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General e Reading time — 10 minutes
Instructions L
e Working time — 3 hours
e Write using a black pen
e (Calculators approved by NESA may be used
e A reference sheet is provided

e In Questions 11-16, show relevant mathematical reasoning

and/or calculations

Total marks: Section I — 10 marks
100 e Attempt Questions 1-10
e Allow about 15 minutes for this section
Section II — 90 marks
e Attempt Questions 11-16

e Allow about 2 hours and 45 minutes for this section
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............................................................... It does not necessarily reflect the format
or the content of the 2025 HSC

Examination Paper in this subject.




Section 1

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

Questions Marks

1  What is the converse of the statement “if you can’t see my mirrors, then I 1
can’t see you”?

A. If I can’t see your mirrors, then you can’t see me.
B. If I can’t see you, then you can’t see my mirrors.
C. If you can see me, then I can see your mirrors.

D. If I can see you, then you can see my mirrors.

2 What is the contrapositive of the statement “if you can’t see my mirrors, then 1
I can’t see you”?

A. Tf I can’t see your mirrors, then you can’t see me.
B. If I can’t see you, then you can’t see my mirrors.
C. If you can see me, then I can see your mirrors.

D. If I can see you, then you can see my mirrors.



3 Hu=5i+(t—-3)j+3kandy=1i+(t+9)j+ 2k are perpendicular, what
are the possible values of t?7

A t=8,2

B. t=-8, -2
C. t=28, -2
D. t=-8,2

4  Suppose a, b and ¢ are three vectors such that a+b+c¢ =0, |a|] = 3, [b| =5,
and |c| = 7.

What is the angle between a and b?

AT
6
2w

B. —

3
Y
C. —
3

D. T

3

5 A particle of mass m moves so that its velocity v is given by v = f(z).

The resultant force that causes this motion is given by:

A mf'(x)

B. mxf'(x)



6 Let w be a non-real cube root of unity.

What is the value of (1 + 2w + 3w?)(1 + 3w + 2w?)?
A3

B. 6
C. 9

D. 12

7  Suppose that z; and 2, are two distinct non-zero complex numbers satisfying
|21 + 23] = |21 — 22|

Which of the following is always true?

A. 2125 is purely imaginary.
<1 . . .

B. — is purely imaginary.
22

Z1 + 29
21 — 22

is purely imaginary.

D. None of the above.



A particle moves from the initial conditions t = ¢y, x = xg, v = v to the final
conditions t = tp, x = xp, v = vp under a force that produces an acceleration

of 7.

Which of the following is incorrect?

tp

A If & = f(t), then UF:J f(t) dt + vy.

to

vF

B. If & = f(v), then zp :J’ Mdv+xo.
v
C. It 2 = f(v), th t—vFld—i—t
. If @ = f(v), then tp = ) v+ to.
Vo

TF

D. If & = f(x), then (vp)? = QJ f(x) dz + (v)2.

xo

Suppose that a, b and ¢ are non-zero real numbers satisfying

a? b? c?

< < .
P+ Z+a?  a?+ b2

Which of the following statements can be deduced from the

inequality?

A a<b<e
B. |a| < |b] < |¢]
C.ec<b<a

D. e < [b] < |al

preceding



10 Three non-zero vectors a, b and ¢ on a number plane are such that b-c = 2|a),
a-c¢ = 3|b|, and a is perpendicular to b.

What is the minimum value of [¢|?

A. 202
B. 23
C. 25

D. None of the above.

Examination continues overleaf. ..



Section 11

90 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question on the writing paper supplied. Start each question on a NEW
page. Extra writing paper are available.

For questions in Section II, your responses should include relevant mathematical
reasoning and/or calculations.

Question 11 (15 marks) Start on a NEW page Marks
(a) Give a counterexample to disprove the following statement: 1

For all z,y € R, if 22 > 9?2, then 2 > y.

(b) Write down the negation of the following statement: 1

There exists k € R such that k% < 0.

(c) Consider the vectors u =3i+2j+k, v=—5j+2kand w =2i+2j+5k.

(i)  Prove that v and w are perpendicular. 1
(ii)  Verify that |g+y+v~v‘ < }g| + !y‘ + ‘V)j‘ 2
(d) Given the points A(1,3,5), B(2,—4,11) and C(-3,—1,0), find LABC. 3

Give your answer correct to the nearest minute.

s

3
(e) By using integration by parts, evaluate J xcosx dr. 3
0
(f) Evaluate Arg (i?°?°), where Arg(z) denotes the principal argument of z. 2
, 1,0
(2) Prove that sinf = % (e — e ). 2
i

End of Question 11



Question 12 (15 marks) Start on a NEW page Marks

(a) Find J’ cos® rsin® x d. 2
do
b B ' iate t-substituti therwise, find | ——. 3
(b) y using an appropriate t-substitution, or otherwise, fin J 3 9 cos 40
(c) (i) By expanding (cos+isinf)? and using de Moivre’s theorem, show 2
that

cos 30 = 4cos® @ — 3cos.

(i)  Hence, or otherwise, solve 82% — 6z + 1 = 0 where x = cos . 3
(iii)  Deduce that 2
us m 47
cos — — cos — — cos — = 0.
9 9 9
(d) The diagram below shows particles of mass 1 kg and 3 kg connected by a 3

light inextensible string passing over a smooth pulley. The 3 kg mass lies
on a smooth plane inclined at an angle of @ to the horizontal, and T is the
tension in the string.

3kg

0 [ Jike

Find 0 so that the system will be in equilibrium. Give your answer in
degrees, correct to one decimal place.

End of Question 12



Question 13 (15 marks) Start on a NEW page Marks

(a) The velocity v of a particle moving along the z-axis is given by
v? =12 4 8z — 42,

where z is the displacement of the particle from the origin O.

(i)  Prove that the particle is undergoing simple harmonic motion. 2
(ii)  Find the period, amplitude and centre of motion. 2
(b) Prove by contradiction that +/5 is irrational. 2
(c) Sketch the region of the complex plane defined by Re(2?) < (Rez)” and 3

2
—?W < Arg(z+1) <0.

64
1
(d) By using the substitution u® = x, or otherwise, evaluate J m dx.
2 +1
Find | ——— dx. 3
(€) H Jx4+8$2+12 v

End of Question 13



Question 14 (15 marks) Start on a NEW page Marks

(a) Two spheres S; and S, have Cartesian equations z? + 3% + 22 = 9 and
(z—3)%+ (y+ \/6)2 + (2 — 7)? = 25 respectively.

(i)  Prove that S and S, are externally tangent. 3

(ii) Find the vector equation of ¢;, where ¢; is the line through the 2
centres of §; and S,. Give your answer in the form r = A\d.

(iii)  Consider the line ¢y with vector equation 2
1 -1
r=|-v6|+pu|1
2 2

Determine any points of intersection between lines ¢; and /5.

(iv)  Deduce, with mathematical justification, whether the lines ¢; and 2
0y are skew.

(b) The rise and fall of the tide at a certain port may be considered as simple 3
harmonic, with the time difference between successive high tides being 10
hours. The harbour entrance has a depth of 20m at high tide and 8 m at
low tide.

If low tide occurs at 10 a.m. on a certain day, find the earliest time that a
cargo ship requiring a minimum depth of 15 m of water can pass through
the entrance.

(c) Let a and b be consecutive positive integers with a < b. 3

By considering the expansion of (a? + a + 1)?, prove that if ¢ = ab, then

Va?+ b? + ¢ is an odd integer.

End of Question 14

10



Question 15 (15 marks) Start on a NEW page Marks

(a) Let z and w be two distinct non-zero complex numbers. 3

Show that if |2|> = |w|? = 2Re(2w), then the triangle with vertices at 0,
z and w is equilateral.

(b) Prove that if > 0, y > 0 and z +y = 1, then 2
1 1
1+—)(1+>)>9
z Y
(c) Let I, = J T e for integers n > 0. 3
cos
Show that
2
I, = coS ((n - l)x) — I, forn > 2.
1—n
(d) Prove by mathematical induction that for all integers n > 0, 3
IS W
273 gn =T

Examination continues overleaf. ..

11



(e) The sides OA and CB of a trapezium OABC' are parallel, with OA > CB.
The point £ on OA is such that OF : FA =1:2, and F' is the midpoint
of C'B. The point G is the intersection of OB and EF.

@ E A

C F B
Let a and ¢ be the position vectors of points A and C' respectively.
(i)  Show that B has position vector Aa + ¢ for some scalar \.

(ii)  Hence, or otherwise, show that the position vector of G is

2 (2
213x )2\ )¢

End of Question 15

12



Question 16 (15 marks) Start on a NEW page Marks

(a) Suppose that a, b and ¢ are the lengths of a right-angled triangle, where ¢ 3
is the hypotenuse.

Show that if n < 2, then ¢™ < a™ + b".

(b) A particle is projected vertically upwards from the Earth’s surface with 4
1

initial speed U ms™.
Experiments show that the acceleration due to gravity of an object at
a distance = from the centre of the Earth is proportional to the inverse
square of the distance x, towards the centre of the Earth; i.e.

k
a = _ﬁ7
for some positive constant k. (Do NOT prove this.)

Show that the distance travelled by the particle before it has lost
three-quarters of its initial speed is

15RU*
——————m
32gR — 15U2
where R is the radius of the Earth and g is the acceleration at the Earth’s
surface.
(c) Let I, = J (secx + tanx)" dx, where n is a non-negative integer and
_Jo
0<a<i3.
(i) For n > 1, show that 3
1 1 .
—(Ipi1+ Inq) = — ((seca + tana)" — 1) )
2 n
(i)  Deduce that 2

1
I, < — <(seca—|—tana)" - 1) , forn > 1.
n
Examination continues overleaf. ..

13



(d) Suppose that z;, 2o and z3 € C satisfy the following conditions
simultaneously.

|21] = |za] = |z = 1

| 22 % z3 and z3 # 2.

Prove that if a, b and ¢ € R, then |az; + bzy + c23| = Va2 + b2 + 2 + 2ab.

End of paper

14



Section 1

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

Questions Marks

1  What is the converse of the statement “if you can’t see my mirrors, then I 1
can’t see you”?

A. If I can’t see your mirrors, then you can’t see me.
If I can’t see you, then you can’t see my mirrors.
C. If you can see me, then I can see your mirrors.

D. If I can see you, then you can see my mirrors.

2 What is the contrapositive of the statement “if you can’t see my mirrors, then 1
I can’t see you”?

A. If I can’t see your mirrors, then you can’t see me.
B. If I can’t see you, then you can’t see my mirrors.

C. If you can see me, then I can see your mirrors.

If I can see you, then you can see my mirrors.



3 Hu=5i+(t—-3)j+3kandy=1i+(t+9)j+ 2k are perpendicular, what
are the possible values of 7

A t=82 51‘@‘5)(&#ﬂ> + 6=0
B. t=-8, —2 12+ 6t -16 =19
C.t=8, —2 (t+8)(t—2): 0

2—&2 /

A 'beMS a D
4  Suppose a, b and ¢ are three vectors such that a+b+¢ =0, |a|] = 3, |b| =5,
and |¢| = 7.

What is the angle between a and b? N

)0
AL
6
B, 2"
3
Y
c 22
3 2 ?-? 2
k= > 5 1
v
g . 2(3)(5)
= —_ Oy - lL—
o 3 b 3

5 A particle of mass m moves so that its velocity v is given by v = f(x).

The resultant force that causes this motion is given by:

A mf'(x) F; ma
B. maf'(z) = W \,ﬂ
dL

C. mf (%yﬂ) . {(1’) ,JC'(O
O I



6 Let w be a non-real cube root of unity. >

What is the value of (14 2w + 3w?)(1 + 3w + 2w?)?

3 (1+l~’+°\)2’+w*)wm>(l+W+wl+3w4—wm>
= (wrad)(20 ¢ W)

3 3
o9 2w + w4y f 2w

30T+ B 4 Qw
9w +w) ¢ 5

t\

D. 12

1

"3-("\)“'5_ :%

Suppose that z; and zy are two distinct non-zero complex numbers satisfying
|21 + 20| = |21 — 22

7

Which of the following is always true?

A. 22y is purely imaginary.

21 . . .
— is purely imaginary.
22
C 1 2

is purely imaginary. <
1~ 22

by
D. None of the above.

% \

AV

l%|+?4]; )%I'Zv,
oe z,ﬁ/uw( olion(ﬁcmau
?mWT&W\ must Yo o re,c'l'anglb

s hpltn) ey < T

X L - i, : :
O A — z = ) T4 = 15 u(ol& (m (NAavr
¢ \z & A ? Afj s

. B

e 15 ?mt& iwm@'mm;}k



8 A particle moves from the initial conditions ¢ = ty, © = xy, v = vg to the final 1
conditions t = tp, x = xp, v = vp under a force that produces an acceleration
of Z.

Which of the following i @

A If 2 = f(t), thenvF—J f(t) dt + vo.
to

Vdv (i\/ J( (‘0

Ifa'é:f(v), then xF:J xo. VF Xe

vo = o
o 1 ’,
; \
S then tp = dv + tg. 0 0
C. If & = f(v), then tp J 7o) v+ o
vo
TR
D. If & = f(x), then (vp)? = 2J' f(x) dz + (vo)>.
o
9 Suppose that a, b and ¢ are non-zero real numbers satisfying 1

a? b? 2

< < .
B2+ A2+a? a2+ b2

Which of the following statements can be deduced from the preceding
inequality?

b+ o* ol N
A a<b<e e R — 7 —
> b C
(B)lal < It < I
pfod 1 4 sau. side
C.c<bza
D. I < bl <o e anbrC b v
>
a')’ bl C:L
T
. o b,_ 7 5’

RRCER IR



10 Three non-zero vectors a, b and ¢ on a number plane are such that b-c = 2|a), 1

a- ¢ = 3|b|, and a is perpendicular to b.

What is the minimum value of |c|? I,I?,H(,(,l sl = 2 ]4" (no\-(;', ¢ p\_d_‘l{_>
Al 2V2
LWl PO oA is atute
s.muma,,
C. 2v5

2] 1e|wsp= 3]b[ g is e

D. None of the above.

&S]

g, Lot p= T

S
4

/

N

\i‘/\\kl Sk = 5|‘2|

Now l‘,zl Smd = 2| ?,\

2]

Examination continues overleaf. ..
wd | ¢| s = 2 d
2]

el zal } 112
4] 7 28 2] |}
2 2(%(}0,\1)(2\&\1/)
6 \&\‘L\b\'z_
= 1




Question 11 (15 marks) Start on a NEW page
(a) Give a counterexample to disprove the following statement:

For all z,y € R, if 22 > y2, then = > y.
ﬁf/o/t rz-l,

Cits 0/ bt 130
.\ This dicafprores e stiberes.

(b) Write down the negation of the following statement:

There exists k& € R such that k% < 0.
k>0 /
2

~ (3 kER, E2<0 ) 2 VEER,

(c) Consider the vectors u =3i+2j+k, v=—5j+2kand w=2i+2j+5k.

(i) | Prove that v and w are perpendicular.

ATP: V.w=0
LHS /,Z)./:)‘ 2x0-5x2 +2x5
> s/

0
Jinee y Vws= o,ﬁl{_Lﬁai \/

(ii) Verify that [u+ v +w| < [u| + [v] + |w].

e (;t‘}::) . ) [t =10

(t2 +S = ?qq

Kf(f:m +[asty rletvtas = (g + e +J33

= [Y-2%
o AHILRAS /
Lluriw | e+l el
\/\/\/

\_—f—y-—-/
z 1487 £9-%9

Comments:

Students have to clearly disprove the statement
through a conclusion.

Comments:

Some students left their statement as an
existential statement and failed to include zero
in their inequality.

Comments:

Done well.

Mark | Criteria

2 Correct solution.

1 Finds [u + v +w|and [u| + [y + [w],
but fails to clearly show that one is
greater than the other through correct
decimal rounding.

Comments:

Students had to clearly show this inequality was
true by decimal rounding. Students that proved
the result using the triangle identity were
awarded with full marks.




(d)  Given the points/A(1,3,5), B(2.~4,11) and €(=3,=1,0), find ZABE:

Give your answer correct to the nearest minute.

Ces @ =

e
1

(S‘
>
<

L

=
3
=
:S\
s
N
\
o
VAR
A\
—
La
\
f\
\
<«
\/

A\

\

“w
v\_/

.'.('MO: 5’34 B%G
Il

29= 37°10

stal +66 _ 92

1}{#/%36 er+7+/zl Mﬁ;f

/

s

2

(e) By using integration by parts, evaluate J xcosz dr.

0
,&é “u: o=l

V':ijx V= sax -

7%

Ia [190‘.1,];{ _ Jg%*ﬂ(* /

T
%
(-0 + [(brx.J "L

-
-

/

T
=
2 ?”_—+ ©-1) = T-1

Mark | Criteria

3 Correct solution.

2 Makes error in their final calculation or
in obtaining their vectors ﬁ, BC.

1 Makes 2 subsequent errors in finding
their vectors and in calculating their
angle.

Comments:

Students were not deducted for rounding. Many
students made mistakes with finding CB instead
of BC. Students made errors in calculating their
angle by accidentally omitting the square roots
or mistyping their expression in their calculator.

Mark Criteria

3 Correct solution.

2 Makes error in their integration by
parts.

1 Makes 2 subsequent errors in

integration by parts.

Comments:

Most students obtained at least 2 marks. Some
errors that occurred included mistakes with the
negative and forgetting to substitute the zero
into the antiderivative.




(f) Evaluate Arg (i2°%%), where Arg(z) denotes the principal argument of z.

v
v

a/g /4 'wﬂj P J.OZYX,Z_

z 2025 T
%

" 1r(/0/z & o.r)

z + L
loirm 5

—y
2T

5 A'Zz(‘iw;() & 177:

L. ’
(g) Prove that sinf = % (e — ).
i

bt 2- -

b 8
2 = £

008 + A5 & @

= (el ) +iSel8)

= o —(Sw O @

0-@72 e i [224)

/ Y "'&)
: . e "‘C
2566 = 5 (¢

Mark Criteria

2 Correct solution.

1 Makes substantial progress or makes an
error.

Comments:

Done well.

Comments:

Done well.

e
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’ U”% o “M""fu’@ o Students ve/w}m%@t Fhoat

shown in @X\) oloove .

 Majiity ol fre shudeats’ partial frackions

were

1t + b A* + 9

This was  twme sty o s epTihle 4o errovs,




Q4.

a/L Si: x" +21~12—+ Z?_:z‘? .
S2: (x-2) "+ (y+ve) + (2-7) = 25

Let d be 4he distance belween the centres of the S/)hEre.(.

d=Va-oy+ (E-0)*+ (7-0)>
d= g
The Sum O'f‘i'WO vdii = 345 =& v

Since the. sum & fwo vadii is Hhe same as the distance

betueen the cewndres of +he +wo spheves Tws The

spheres musT tovda each glher dl a simy[e pafrrl‘
or St and S» are cn’l‘crnally ‘f'anyc ; v

. Use the Aformula to prm/ide. the correct answev for the
distance. between +uw spheres  Aw: 1

Having bdlh the sun of the +wv radii and the dislance
betwéen the cevilres of two Spheves AW : 2.
, Corredt warkin/ and answer Aw: 2

“alf) oG
ey = ()
(3) - ~ (%)
Vv’

7
N

/
(1 Y = A g!/
PrWide_ Vector dil/ecffl'an o’f ll AW Al

I

L -

-



Note : the values 6f ) and M can vary (A/ ;31/1":1'%
Subs A ard M idlr (D

7(—3 ’*"5] = 2 + 2(d4+2/6)

— 21 — 141/_ £ 10+ 4/5 v/
[l and (2 ola Nat intersect. My poiits of

iitersection .
ali.

Since [ t and |2 do wet [n"/Cr,{cg-lL rom @
and —direction vector of i and > are pdot_multiple
Salny df each dTheV

(—1"#— ( ,aexz.[///:_

1M y stati M Ll an/ / wil m‘/er&:dl anz/
Olnﬁlj'\el/ mariZ for S‘fu"lz;lf Lt is vt [/ /;:y




Qu/b. 1% o)
20 20m [ 3pPm
& /-\ s X = IS

14 // \k >7f 14m
B gm (lOA-M)
Cevilre GF md'f'l'ar\ C = 202—_'-8- = 4
. _ 20 _ 2 _ S
Period : T = 5% = = __10—>m_5
X = acos (Al +e)+C
Al =0 (841) , x = 8 m
g = 6CoS + 14
oS = —])] —> X = 7T
X = 6cos (L + %-6) + 1S
x = —6wS(&¢t) + 14
Ship r‘cc{uires minimum Of (Sm o[ep‘/h-
5 = —bws(Zt) + 14
= —_L
Cos %t g |
<L
t = 7 —CS(@) 5 765 fus
/s

= 2 s and 46 mins /
. garliest time [0AM+ 2hrs, 46 mint = 1246 PH

provide eithey amleuﬂ/e ) cedlre. 0f mgtion or n=2 Aw: 4
Correcl equdtion : X =—6Co0S(Et)+ 14 Aw: 2 >
Correcl W0rk.in7 anz/ Soludion AwW:" 32



Aug/cC.
Cg‘[‘ the tweo consecidive. numbers be;
a b= a+ 1
¢ = ab = ala+41)

I

(az+ o+ 1) =d+ 20(avt) + (ara)”

2
at + 2a -f—J_a?'-I- aZ+ 20 + 4
at+ 205+ 20°+ 20 + 1. BV

Va* + ar)®+ a?(a+1)’

::'Vaz-r Qr2a+1 + &(a°+20+1)

I

v;2+ b* + c*

I

_—;\/6(q + 2054+ 20"+ 20 + |
_—:V(az + o+ 1) * fram €]

= a+ a+1
—ala+1) + 4 7@&/‘5 odd .

Even 4+ 4 =

QCOH—:L) = the ,OI’UO(M"f é'f "ILWO Consecilive

numboers s dways  even plus 4., gives
(a*+ o + 1) add.

w"',{— b*+ * = a*+ a+ 4 is gn odl /'Vdc’jcr.

Expand (az +a+1) zcamsdief . Aw A

€xpress 1/a2+bz+c"‘ = a2+ a+1 : AW 2H

Corvecl pri vl - AW 3



Question Q15(a) Marks
- Provides correct solution. 3 marks
- Proves |z — w|? = |2|* — (2w + wz) + |w|?. 2 marks
- Proves that |z| = |w| and attempts to show |z —w| = |z|. 1 mark

Solution (Method 1 of 4, Sum of two squares identity)
The triangle with vertices at 0, z and w has sides of length |z|, |w| and |z — w|.

Since |z|* = |w|? we have |z| = |w].

Hence, it suffices to prove that |z — w| = |z|, because then |z — w| = |z| = |w|

and the triangle is equilateral as required.

Consider |z — w|?, and use the fact that for any complex number u, |u|? = uu:
|z~ w? = (2 —w)(z —w)
= (z —w)(z — W)
=2Z — ZW — WZ + ww
= |2|* = (2w + wZ) + |w|? \/
= |z* + |w]* — (2w + zw)
= |2]* + |w]* — 2Re(2w)
Now use the given information that |w|? = |z|* and 2Re(zw) = |2|*:
|z —wl* = [2” + [2* — |2

= |2’

which implies |z — w| = |z|, which is what we were aiming to show. \/



Question 15(a) (continued)

Solution (Method 2 of 4, Cartesian form)
Let z = a+ib and let w = x 4+ 4y. Then

Re(2w) = Re((a + ib)(z — iy))
= Re (ax + by + ibx — iay)

=azx + by \/
So the given information |z|? = |w|? = 2Re(2w) becomes a?+b* = x?+y* = 2ax+2by (*).
|z —wf* = |(a —z) +i(b - y)I*
=(a—2)"+(b—y)’
=a® —2ax +2* + b* — 2by + ¢°
=a* +b0* +2* +y* — 2(ax + by) \/
=a’+ b +a*+ b — (a® +b*) using ()
=a>+ b
= |2f?
Hence |z — w|* = |z|> = |w|? and so |z — w| = |z| = |w|, which implies all sides are equal

and the triangle is equilateral.



Question 15(a) (continued)
Solution (Method 3 of 4, Mod-arg form)

Since |z|* = |w|?, we have |z| = |w|.

Hence, let z = rcisf and w = rcis ¢.
Since 2Re(2w) = |z|?, we have

2Re(zw) = r? \/
2Re(r? cis f cis (—¢)) = r?

2Re(r?cis (0 — ¢)) = r?

Re (cis (6 — ¢)) :%
cos(@—gb):%
9—¢_+§\/

Therefore the angle between z and w is 7.

Since |z| = |w], the triangle is isosceles, but by angle sum of a triangle, all angles are %,

which implies the triangle is equilateral. \/



Question 15(a) (continued)

Solution (Method 4 of 4, Vectors)

As in Method 2, let z = a + ib and w = = + 1y so that Re(zw) = ax + by. \/
If 0 is the angle between the vectors <Z) and (g), then

G)IIG)

B azr + by
Va2 + b2 /22 + o2

_ar+by

Ca? + b2
ar + by

= az +by) since |z|* = 2Re(2)

cosf =

since a? + b* = 2 + 12

DO | —

s

Hence ¢ = %, which implies the angle between z and w is §

As in Method 3, this implies the triangle is equilateral. \/

Comments

- This was a rich question with many successful approaches, as shown above.

- There were significant notation mistakes that were not penalised.

- For example, zw instead of 7ZW.

- Another example: |zw| instead of |ZWW|. This was a very confusing error of notation.
- The correct expression was |z — w| which is very different from |zw| = |z x w].



Question Q15(b)

Marks

- Provides correct solution.

2 marks

- Obtains LHS =1 + xly or manages to prove LHS > 8

1 mark

Solution
Expand the brackets:

1

_ x—i—y_i_i

zy Y
1 1
=1+—+—
Ty Yy

IV
Y

2
where we used z + y = 1. We will now show — > 8, which will imply the result.
Ty

(x—y)” =0
z® +y? = 2wy
22 4 2zy + 4 = day
(z+y)* = Ay
12> 4oy sincex+y=1
Loy
Yy
2
2 >3
Ty
Therefore we have
1 1 2
1+—)({1+-)=1+—
z Y i

Comments:
- Expanding the brackets was a simple but efficient approach.

- Many students launched into AM-GM, but this was not well suited to this problem.
- Students are encouraged to try simple approaches first before complicating matters.




Question Q15(c) Marks
- Provides correct solution. 3 marks
- Applies products to sums with sin B cos A where A = (n— 1)z and B = z. | 2 marks
- Applies angle expansion formula for sin with A = (n — 1)z and B = z. 1 mark

Solution (Method 1 of 2, Slow but easier to find)

sin nx
1, = dx
Ccos &

_ J sin ((n — 1)z + )

dr (now use angle expansion formula)
cos x

_ J sin ((n — 1)z) cosz + sinz cos ((n — 1)) i \/

COS T

dx
CoS T COS T

_ J sin ((n — 1)z) cosx o + J sinz cos ((n — 1)z)

COS T

- fsin ((n—1)z) do+ f sinaeos ((n =) ),

1

=— 1cos((n—1)x)+f

sinz cos ((n — 1)z)

dx (now use products to sums)
n—

_ 1 1COS((n_1)x)+1Jsin((n—1)x+x)—sin((n—l)x—x) d:r\/

COS @

2 cosT

1 1 ( sin(nz) —sin ((n — 2)z)
—n_lcos((n—l)x)+2j p— dx
1 1 [ sin(nz) 1 (sin((n—2)z)
— —1)z) + = de — - | 2272
n_lcos((n )x)+2f CcoS T * 2f CcoS T .
1 1 1
I, = — g cos (n—1)z) + §In — i_ln_g
21, = — 2 cOS ((n - 1):16) + 1, — I,
n—1
2

I, = — cos (n—1)z) — I \/




Question 15(c) (continued)

Solution (Method 2 of 2, Fast but harder to find)

dz (now use sums to products) \/

in(nz) + sin ((n — 2
Lol — J sin(nx) Cs;:ag(n )z)

:JZSin ((n—1)z) cosz \/

COS ™

= ZJsin ((n—1)z)

- ] cos ((n—1)z)

= 1Encos (n—1)x)

2
Therefore I,, = I cos ((n — 1):13) — I,,_o as required. \/

-n
Comments:

- It is amazing how much easier it is to consider I,, + I,,_5 than [, on its own.

- Students should take note of this trick because it might save time in the HSC exam.



Question Q15(d) Marks
- Provides correct solution. 3 marks
- Substitutes assumption (+) and correctly lists all terms. 2 marks
- BEstablishes base case n = 0. 1 mark
Solution

Base case: For n =0,

1
=1
RHS=1+4+0
=1

Hence LHS < RHS, since both equal 1. \/

Assume true for n = k:

1 1 1
I+ -+5+ -+ <1+k (s
totgt oty +k (%)

Prove true for n=%k +1

1 1 1 1 1
RTP: 14+-+-+ 4+ 77—+ -+ 77— <1+ (k+1
totgt ot mtat ot + (k+1)
LHS =1+ 24 bqp oy by ot
2 3 2k 2k +1 2k+1
us;,(*)
1 \/ k+1 k k
<1+k+2k+1+"'+ﬁ (note that 27 — (2" + 1) + 1 = 2)
2k+17(2’“:1)+1 terms
1
<1+k+ o" +-F 5 (A smaller denominator makes the number larger)
-—
2k terms

1
k
<14+k+4+2 Xﬁ

=1+k+1

—ris v

Comments:

- Unfortunately, almost all students misunderstood how the series changed for n = k + 1.
-TheywroteLHS:1+%+%+-~-+2%+2k%.

- However, as above, the correct expression is LHS = 1+ % + % 4+ 2% + Qk—lﬂ 4+ Qk%
- Consequently, the median mark for this question was 1 out of 3.



Question 15(e)(i) Marks

- Provides correct solution. 1 mark
0 E A
«
C F B
Solution
OB =0C+CB

— ¢+ AOA, for some scalar A, since OA || BC

=c¢tAa
Question 15(e)(ii) Marks
- Provides correct solution. 3 marks
- Finds OG in terms of a and ¢ using both OF + EG and OB 2 marks
- Finds OG in terms of a and ¢ using 1OB. 1 mark

Solution
The plan is to find OG in two different ways, then equate coefficients.
In order to achieve this, we will need to introduce two new scalars, p and v.
OG = OB for some scalar i, since OG |OB
= p(e+ Ag)
= A\ua + pe v
We also have

OG = OF + EG

— OE +vEF for some scalar v, since EG || EF

1 — —
=§C~L+V<OF—OE> since OF : EA=1:2

1 1 —— 1
= §Q+ v <g+ CB — 3Q> since F' is the midpoint of C'B

\)

—
>

1 — —
= gg—i— v <g+ 5%~ 3Q> since CB = AOA from part (i)

3 2 3



Question 15(e) (continued)

Equate the two expressions for 0G:
\pa 4+ 1 . Vv N
at+puc=-+——=-]a+vc

Equate coefficients of ¢ and ¢ (valid, since ¢ and ¢ are not parallel).

=315 73

p— ®
Substitute @ into @ :

L Ap
M=gt5 g
A 1—p
2 3
3\u=2-2p

pBA+2) =2
2

SRS NTE)Y

Therefore, since OG = Apa + pe from earlier, we have

2 2
@:)\<2+3)\>Q+<2+3)\>9
2 2
- <2+3A>Q+ <2+3A>£\/

Comments:

- Part (i) was very well done.

- Part (ii) was challenging.

- There was a common misconception that OG could be found by equating EF and OB.
- The source of this misconception is that G is the intersection of the lines EF and OB.
- To make progress, students had to introduce two new scalars and solve simultaneously.



Question 16 (15 marks) Start on a NEW page

(a) Suppose that @, b and ¢ are the lengths of a right-angled triangle, where ¢
is the hypotenuse.

Show that if n < 2, then ¢" < a™ + b".
. (A
pinte btz c
Cya (~ t'wﬁ?) v

N-2

ﬂ.z7/a & n-2<0

Wy a )
51'1"1'[0/[?, 122 4" @) /

()+@)» £ 7ed’" < a
o) # art”

- A n

CA £ an*én ‘/

e

[b) Show that the distance travelled by the particle before it has lost
three-quarters of its initial speed is

15RU*
3gR-1650°
where R is the radius of the Earth and g is the acceleration at the Earth’s
surface.
1z /k_ M €= oS frete %A 0
v
* I e destunen (4] purdled = 2R
v v B it
oo o= x-K/
L4
Yatt L v
vlv = | S A= 397 -K( (S
S R x r ‘“‘?’
. 32 K(j <

s (54K

327 -l

» \\
3
-
<)~
=
1Y
n
L
\
»\
S

- (~_r_rﬁ+,_33£l
31/1‘0-,

2
Fe 32R' /

3zkd IS

p

Mark | Criteria

3 Correct solution.

2 Makes substantial progress in their
proof by contradiction or setting up of
inequality using the triangle inequality.

1 Correctly quotes the triangle inequality.
OR

Uses induction up to the inductive step
but fails to go further.

Comments:

Poorly done. Students were awarded a mark if
they successfully quoted the triangle inequality.
Many students attempted induction, but this
ultimately will not prove for all real numbers
less than 2, i.e {n € R| n < 2}. Additionally,
students that proved by contradiction had to
clearly show why the contradiction exists for all
cases for n.

MN?W"‘-’(/

Mark | Criteria
4 Correct solution.
3 ins x = —2R0__ i
Obtains x = 32Rg—1502 without error.
2 oy = 32R%9 ; —_p2
Obtains x = TP by using k R4g.
1 Makes some correct progress in obtaining
X
OR
2
Incorrectly obtains x = 2RI from
32Rg-15U2
using k = —R?g
OR
Obtains k = R%g

Comments:

Students made many errors from their signs.
Students were commonly penalised for
incorrectly obtaining k = —R%*g and then using

32R? .
289 \which
32Rg-15U2

cannot be done. By forcing this expression, they
were further penalised. Additionally, at the end,
many students did not realise they needed to
subtract R from x as x is the distance from the

this expression to obtain x =

centre of earth.




(c) Let I, = (secz + tanz)" dz, where n is a non-negative integer and

0 Mark | Criteria
= e< s
(i) For n > 1, show that 3 Correct solution.
1 1 .
5(1"“ + 1) = r ((seca + tana)” — 1) . 2 Makes substantial progress.
1 Uses trig identities to simplify the trig

expression to 2 sec? x + 2secxtanx — 1

In= jj(}:uu Ant)n—z/ﬁtzxf )‘-‘x fa?fal'/wn) /x

Comments:

Poorly done. Many students did not know what

2
A/ﬂ{e : o%/"(“l + 040'1-) z Jeex édlﬂﬂ e to differentiate and integrate when it came to

setting up the integration by parts.
fc{)(.
= Jtcn ( tanc + )

Sedn = Atz + |
Lon bz el |

[n:f°(§'ux.1‘{mx-)ﬂ—2‘(,?}a'}fo{u:» //) -
0

I

2s5e¢x ( ferx tEanx)

jop(.?ﬂl (eext Forx ) (e nt fuax) - - (Feax )

W

i i Jy—.
v /7%)] ~ fev. Chain

n-14 %
2 (}ux#énﬂ) ] -—I”_J_

o= 0

\\

Ln

—_—

N— 7=

:z((wmﬁm)"l'//;o,),zﬂ_z v
/
I, # Tuy = 2 (bt 6ot 1)) [

(1L, ) - (et )1 )

Replace 1 é? At
& é(ZﬂH*I//-/)" %/{fa’(f’é‘“()/L’/) /



(if)  Deduce that

1
I, < - ((secoz+ta.na)"— 1)7 forn > 1.
n

RTP: Iy < ’é/zmt/’fthl )

o at/ ”'%
/ Lenr # fa_lr‘dé”"') e
;/-/Z;H/‘/-Z;”/); ;‘/}[fulf ) (

A 2
1 i) [ et hon's # 2t #1)
i st e (

Mark | Criteria

> //] (éﬂ(tq‘ ”4”’(')4-//};0;’( fmﬂaé’ﬂ‘) fé{ 2 Correct solution.
v jo

1 Makes substantial progress by proving
that the function is concave up in the

2 A / ‘(/MMM)M;;MZ pocx. + ) ol domain (0,%),
ZJo

VV_\J

Comments:

Poorly done. To obtain full marks students had

e (sux 7"14""-):% /}az -/-ogwx.)

T
,—

to clearly prove that the secx > 1inx € (0 2).

> /z/ocvaz‘*i)/lﬂcx o/x /
0

pexs o whae OSKSE
X o
1 (
>/éﬁazf¢éﬂt) xl o ' ‘
9

\_/_\r—/ e
Zn

Moo ptr sl

S In (i-[Zm//f]ﬂ-/) M/“y"‘"‘/



(d) Suppose that z;, 2z and z3 € C satisfy the following conditions
simultaneously.

|z1] = |z2| = 2| =1
ﬂ+ﬂ+ﬁ:1@
Z2 z3 2

2o # z3 and z3 # z1.

Mark Criteria
Prove that if a, b and ¢ € R, then |az; + bz + 23| = Va® + b + ¢ + 2ab.
¢ 3 Correct solution.
Py igd
M 1,= G5, '%fdff’ =&
2 Makes substantial progress or proves
as /3//’/-21(5/21/; ! that z3 = +iz,.

1 Obtains z; = 7,

ﬂfﬂf Up 4 By _ 7¢“M

CI//B Mfr @'Jd Comments:

Poorly done. Many students incorrectly used

Ciféc'ﬂ> 4 c]jﬁ—f} '/’Cff/j/"é) £ / the vector formulaa « a = |c~l|2 to prove this
result. However, this is invalid as z1, z, and z3

Equate Te - Pt gt =
sG(d-p) t (P -1 )¢ 50(-%)= O

20+ ;<_) )

azsu//l’)w[ﬁf )+ 1”"[&“6) o (B

d $‘~o%e),o 9k @{éﬁé);ms ,Cldf:_ﬂ)
}ﬁ‘ / ,(/:/’2&’1‘%
=y

Bk opV at (3 #23 |

Lic Bz 9 |t 2L 42 = 5
EZREY ﬁ’(%ng( fi@n‘ca).@w)

ﬂ'+ﬁ.:0
(2 P2

2~
?:7'+%3’@

%1’,— L7 D BEAed v



. /a?/,f 42,4 C%s{: (a2, #4621 552//

= /5]//ﬂ+él‘(}/
;/ZI/W
M~7w‘fw/'

/W\W
2, -3
U2, P >

ol b
> Zkzlczl s-;‘al‘uj<
5=
e =
. SHp = &y 4B 2L (%—)+(ﬁ—) ,{L’)
== T z. ( 2 2
+r ?:> T 3 z
S
= 3 &,‘—_-(—gL

)]

K//}/)’ —roo ts cgﬁ
2%~ Xt -1 =0
2(z-1)+ G-1)7° _
(H)(x-1) =0 2 ===

Mow St 2 E 23 ard 2y £
= 2. |
DB £, B e K= P (21222 l

(
23 2, Now the reat Jullows.



