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Section 1 

10 marks 

Attempt Questions 1 – 10  

Allow about 15 minutes for this section 

Use the multiple-choice answer sheet provided for Questions 1 – 10. 

 

 

1 The angle between the vectors 𝒖̰𝒖 = 2𝒊̰𝒊 + 3𝒋̰𝒋 + 𝒌̰𝒌 and 𝒗̰𝒗 = 2𝒊̰𝒊 + 𝒋̰𝒋 − 3𝒌̰𝒌 is equal to: 

A.        16° 36′ 

B.         44° 24′ 

C.         57° 41′  

D.         73° 24′   
 

 

2 Consider the following statement: 

For all integers 𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎 𝑏𝑏 where 𝑏𝑏 is non-zero, there exist rational numbers 𝑝𝑝 𝑎𝑎𝑎𝑎𝑎𝑎 𝑞𝑞 such 
that   

5
a − b√7

  = p + q√7. 

 

Which of the following is equivalent to the statement above? 

 
A.       ∀ 𝑎𝑎, 𝑏𝑏 ∈ ℕ, 𝑏𝑏 ≠ 0 ∋ 𝑝𝑝, 𝑞𝑞 ∈ ℝ  such that 5

 𝑎𝑎−𝑏𝑏√7
= 𝑝𝑝 + 𝑞𝑞√7 

B.       ∀ 𝑎𝑎, 𝑏𝑏 ∈ ℤ, 𝑏𝑏 ≠ 0 ∋ 𝑝𝑝, 𝑞𝑞 ∈ ℚ  such that  5
𝑎𝑎−𝑏𝑏√7

= 𝑝𝑝 + 𝑞𝑞√7  

C.       ∀ 𝑎𝑎, 𝑏𝑏 ∈ ℤ, 𝑏𝑏 = 0 ∋ 𝑝𝑝, 𝑞𝑞 ∈ ℚ  such that  5
𝑎𝑎−𝑏𝑏√7

= 𝑝𝑝 + 𝑞𝑞√7 

D.      ∀ 𝑎𝑎, 𝑏𝑏 ∈ ℂ, 𝑏𝑏 ≠ 0 ∋ 𝑝𝑝, 𝑞𝑞 ∈ ℝ  such that  5
𝑎𝑎−𝑏𝑏√7

= 𝑝𝑝 + 𝑞𝑞√7  
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3 Which Argand diagram shows the solutions to (𝑧𝑧3 − 𝑖𝑖)(𝑧𝑧6 − 1) = 0? 

 

A. 

 

B. 

 
    
C. 

 

D. 

 
 

  

4 OABC is a rectangle with 𝑂𝑂𝑂𝑂 ������⃗ = 3𝒊̰𝒊 − 2𝒋̰𝒋 + 2𝒌̰𝒌 and 𝑂𝑂𝑂𝑂�����⃗ = 6𝒊̰𝒊 + 4𝒋̰𝒋 + a𝒌̰𝒌 for some 

constant 𝑎𝑎. What is the value of 𝑎𝑎 ? 

A.        −2 
 
B.        −3      

C.        −5   

D.       −6 
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5 A particle is moving in a line executing Simple Harmonic Motion. At any time 𝑡𝑡 seconds it 
has displacement 𝑥𝑥 metres from a fixed point on the line and velocity 𝑣𝑣 ms−1 given 
by 𝑣𝑣2 = 9 − 4(𝑥𝑥 − 1)2. What is the amplitude of the motion? 

 A. 1.5 metres 

 B. 2 metres 

 C. 2.5 metres 

 D. 3 metres 

 

 

6 Which of the following is an expression for 𝑒𝑒𝑖𝑖3𝜃𝜃 + 𝑒𝑒𝑖𝑖𝑖𝑖 ? 

A.         2 sinθ 𝑒𝑒𝑖𝑖2𝜃𝜃  

B.          2 cosθ 𝑒𝑒𝑖𝑖2𝜃𝜃  

C.          2 sin2θ 𝑒𝑒𝑖𝑖𝑖𝑖  

D.          2 cos2θ 𝑒𝑒𝑖𝑖𝑖𝑖  
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7  Consider the statement  

 𝐹𝐹𝐹𝐹𝐹𝐹 𝑎𝑎𝑎𝑎𝑎𝑎 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑓𝑓(𝑥𝑥),  

𝑓𝑓(𝑥𝑥) 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑎𝑎𝑎𝑎 𝑥𝑥 = 𝑐𝑐 ⟹ 𝑓𝑓(𝑥𝑥)𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑎𝑎𝑎𝑎 𝑥𝑥 = 𝑐𝑐. 

Which of the following is correct? 

 A. The contrapositive and converse staements are both false. 

 B. The contrapositive statement is false and the converse statement is true. 

 C. The contrapositive staement is true and the converse statement is false. 

 D. The contrapositive statement is true and the converse statement is true. 

 

 

   

8 A particle is acted on by three forces as shown in the diagram below.  

For the particle to be in equilibrium, the value of T is? 

 

 

 

 

 

 

 

 A. 3  

 B. 19   

 C. 29   

 D. 39  
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9 Which expression is equal to ∫ 𝑡𝑡𝑡𝑡𝑡𝑡−1 𝑥𝑥 𝑑𝑑𝑑𝑑? 

 A. 𝑥𝑥 𝑡𝑡𝑡𝑡𝑡𝑡−1 𝑥𝑥 − ∫ 𝑥𝑥
1+𝑥𝑥2

𝑑𝑑𝑑𝑑 

 B. 𝑥𝑥2 𝑡𝑡𝑡𝑡𝑡𝑡−1 𝑥𝑥 − ∫ 𝑥𝑥2

1+𝑥𝑥2
𝑑𝑑𝑑𝑑 

 C. 1
2

(𝑡𝑡𝑡𝑡𝑡𝑡−1 𝑥𝑥)2 

 D. 𝑥𝑥
2

(𝑡𝑡𝑡𝑡𝑡𝑡−1 𝑥𝑥)2 − ∫ 𝑥𝑥
𝑡𝑡𝑡𝑡𝑡𝑡𝑥𝑥

𝑑𝑑𝑑𝑑 

 

 

10 The velocity, 𝑣𝑣ms−1, of a particle at time 𝑡𝑡 ≥ 0 seconds and at position 𝑥𝑥 𝑚𝑚 from the origin 
is 𝑣𝑣 = 𝑐𝑐𝑐𝑐𝑐𝑐2 𝑥𝑥. 

 The acceleration of particle, in ms−2, when  𝑥𝑥 = 𝜋𝜋
6
 is 

 A. −√3
2

 

 B. −3√3
8

 

 C. 3√3
4

  

 D. √3
4

 

 

 

END OF SECTION I 

Go to next page for Section II 
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Section II 

90 marks 

Attempt Questions 11 – 16 

Allow about 2 hours and 45 minutes for this section 

Answer the questions in the appropriate writing booklet. Extra writing booklets are available. 

For questions in Section II, your responses should include relevant mathematical reasoning and/or 
calculations. 

 

Question 11 (15 marks) Use the Question 11 Writing Booklet. 
 

(a) Evaluate ∫ 2𝑥𝑥√𝑥𝑥 + 2𝑑𝑑𝑑𝑑2
−1 .                    3 

 

         

(b) Sketch the region on the Argand diagram defined by |𝑧𝑧 − 2𝑖𝑖| > |𝑧𝑧 + 1|.   3 

 

 

(c) A particle, initially at rest at position 𝑥𝑥 = 1, accelerates along a horizontal line according 

to the rule 𝑎𝑎 = 𝑒𝑒−𝑣𝑣2.  

Find the displacement of the particle, 𝑥𝑥, in terms of its velocity v .    3 

 

 

(d) Evaluate  ∫ 1
1+ sin𝜃𝜃

𝑑𝑑𝑑𝑑
𝜋𝜋
2
0          4 

 

 

(e) Find ∫𝑥𝑥𝑒𝑒𝑥𝑥 𝑑𝑑𝑑𝑑            2 
 

 

 

END OF QUESTION 11 – Go to next page for Question 12  
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Question 12 (15 marks) Use the Question 12 Writing Booklet. 
 

(a) Consider the three vectors 

𝒂̰𝒂 = 2𝒊̰𝒊 − 2𝒋̰𝒋 + 4𝑘̰𝑘,   𝒃̰𝒃 = 2𝒊̰𝒊 + 3𝒋̰𝒋 + 𝑚𝑚𝒌̰𝒌 and 𝒄̰𝒄 = 𝒊̰𝒊 + 𝒋̰𝒋 − 𝒌̰𝒌 where 𝑚𝑚 ∈   ℝ. 
 

(i) Find the value(s) for m for which |𝒃̰𝒃| = 3√2.      2 

(ii)  For what values of 𝑚𝑚 is 𝒂̰𝒂 perpendicular to 𝒃̰𝒃 ?     1 

(iii) Evaluate 3𝒂̰𝒂 − 2𝒄̰𝒄.         1 

 

(b) If 𝛼𝛼𝛼𝛼𝛿𝛿 represents a three-digit number and 𝛼𝛼 + 𝛽𝛽 + 𝛿𝛿 is divisible by three, show that 

this number is divisible by three.                    3
         

(c) OABC is a right pyramid in which 

 �𝑂𝑂𝑂𝑂�����⃗ � = 10, �𝑂𝑂𝑂𝑂�����⃗ � = 20, �𝑂𝑂𝑂𝑂�����⃗ � = 10  and 90AOB AOC BOC∠ = ∠ = ∠ =  . 

The unit vectors 𝒊̰𝒊, 𝒋̰𝒋, and 𝐤̰𝐤 are parallel to 𝑂𝑂𝑂𝑂 ������⃗  ,  𝑂𝑂𝑂𝑂�����⃗  , and 𝑂𝑂𝑂𝑂�����⃗ . 

Points R  and S  are the midpoints of sides AB  and BC , respectively. 

(i) Determine the vectors 𝑂𝑂𝑂𝑂�����⃗   and 𝑂𝑂𝑂𝑂 ������⃗   in terms of 𝒊̰𝒊, 𝒋̰𝒋, and 𝐤̰𝐤.    2 

(ii) Calculate, to the nearest minute, the angle between 𝑂𝑂𝑂𝑂�����⃗   and 𝑂𝑂𝑂𝑂 ������⃗   .  1 

(iii) Show that the length of the perpendicular from R  to  𝑂𝑂𝑂𝑂�����⃗    is 3 5 .   2 

 

(d) (i)       Points A  and B  represent the complex numbers 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑖𝑖 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃  
           and 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃 + 𝛼𝛼) + 𝑖𝑖 𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃 + 𝛼𝛼) respectively, and O  is the origin and 0 < 𝛼𝛼 < 𝜋𝜋. 

          Show that the area of triangle OAB  is 
1
2
𝑠𝑠𝑠𝑠𝑠𝑠 𝛼𝛼.       1 

 
(ii) Deduce that, if 𝛼𝛼𝑖𝑖 ≥ 0 for 1 i n≤ ≤  and  ∑ 𝛼𝛼𝑖𝑖𝑛𝑛

𝑖𝑖=1 < 𝜋𝜋, then :      2 
𝑠𝑠𝑠𝑠𝑠𝑠(∑ 𝛼𝛼𝑖𝑖𝑛𝑛

𝑖𝑖=1 ) ≤ ∑ 𝑠𝑠𝑠𝑠𝑠𝑠 𝛼𝛼𝑖𝑖𝑛𝑛
𝑖𝑖=1 . 

 
 

END OF QUESTION 12 – Go to next page for Question 13  
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Question 13 (15 marks) Use the Question 13 Writing Booklet. 
 

(a) (i)   Find the values of A, B, and C such that:        3 
 

6𝑥𝑥2+19𝑥𝑥−10
𝑥𝑥3+ 7𝑥𝑥2+10𝑥𝑥

=  𝐴𝐴
𝑥𝑥+5

−  𝐵𝐵
𝑥𝑥

+ 𝐶𝐶
𝑥𝑥+2

 . 
 

(ii) Hence, find and simplify ∫  6𝑥𝑥
2 +19𝑥𝑥 − 10

𝑥𝑥3 + 7𝑥𝑥2 + 10𝑥𝑥
  dx.     2 

 

(b) The acceleration of a particle moving in simple harmonic motion is given by 𝑥̈𝑥 =  −𝑛𝑛2𝑥𝑥 

where 𝑥𝑥 is the displacement of the particle from the origin and 𝑛𝑛 is a constant. 

 

(i) Show that the velocity v of the particle is given by 𝑣𝑣2 =  𝑛𝑛2(𝑎𝑎2 − 𝑥𝑥2) where 𝑎𝑎 is the 
amplitude of the motion.        2 
 

(ii) Given that the speed of the particle is V m/s when it is 𝑘𝑘 metres from the origin and 

that its speed is 𝑉𝑉
3

 m/s when it is 3𝑘𝑘 metres from the origin, show that:  3 

 
(α)    the particle’s amplitude is √10𝑘𝑘 metres. 

(𝛽𝛽)    the period of the motion is 
6𝜋𝜋𝜋𝜋
𝑉𝑉

 seconds. 

 

(c) (i)  Using de Moivre’s theorem, show that      3 

𝑡𝑡𝑡𝑡𝑡𝑡 5𝜽𝜽 = 𝟓𝟓 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽−𝟏𝟏𝟏𝟏 𝒕𝒕𝒕𝒕𝒕𝒕𝟑𝟑 𝜽𝜽+𝒕𝒕𝒕𝒕𝒕𝒕𝟓𝟓 𝜽𝜽
𝟏𝟏−𝟏𝟏𝟏𝟏 𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝜽𝜽+𝟓𝟓 𝒕𝒕𝒕𝒕𝒕𝒕𝟒𝟒 𝜽𝜽

. 

(ii) Hence show that 𝑡𝑡𝑡𝑡𝑡𝑡2 �𝜋𝜋
5
� and 𝑡𝑡𝑡𝑡𝑡𝑡2 �2𝜋𝜋

5
� are the roots of the equation  

𝑥𝑥2 − 10𝑥𝑥 + 5 = 0.         2 

 

 

 

END OF QUESTION 13 – Go to next page for Question 14 
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Question 14 (15 marks) Use the Question 14 Writing Booklet. 
 

(a) It is given that 𝒂̰𝒂 + 𝒃̰𝒃 is perpendicular to 𝒄̰𝒄 + 𝒅̰𝒅 and 𝒃̰𝒃 + 𝒄̰𝒄 is perpendicular to 𝒂̰𝒂 + 𝒅̰𝒅, 

 where 𝒂̰𝒂, 𝒃̰𝒃, 𝒄̰𝒄 and 𝐝̰𝐝 are non-zero vectors. 

  Show that 𝒃̰𝒃 − 𝒅̰𝒅 is perpendicular to 𝒄̰𝒄 − 𝒂̰𝒂.             2 

 

(b) Find the vector equation of the line joining the points M (6, 4, −5) and N (−1, 3, −2). 1 

 

(c) Consider the figure below, which shows two right-angled triangles. 

 

 

 

 

 

 Prove by contradiction that , and p q r  cannot all be integers.    3 

 

(d) Let 𝜔𝜔 = 𝑒𝑒𝑖𝑖�
𝜋𝜋
𝑛𝑛�. 

(i) Show that ω  is a solution of 𝑧𝑧2𝑛𝑛 = 1.      1
   

(ii) Deduce that 1 + 𝜔𝜔 + ⋯+ 𝜔𝜔2𝑛𝑛−1 = 0.      1 
 

(iii) Show that 1 + 𝜔𝜔 + ⋯+ 𝜔𝜔𝑛𝑛−1 = 1 + 𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐 � 𝜋𝜋
2𝑛𝑛
�.    3 

 

 

Question 14 continued the next page  
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(e) Two particles are connected by a light inextensible string which passes over a smooth 
pulley as shown in the diagram. 

 
 
 
 
 
 
 
 
 
 

 

Particles A  and B , respectively, have masses  𝑚𝑚kg and 6kg, and are initially held in 
position with the string taut and the hanging parts of the string vertical. 
 
 
The system is released from rest and particle A  moves upwards. 
 
Show that the tension in the string, as A  ascends, is 12𝑚𝑚𝑚𝑚

𝑚𝑚+6
.              4 

 

 

END OF QUESTION 14 – Go to next page for question 15 
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Question 15 (15 marks) Use the Question 15 Writing Booklet. 

 

(a) (i)  Derive the reduction formula :  

     2 

(ii)  Hence or otherwise, find  
⌡

⌠

0

2

 x3 ex dx .      2 

 

(b) Evaluate    ∫ 𝑑𝑑𝑑𝑑
√5 + 4𝑥𝑥 − 𝑥𝑥2  

5
2          3 

 

 

(c) A particle P  of mass 𝑚𝑚 kg is released from rest and falls under its own weight. 

The particle is subject to air resistance of magnitude 𝑘𝑘𝑘𝑘𝑣𝑣2 𝑁𝑁, where 𝑣𝑣 ms−1 is the speed 
of the particle after it has travelled mx and k  is a positive constant. 

(i) Show that 𝑣𝑣2 = (1 − 𝑒𝑒−2𝑘𝑘𝑘𝑘) 𝑔𝑔
𝑘𝑘

.            3 

 
(ii) Hence determine the terminal velocity, 𝑉𝑉𝑇𝑇 , of the particle.        1 

 

(iii) Show that the particle attains a speed of 
1
2
𝑉𝑉𝑇𝑇 after it has fallen a distance of    

 1
2𝑘𝑘
𝑙𝑙𝑙𝑙 �4

3
� metres.         2 

 

 

(d) If ∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑 = 𝑘𝑘4
1  for some constant 𝑘𝑘, what is the value of ∫ 𝑓𝑓(5 −  𝑥𝑥)𝑑𝑑𝑑𝑑 ?4

1  2 
 

 

 

 

END OF QUESTION 15 – Go to next page for Question 16 
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Question 16 (15 marks) Use the Question 16 Writing Booklet. 
 

(a) By considering 
𝑑𝑑
𝑑𝑑𝑑𝑑
�𝑠𝑠𝑠𝑠𝑠𝑠 𝑥𝑥

𝑥𝑥
�, or otherwise, determine      2 

∫ 𝒙𝒙𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙−𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙
𝒙𝒙𝟐𝟐+𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙

𝑑𝑑𝑑𝑑. 

 

(b) Sarah, a ski jumper comes off the end of the jump horizontally and falls 90 𝑚𝑚 vertically 
before contacting the slope a record 180 𝑚𝑚 horizontally from the end of the jump.  
What was the initial speed of this jumper as Sarah left the jump?  
Answer in exact form. Assume there is no resistance and gravity is 10 𝑚𝑚𝑠𝑠2  4 
 
 

(c) Let ( ) n n
nf x x x−= + , where n∈  and 0x ≠ . 

 
(i) Show that ( ) ( ) ( ) ( )1

1 1n n nf x x x f x f x−
+ −= + − .         2 

 
(ii) Using the recurrence from part (i), prove by mathematical induction that all 

positive integers n  
 
if 1x x−+  is rational, then n nx x−+  is rational.    4 
 

(iii) Deduce that, for all integers n , 3 2 3 2n n+ + −  is irrational.      3 
 

 

 

 

End of paper 
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