Section I
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple choice answer sheet for questions 1-10

1 Consider the statement:
If an animal can fly, then it is a bird.

Which of the following is the contrapositive of this statement?

A. If an animal is not a bird, then it cannot fly.
B. If an animal is a bird, then it can fly.

C. If an animal can fly, then it is not a bird.

D. If an animal cannot fly, then it is not a bird.

2 What is the equation of the line which passes through A(4, 6,5) and B(—2,3,—1)?



Consider the following proposition:

If a positive integer is not a perfect square, then it is not prime.

A counter example to this proposition is to be found. A number with which of the
following properties would suffice?

A.

A positive integer that is not a perfect square and is prime.
A positive integer that is not a perfect square and is not prime.
A positive integer that is a perfect square and is prime.

A positive integer that is a perfect square and is not prime.

A particle is moving in SHM in a straight line with an amplitude of 3 metres.

When the particle is 2 metres from the centre of motion, its speed is 5m/s.

What is the period of the motion?

The roots of the cubic equation f(x) = 0 are @, 8 and y.

Which of the following cubic equations has roots 2a + 1,2 + 1 and 2y + 1 ?

A.

fFx+1) =0



6 The diagram below shows the complex number z = x + iy , which lies in the third
quadrant such that x < y.

Im §
.~ Re(z) = Im(2)

Given that z2 = a + ib , which of the following statements is true?
A. a<0, b<0
B. a<0, b>0
C. a>0, b<0

D. a>0, b>0

7 Consider the position vector of a particle r = t?i + 2costj + 2sintk.

Which of the following best describes the motion of the particle?

A. Spiralling at an increasing rate about the z axis in an anticlockwise direction.
B. Spiralling at an increasing rate about the x axis in an anticlockwise direction.
C. Spiralling at an increasing rate about the x axis in a clockwise direction.

D. Spiralling at a constant rate about the x axis in an anticlockwise direction.



8 Consider triangle AOB, where A is the point (1,0, 1) and B is the point (0, 2, 2).

Z\
* B(0,2,2)
| NOT TO
SCALE
A(1,0,1) e
. 5 =
x
Which of the following is true?
A. 2AOB is aright angle
B. AAOB is isosceles
C. 20AB is twice the size of ZOBA
D. 2AOB is twice the size of ZOBA
9 Consider the complex equation z3 = —p3i, where p is a positive, real number.

What is the sum of all of the imaginary parts of all of the solutions that have a

negative principal argument?

A. pi
B —pi
C. p



10

A unit mass is projected horizontally from the top of a tall building. Air resistance
is R and the gravitational force is G.

The position vector of the mass is r, with the origin being the base of the building.
The velocity vector of the mass is v.

At the point P, r.v = 0.

Which of the following is consistent with the motion of the particle at P?

A Rv GT R'r Gv
' IR[[v] |G[lr[ ~ [R[Ir[  |G]]v]
B GT < Gv v-R R'r
' |Gl|r|] |Gllv] ~ [v||[R]  |R]|r|
C rR v-G rGg v-R
' Ir|[R| |vlIG] ~ Ir[|G] ~ |v[IR]
v'G rG Rv rR

D.

IvlIGl  IrlIG] IR[lv]  [r[|R]

End of Section I



Section 11

90 marks

Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section

Answer each question in a separate writing booklet. Extra writing booklets are available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) (Start a new writing booklet.) Marks

a. Consider the vector 7 = pi — 4j + 5k 2

If r has a magnitude of 5v2 units, what is the exact value/s of p?

b. Find the size of the angle between the vectors 2

() e (3

giving your answer correct to the nearest minute.

c. Sketch the region in the complex plane where the inequalities 3

|z—i|<1and 0 <arg (z—1i) < g hold simultaneously.

b
d. Show that, if a and b are positive integers, then % + P > 2 2

Question 11 continued on next page.



Question 11 continued.

The complex number z? is shown on the diagram below.

Im &

NOT TO
SCALE

Given that z lies in the fourth quadrant, find z in mod-arg form.

Consider the equation (p +5)3° +(p +3)3° = 7.

Give reasons as to why there is no integer p root for the equation.

Find:

[xInxdx

End of Question 11



Question 12 (15 marks) (Start a new writing booklet.) Marks

a. 1) Find 4, B, and C such that:

X _ A + B Cc
(x—2)2(x-1) x-2  (x-2)2  x-1"

i1) Hence, show that:

4 X 3
f3 D dx = In (Z) + 1.

b. Consider the statement P:

“If 2n? + 3n + 1 is even, then n is odd.”

Prove that the converse of P is true.

C. Factorise the equation P(z) = z* — 6z3 + 1822 — 14z — 39, given that
one of the zeros of P(z) is (2 — 3i).

d. Consider the complex number z = re':

Show that ¢p = Zz_zl_ﬁ is purely real.

€. Find:

2x X

—e

End of Question 12



Question 13 (15 marks) (Start a new writing booklet.)

a. For the positive real numbers a and b, a # b, it is given that

a®+ b3 = (a+ b)(a? —ab + b?) and (a — b)? > 0.

1) Using these facts, or otherwise, prove that:

a®+ b3 > ab(a + b)

i1) Hence, or otherwise, show that if ¢ is also a positive real number

that is not equal to a or b, then:

23+ b3+ c®)>a’(b+c)+b*(a+c)+c?(a+b)

b. A particle moves along the x axis in a simple harmonic motion.

Its displacement, x cm, from the origin at time t seconds is given by:

x =5 —4cos ?2mt

1) Find the centre and the amplitude of the motion.

i1) Find the distance travelled by the particle in the first 5 seconds.

Question 13 continued on next page.

Marks



Question 13 continued.

Prove by contradiction that
P(x) = 120 + 120x + 60 x? + 20x3 + 5x* + x>

has no double roots.

Let z=1+i and w=—V/3 +1i
1) Find zw in modulus argument form.

_ V6+V2
4

.. A
ii) Hence, show that cos (E)

End of Question 13



Question 14 (15 marks) (Start a new writing booklet.) Marks

a. Find:
f 2x—5
x242x+2

b.  An 80-kilogram mass is being dragged along a horizontal surface by a
force of 100 newtons.

80 kg

0.1v N 100 N

v

The mass is subject to friction of 0.1v newtons, where v is the speed of
the mass in metres per second. The mass is initially at rest.

The equation of motion is

1000 — v
% =—z—  (DONOT PROVE THIS.)

1) Show that the equation for time as a function of velocity is

1000 >

t=8001n(—1000_v

i1) Find the velocity of the mass after 10 seconds, correct to 1 decimal place.

Question 14 continued on next page.



Question 14 continued.

The vectors u and v are defined as u = a + mb and v = ma — b,

where a and b are unit vectors and m is a real constant.

Given that the dot product of u and v is 1, and that the acute angle

between a and b is g, find the value/s of m.

Two masses M kg and (4M + 12) kg are attached to ends of a light
inextensible string passing through a pulley.

The mass M kg is accelerating upwards at 3 ms~2 while the (4M + 12) kg
mass is moving downwards on a smooth inclined plane at angle 30° as shown.

(4M + 12) kg

M kg

30°

The acceleration due to gravity is 10ms™2.

What is the size of the mass M?

End of Question 14



Question 15 (15 marks) (Start a new writing booklet.) Marks

a. A spiral starts at the origin and completes two clockwise spirals
to end at (0, 27).

Its position from t = 0 to t = T is shown in the diagram.

vi

» 27T

57

G|
S

\.1
=Y

3n
2
The parametric equations of the spiral are:
{x A [O,T].
y=90®

i) Find f(¢), g(t) and T.

1) The parametric equations of a second spiral are:

(fo o logl

If the second spiral was drawn on the axes above, how many points of
intersection would it have with the first spiral?

Question 15 continued on next page.



Question 15 continued.

Consider the integral

1
1n=f Vx(1-=x)"dx, n=0,1,23,..
0

1) Show that

2n

L, =—1I1 .,
" oan4+3 M1

n=1,273,..

i1) Evaluate I;.

A particle of mass m is released and allowed to fall vertically in a medium

in which the resistance is mk times the square of the velocity (v) of the particle.

"
kmv~* mg

1) Write an equation for the acceleration of the particle in terms of v.

ii) Show that the terminal velocity (V) is given by V; = f{—].

ii1) Show that the distance fallen (x) in terms of v is:
- e ()
= g — kv?

iv) Hence, find an expression for the distance that the particle has fallen
when the velocity reaches %VT.

End of Question 15



Question 16 (15 marks) (Start a new writing booklet.) Marks

-1 1
a. The line L with equation r = ( 2 ) + 1 ( 2 > intersects with the sphere 4
) 6 1
with equation (x + 1)2 + (y — 2)? 4+ (z — 3)? = 45 at the two points,
A and B.

Find the shortest distance between the centre of the sphere C and
the chord AB.

b. Given a, 1 = +/2a, and a; = 1, prove by mathematical induction that 3

for all integers n > 1

0, = 20-207)

C. 1) Use De Moivre’s Theorem to express cos46 in terms of cosé 2
ii) Use the result above to solve the equation 8x* —8x%2 +1 =10 2
3 5
i11) Hence, show that cos T cosZcosZ cosZ = 2 1
8 8 8 8 8

Question 16 continued on next page.



Q

M and P are two points with position vectors OM = mand OP = p

respectively.

uestion 16 continued.

N is the midpoint of MP and has position vector ON =n.

PQ is perpendicular to MN and NG = 10N.

Show that

End of Question 16

End of Paper
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