Section I
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1-10

1. A particle is moving in Simple Harmonic Motion in a straight line. In one minute of
its motion it completes 15 oscillations and travels 120 metres. What is the amplitude
of the motion?

(A) 2 metres
(B) 4 metres

(C) 8 metres

(D) 16 metres

1+21
2. If z = ——, what is the modulus of z?
3+4i

n 2
B
© ¥
O =



1 a
= — + ——, what are the values of a and b ?
x(x+1) x  x+1

(A) a=-1,b= —1
B) a=1b=—1
(C) a=-1,b=1

D) a=1b=1

Which of the following is a true statement about the lines [, and [,?

wr=(3)-2G)  wy=-3+;

(A) 1 and [, are parallel
(B) 11 and [, are perpendicular
(C) [ and [, are neither parallel nor perpendicular

(D)  l; and [, are the same line

Consider the following statement:
vn € N,if n? is odd, then n is odd.

Which of the following is the negation of the statement?

(A)  Vvn€N,if n?isodd,thennis not odd
(B) 3n€N,if n?isodd,thenn is not odd
(C) Vvn€N,if nisnotodd,thenn? is also not odd

(D) 3n € N,if nis not odd, then n? is also not odd



Consider the position vector of a particle r = —3sinti + 3costj + tk.

Which of the following statements best describes the motion of the particle?

(A)
(B)
©)
(D)

A helix about the z axis in an anticlockwise direction.

A helix about the z axis in a clockwise direction.

A helix about the x axis in an anticlockwise direction.

A helix about the x axis in a clockwise direction.

Particles A and B, of masses M, and My respectively, are connected by a light,
inextensible string which passes over a frictionless pulley, as shown below:

NOT TO
SCALE

Particle A lies on a frictionless surface inclined at 30° to the horizontal whilst particle
B hangs vertically from the string.

The particles are initially at rest and, when they are released, neither particle moves.

Which expression shows the relationship between M, and Mg?

(A)
(B)
©)
(D)

M, = My
M, =3Mj
M, = 2My
M, = 2+/3Mjy



10.

Given the proposition:

vn € Z, if z" is not purely imaginary, then z is not purely imaginary.
Given that each of the following statements is true, which statement disproves the
proposition?
A @A+D*=2i
B) O+i)3=-i
C @A+d¥=-2+2i

D) (O+d*=1

It is given that f(a) = =2, f(b) =8, g(a) =1 and g(b) = 2.

b g()f'()-f(x)g(x)

What is the value of a G002 dx ?
(A) 6

B) 2

<€ -6

(D) -18

Which of the following equations is equivalent to the intersection of

|z| = |z — 2k — 2ki| and |z — k — ki| < \/2k, where k is a positive constant?

(A) arg(z—k) = arg (z — ki)
(B) arg(z—k)=arg(z—ki)+n
(C) arg(z — 2k) = arg (z — 2ki)

(D) arg(z—2k) =arg(z—2ki)+m

End of Section I



Section 11

90 marks

Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section

Answer each question in a separate writing booklet. Extra writing booklets are available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) (Start a new writing booklet.) Marks

a. On the Argand diagram provided in the Question 11 writing booklet sketch 3
the region represented by the intersection of the inequalities:

2
1<|z+1|<2 and %<arg(z+1)<?n

2 -1
b. Consider the vectors a = (3) and b = ( 1 >

1 4

i) Find |a| 1

1) Find the angle between a and b, in degrees correct to 1 decimal place. 2
C. Find the equation of the vector which passes through the points (5, 4, 3)

and (—2,1,—1). 1

Question 11 continued on next page.



d.

4

Question 11 continued.

Evaluate [¢ sin3x cos*3x dx

x2+1
x34+2x%2+x

nhoIf

i) Hence, find f

=242 4

A C

x  x+1  (x+1)2°

find the values of A4, B and C.

x%+1
x3+2x%2+x

End of Question 11

3



Question 12 (15 marks) (Start a new writing booklet.) Marks

a. PQRS is a parallelogram with vertices P(2,4,3) ,Q(4,3,1),R(3,2,5)
and S(x,y, z).

Find the coordinates of point S.

3 2
b. A line [ has vector equation r = (—2) + A (6)
- 5 4

Show that the point P(2, —5, 3) lies on line .

x 1
C. For x > 0, show that —— < —
x<+9 6
d. 1) Given that z = cosf + isinf, show that z" + z~™ = 2cosnf
i) Hence, express cos*6 in terms of cosnf.
e. Using the substitution u = sinx + 1, or otherwise, find
f CcoSX
sin?x+2sinx+5

Question 12 continued on next page.



f.

Question 12 continued.

Consider the statement P in the set of integers:
If 5n* + 8n is a multiple of 16, then n is even.

Prove that the converse of P is true.

End of Question 12



Question 13 (14 marks) (Start a new writing booklet.) Marks

a. Two vertical posts CE and BD stand on a horizontal plane ADE.
Using A as the origin, the vectors b and c represent the locations of the

top of each post, B and C respectively.

A~

Show that 2CAB is a right angle.

. 1
b.  Find | —dx
c. Let [ be the straight line segment with equation

7}=(2)+A(i)for—3£l£1.

The straight line segment [, is perpendicular to [; and the ends of [, are
also its x and y intercepts.

Given that the endpoint of the position vector a = (%) lies on both [, and [,,

find the vector equation of [,.

Question 13 continued on next page.



Question 13 continued.

d. Find the 4" roots of 1 + +/3i, leaving your answer in exponential form.

e. Find the points of intersection of the line
r=3i+2j —k+/1<2i —j —2k> with the sphere

x—32+@w—-2)2+(=+1?*=36

End of Question 13



Question 14 (15 marks) (Start a new writing booklet.) Marks

a. A particle of mass 1 kilogram is projected from the origin with speed
40 m/s at an angle of 30° to the horizontal plane as shown in the diagram
for part ii) below.

The position vector of the particle at time ¢ seconds after the particle was
projected is given by:

_ 5v3(1 — e~ %) i
f(t) = 2_5 (1= e=*) ;t (Do NOT prove this)

1) Find the velocity, v(t), of the particle ¢ seconds after it was projected.

i) At point P the particle is descending at 30° to the horizontal.

i
P horizontal
30
“x
4.0 ms_ 1 NOT TO
SCALE
300
0 -
X

Show that the time taken for the particle to reach P is log, V17 seconds.

Question 14 continued on next page.



Question 14 continued.

The equations of two lines [, and [, are:

-1 2k 1 8 + 2k
r1=(—5>+/1<6—2k> and r2=<2)+/1< 6 )
To\=2 7-2* T \-3 5 4 2

where A is a real number and k is a constant.

For what value of k are the two lines parallel?

The polynomial P(z) = z* — 823 + pz? + qz — 80 has root 3 + i, where
p and q are real numbers.

1) Find all of the roots of P(z).

i) Write P(z) as a product of real linear and quadratic factors.

Question 14 continued on next page.



Question 14 continued.

A missile is fired into the air with velocity of 40 m/s at an angle of a above
the horizontal. Shortly afterward a second missile is fired from the same point
with the same velocity but at an angle of § above the horizontal, as shown below.

4‘10 m/s T

NOT TO
55m SCALE

80 m

The missiles both simultaneously hit their target, T, which is 80m horizontally
and 55 m vertically from the launch point.

The equations of motion for the first particle are given by:

2
x = 40tcosa and y = 40tsina — %

1) Show that the equations of the paths of the missiles are given by:
gx*? 2
y = xtana — —--sec”a and

200

gx?
3200

y = xtanf — sec?p respectively.

ii) Use g = 10 m/s? to show that tana = g and tanf = %

ii1)  Find the time, in exact form, which elapses between the firing
of the two missiles.

End of Question 14



Question 15 (15 marks) (Start a new writing booklet.) Marks

a. Consider the integrals:

I, = fol x?(1—x*)"dx and [, = fol(l —x2)"dx

Show that I, = Jn+1

2(n+1)

b. A body of mass one kilogram is projected vertically upwards from the
ground at a speed of 40 m/s. The body is under the effects of both gravity
2

) ) ) ) . v )
and an air resistance which, at any time, has a magnitude of 20" where v is

the magnitude of the body’s velocity at that time. Use g = 10 m/s?.

1) Show that, while the body is travelling upwards, its equation of
motion is:

., v2
X =— (10 + %)
i1) Calculate the greatest height, in exact form, reached by the body.

111) Having reached its greatest height, the body falls back to the ground.
The body remains under the effects of the same air resistance and
gravity.

Show that the body is travelling at only one third of its initial launch
speed when it hits the ground.

Question 15 continued on next page.



Question 15 continued.

) 2k 2k+2
1) Show that — < fork >0
k+2 k+3
i1) Use mathematical induction to prove that:
1 2 3 n 2n
—+—+—=—+-- — forn>1
st a T et e Sz ey O

A particle of mass M kilograms is moving up a slope which is at an angle
of 27° to the horizontal.

The particle has initial velocity of u m/s up the slope and comes to a stop
after 6 seconds.

It is subject to acceleration due to gravity of 10 m/s? and a resistive force due to
friction of 0.2vM Newtons, where v is the velocity of the particle in m/s.

Find the value of u, correct to 2 decimal places.

End of Question 15



Question 16 (16 marks) (Start a new writing booklet.) Marks

a. Prove by contradiction that, for a > 2:

Va++vVa+2>+Va+38

. (2tan6+3)sec?0
Find
f sec?2@0+tané

c. It is known that the arithmetic mean of a set of numbers is greater than
the geometric mean of the numbers.

. x1+x2+x3+---+xn
That is: =

n
" \/123 n

1 1. .1_9
i) Giventhata+b+c=kanda,b,c>0,sh0wthatz+z+zzz

i) Hence, given that k = 1, prove that (% - 1) (% - 1) (% - 1) =8

Question 16 continued on next page.



Question 16 continued.

The complex numbers z;, z, and z3 are represented by the points 4, B and C
respectively.

Im(z) A B(z,)

C(z3)
) NOT TO
SCALE

- A(zy)

o
—

0 Re(z)

.TT
The complex numbers satisfy z, —z; =iz; and z; =e'3z,

1+v/3
2v2

By considering £BOC prove that cOS % =

End of Question 16

End of Paper
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Student Number

Start Here:
a. Use the diagram below for your answer to Question 11a.
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