


Section I

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

Questions Marks

1 What is the converse of the statement “if you can’t see my mirrors, then I
can’t see you”?

A. If I can’t see your mirrors, then you can’t see me.

B. If I can’t see you, then you can’t see my mirrors.

C. If you can see me, then I can see your mirrors.

D. If I can see you, then you can see my mirrors.

1

2 What is the contrapositive of the statement “if you can’t see my mirrors, then
I can’t see you”?

A. If I can’t see your mirrors, then you can’t see me.

B. If I can’t see you, then you can’t see my mirrors.

C. If you can see me, then I can see your mirrors.

D. If I can see you, then you can see my mirrors.

1

2



3 If u˜ = 5 i˜+ (t− 3) j˜+ 3k˜ and v˜ = i˜+ (t + 9) j˜+ 2k˜ are perpendicular, what

are the possible values of t?

A. t = 8, 2

B. t = −8, −2

C. t = 8, −2

D. t = −8, 2

1

4 Suppose a˜, b˜ and c˜ are three vectors such that a˜+b˜+c˜= 0˜, |a˜| = 3, |b˜| = 5,
and |c|̃ = 7.

What is the angle between a˜ and b˜?
A.

π

6

B.
2π

3

C.
5π

3

D.
π

3

1

5 A particle of mass m moves so that its velocity v is given by v = f(x).

The resultant force that causes this motion is given by:

A. mf ′(x)

B. mxf ′(x)

C. mf ′

(
1

2
x2

)

D. mf(x)f ′(x)

1

3



6 Let ω be a non-real cube root of unity.

What is the value of (1 + 2ω + 3ω2)(1 + 3ω + 2ω2)?

A. 3

B. 6

C. 9

D. 12

1

7 Suppose that z1 and z2 are two distinct non-zero complex numbers satisfying
|z1 + z2| = |z1 − z2|.

Which of the following is always true?

A. z1z2 is purely imaginary.

B.
z1

z2
is purely imaginary.

C.
z1 + z2

z1 − z2
is purely imaginary.

D. None of the above.

1

4



8 A particle moves from the initial conditions t = t0, x = x0, v = v0 to the final
conditions t = tF , x = xF , v = vF under a force that produces an acceleration
of ẍ.

Which of the following is incorrect?

A. If ẍ = f(t), then vF =
⌠
⎮
⎮
⌡

tF

t0

f(t) dt+ v0.

B. If ẍ = f(v), then xF =
⌠
⎮
⎮
⌡

vF

v0

f(v)

v
dv + x0.

C. If ẍ = f(v), then tF =
⌠
⎮
⎮
⌡

vF

v0

1

f(v)
dv + t0.

D. If ẍ = f(x), then (vF )
2 = 2

⌠
⎮
⎮
⌡

xF

x0

f(x) dx+ (v0)
2.

1

9 Suppose that a, b and c are non-zero real numbers satisfying

a2

b2 + c2
<

b2

c2 + a2
<

c2

a2 + b2
.

Which of the following statements can be deduced from the preceding
inequality?

A. a < b < c

B. |a| < |b| < |c|

C. c < b < a

D. |c| < |b| < |a|

1

5



10 Three non-zero vectors a˜, b˜ and c˜ on a number plane are such that b˜·c˜= 2|a˜|,a˜ · c˜= 3|b˜|, and a˜ is perpendicular to b˜.
What is the minimum value of |c|̃?

A. 2
√
2

B. 2
√
3

C. 2
√
5

D. None of the above.

1

Examination continues overleaf . . .
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Section II

90 marks

Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section

Answer each question on the writing paper supplied. Start each question on a NEW
page. Extra writing paper are available.

For questions in Section II, your responses should include relevant mathematical
reasoning and/or calculations.

Question 11 (15 marks) Start on a NEW page Marks

(a) Give a counterexample to disprove the following statement:

For all x, y ∈ R, if x2 ≥ y2, then x ≥ y.

1

(b) Write down the negation of the following statement:

There exists k ∈ R such that k2 < 0.

1

(c) Consider the vectors u˜ = 3 i˜+2 j˜+k˜, v˜ = −5 j˜+2k˜ and w˜ = 2 i˜+2 j˜+5k˜.
(i) Prove that v˜ and w˜ are perpendicular. 1

(ii) Verify that
∣∣u˜+ v˜+ w˜

∣∣ ≤ ∣∣u˜
∣∣+ ∣∣v˜

∣∣+ ∣∣w˜
∣∣. 2

(d) Given the points A(1, 3, 5), B(2,−4, 11) and C(−3,−1, 0), find ∠ABC.
Give your answer correct to the nearest minute.

3

(e) By using integration by parts, evaluate
⌠
⎮
⎮
⌡

π

2

0

x cos x dx. 3

(f) Evaluate Arg (i2025), where Arg(z) denotes the principal argument of z. 2

(g) Prove that sin θ =
1

2i

(
eiθ − e−iθ

)
. 2

End of Question 11
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Question 12 (15 marks) Start on a NEW page Marks

(a) Find
⌠
⎮
⎮
⌡

cos3 x sin2 x dx. 2

(b) By using an appropriate t-substitution, or otherwise, find
⌠
⎮
⎮
⌡

dθ

3 + 2 cos 4θ
. 3

(c) (i) By expanding (cos θ+ i sin θ)3 and using de Moivre’s theorem, show
that

cos 3θ = 4 cos3 θ − 3 cos θ.

2

(ii) Hence, or otherwise, solve 8x3 − 6x+ 1 = 0 where x = cos θ. 3

(iii) Deduce that

cos
π

9
− cos

2π

9
− cos

4π

9
= 0.

2

(d) The diagram below shows particles of mass 1 kg and 3 kg connected by a
light inextensible string passing over a smooth pulley. The 3 kg mass lies
on a smooth plane inclined at an angle of θ to the horizontal, and T is the
tension in the string.

θ

3 kg

1 kg

Find θ so that the system will be in equilibrium. Give your answer in
degrees, correct to one decimal place.

3

End of Question 12
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Question 13 (15 marks) Start on a NEW page Marks

(a) The velocity v of a particle moving along the x-axis is given by

v2 = 12 + 8x− 4x2,

where x is the displacement of the particle from the origin O.

(i) Prove that the particle is undergoing simple harmonic motion. 2

(ii) Find the period, amplitude and centre of motion. 2

(b) Prove by contradiction that 3
√
5 is irrational. 2

(c) Sketch the region of the complex plane defined by Re(z2) ≤ (Re z)2 and

−2π

3
≤ Arg(z + i) ≤ 0.

3

(d) By using the substitution u6 = x, or otherwise, evaluate
⌠
⎮
⎮
⌡

64

1

1√
x+ 3

√
x
dx. 3

(e) Find
⌠
⎮
⎮
⌡

x2 + 1

x4 + 8x2 + 12
dx. 3

End of Question 13
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Question 14 (15 marks) Start on a NEW page Marks

(a) Two spheres S1 and S2 have Cartesian equations x2 + y2 + z2 = 9 and

(x− 3)2 +
(
y +

√
6
)2

+ (z − 7)2 = 25 respectively.

(i) Prove that S1 and S2 are externally tangent. 3

(ii) Find the vector equation of �1, where �1 is the line through the
centres of S1 and S2. Give your answer in the form r˜= λd˜.

2

(iii) Consider the line �2 with vector equation

r˜=
⎛
⎝ 1

−√
6

2

⎞
⎠+ μ

⎛
⎝−1

1
2

⎞
⎠ .

Determine any points of intersection between lines �1 and �2.

2

(iv) Deduce, with mathematical justification, whether the lines �1 and
�2 are skew.

2

(b) The rise and fall of the tide at a certain port may be considered as simple
harmonic, with the time difference between successive high tides being 10
hours. The harbour entrance has a depth of 20m at high tide and 8m at
low tide.

If low tide occurs at 10 a.m. on a certain day, find the earliest time that a
cargo ship requiring a minimum depth of 15m of water can pass through
the entrance.

3

(c) Let a and b be consecutive positive integers with a < b.

By considering the expansion of (a2 + a + 1)2, prove that if c = ab, then√
a2 + b2 + c2 is an odd integer.

3

End of Question 14
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Question 15 (15 marks) Start on a NEW page Marks

(a) Let z and w be two distinct non-zero complex numbers.

Show that if |z|2 = |w|2 = 2Re(zw), then the triangle with vertices at 0,
z and w is equilateral.

3

(b) Prove that if x > 0, y > 0 and x+ y = 1, then(
1 +

1

x

)(
1 +

1

y

)
≥ 9

2

(c) Let In =
⌠
⎮
⎮
⌡

sinnx

cosx
dx for integers n ≥ 0.

Show that

In =
2

1− n
cos

(
(n− 1)x

)
− In−2, for n ≥ 2.

3

(d) Prove by mathematical induction that for all integers n ≥ 0,

1 +
1

2
+

1

3
+ · · ·+ 1

2n
≤ 1 + n.

3

Examination continues overleaf . . .
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(e) The sides OA and CB of a trapezium OABC are parallel, with OA > CB.
The point E on OA is such that OE : EA = 1 : 2, and F is the midpoint
of CB. The point G is the intersection of OB and EF .

�

F

�� �

��

�

G

O E A

BC

Let a˜ and c˜ be the position vectors of points A and C respectively.

(i) Show that B has position vector λa˜+ c˜ for some scalar λ. 1

(ii) Hence, or otherwise, show that the position vector of G is(
2λ

2 + 3λ

)
a˜+

(
2

2 + 3λ

)
c˜.

3

End of Question 15
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Question 16 (15 marks) Start on a NEW page Marks

(a) Suppose that a, b and c are the lengths of a right-angled triangle, where c
is the hypotenuse.

Show that if n ≤ 2, then cn ≤ an + bn.

3

(b) A particle is projected vertically upwards from the Earth’s surface with
initial speed U ms−1.

Experiments show that the acceleration due to gravity of an object at
a distance x from the centre of the Earth is proportional to the inverse
square of the distance x, towards the centre of the Earth; i.e.

a = − k

x2
,

for some positive constant k. (Do NOT prove this.)

Show that the distance travelled by the particle before it has lost
three-quarters of its initial speed is

15RU2

32gR− 15U2
m,

where R is the radius of the Earth and g is the acceleration at the Earth’s
surface.

4

(c) Let In =
⌠
⎮
⎮
⌡

α

0

(sec x + tan x)n dx, where n is a non-negative integer and

0 < α < π

2
.

(i) For n ≥ 1, show that

1

2
(In+1 + In−1) =

1

n

(
(secα + tanα)n − 1

)
.

3

(ii) Deduce that

In <
1

n

(
(secα + tanα)n − 1

)
, for n ≥ 1.

2

Examination continues overleaf . . .
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(d) Suppose that z1, z2 and z3 ∈ C satisfy the following conditions
simultaneously. ⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

|z1| = |z2| = |z3| = 1

z1

z2
+

z2

z3
+

z3

z1
= 1

z2 �= z3 and z3 �= z1.

Prove that if a, b and c ∈ R, then |az1 + bz2 + cz3| =
√
a2 + b2 + c2 + 2ab.

3

End of paper
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Section I

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

Questions Marks

1 What is the converse of the statement “if you can’t see my mirrors, then I
can’t see you”?

A. If I can’t see your mirrors, then you can’t see me.

B. If I can’t see you, then you can’t see my mirrors.

C. If you can see me, then I can see your mirrors.

D. If I can see you, then you can see my mirrors.

1

2 What is the contrapositive of the statement “if you can’t see my mirrors, then
I can’t see you”?

A. If I can’t see your mirrors, then you can’t see me.

B. If I can’t see you, then you can’t see my mirrors.

C. If you can see me, then I can see your mirrors.

D. If I can see you, then you can see my mirrors.

1

2



3 If u˜ = 5 i˜+ (t− 3) j˜+ 3k˜ and v˜ = i˜+ (t + 9) j˜+ 2k˜ are perpendicular, what

are the possible values of t?

A. t = 8, 2

B. t = −8, −2

C. t = 8, −2

D. t = −8, 2

1

4 Suppose a˜, b˜ and c˜ are three vectors such that a˜+b˜+c˜= 0˜, |a˜| = 3, |b˜| = 5,
and |c|̃ = 7.

What is the angle between a˜ and b˜?
A.

π

6

B.
2π

3

C.
5π

3

D.
π

3

1

5 A particle of mass m moves so that its velocity v is given by v = f(x).

The resultant force that causes this motion is given by:

A. mf ′(x)

B. mxf ′(x)

C. mf ′

(
1

2
x2

)

D. mf(x)f ′(x)

1

3



6 Let ω be a non-real cube root of unity.

What is the value of (1 + 2ω + 3ω2)(1 + 3ω + 2ω2)?

A. 3

B. 6

C. 9

D. 12

1

7 Suppose that z1 and z2 are two distinct non-zero complex numbers satisfying
|z1 + z2| = |z1 − z2|.

Which of the following is always true?

A. z1z2 is purely imaginary.

B.
z1

z2
is purely imaginary.

C.
z1 + z2

z1 − z2
is purely imaginary.

D. None of the above.

1

4



8 A particle moves from the initial conditions t = t0, x = x0, v = v0 to the final
conditions t = tF , x = xF , v = vF under a force that produces an acceleration
of ẍ.

Which of the following is incorrect?

A. If ẍ = f(t), then vF =
⌠
⎮
⎮
⌡

tF

t0

f(t) dt+ v0.

B. If ẍ = f(v), then xF =
⌠
⎮
⎮
⌡

vF

v0

f(v)

v
dv + x0.

C. If ẍ = f(v), then tF =
⌠
⎮
⎮
⌡

vF

v0

1

f(v)
dv + t0.

D. If ẍ = f(x), then (vF )
2 = 2

⌠
⎮
⎮
⌡

xF

x0

f(x) dx+ (v0)
2.

1

9 Suppose that a, b and c are non-zero real numbers satisfying

a2

b2 + c2
<

b2

c2 + a2
<

c2

a2 + b2
.

Which of the following statements can be deduced from the preceding
inequality?

A. a < b < c

B. |a| < |b| < |c|

C. c < b < a

D. |c| < |b| < |a|

1

5



10 Three non-zero vectors a˜, b˜ and c˜ on a number plane are such that b˜·c˜= 2|a˜|,a˜ · c˜= 3|b˜|, and a˜ is perpendicular to b˜.
What is the minimum value of |c|̃?

A. 2
√
2

B. 2
√
3

C. 2
√
5

D. None of the above.

1

Examination continues overleaf . . .
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