due to gravity
g ensuring that the sprinkler’s maximum range at 6,,,,,, = 75° 1s sufficient to cover

the diagonal of the rectangular diagonal bed.

8w

\ dz igm d= g 52 =VEA m

To +alwre gnhfe bfc{ 15 \,\};{\'ﬁ(fc}l)--]-}\.! wete r*n/l,\j‘} (‘(m('}\‘i‘f”\k .Fﬁf'—H'\c'S‘*" F(,M'j-
0fdne cl"-'m.}(m&\ waened

A‘\S(‘, BBA‘(""\‘\)( :"—IS‘.

Remax = “15“’6“‘5,_“{' whou SH\S0 =
= u"‘J
29
To covec dqm)q:m\ .

ur> Q.C)\ET]
W>\2qUEq whv g= jgms™
o Umiy = ‘[213\]@1 = 1374 ms”!

Very few students solved this problem. For those that did, students tried to put the sprinkler at the
centre, which resulted in not getting full marks.




v. To prevent water wastage and ensure the bed 1s adequately watered, 1t 1s decided
that the sprinkler should be positioned at a minimum possible distance from the

garden bed, while still covering all of it.
What 1s the required value of u, ensuring 1t satisfies the condition that
2
—28+VI3,

where u 1s the speed of the water jet?

2
&‘)‘_ 2 &4‘@ (c)i\rfwn)

ut> g (5453)
w2 10 (g+)
U\QT?_ $ 1% 08S5...

)

M2 10711 e

"z
!- 3o C)V\Hr@m.\fe £all CovVertag ’2-6-3— s _\v\ﬁ' h L}h-ﬂv) :‘h_\;w«.qi.p,qeﬁ-})
S s-?r‘»n‘ﬁ'\rer MUSYT €itne e J, erage YNe velg L:s,qj o< onowe

ﬁ;.)wﬂxﬁ st v T oed .

Since this is the last question, in order for a student to achieve a mark, students need to state a
reason or a recommendation and a conclusion. Simply solving for u is not enough to get a mark.
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