SYDNEY GRAMMAR SCHOOL ™™ * " “TRIAL EXAMINATION 1998 - -

4 UNIT MATHEMATICS FORM VI

Time allowed: 3 hours (plus five minutes reading) Exam date: 11th August, 1998

Instructions:

All questions may be attempted.

All questions are of equal value.

All necessary working must be shown.

Marks may not be awarded for careless or badly arranged work.

Approved calculators and templates may be used.

A list of standard integrals is provided at the end of the examination paper.

Collection:

Each question will be collected separately.

Start ea~h question in a new answer booklet.

If yorr use a second booklet for a question, place it inside the first. Don’t staple.
Write your candidate number on each answer booklet.

Tear out Page 11 and place it inside the answer booklet for Question Seven.
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QUESTION ONE (Start a new answer bboklet)

(a) Evaluate

[ e

(b) Evaluate / log, z dz.
1

(¢) Evaluate / sin® z dz.
0

(d) Find | ———— using the substitution ¢ = tan 1z. Leave your answer in terms of t.
2+sinz 2

2
() (i) Find constants A, B and C'so that =t 2+t1_A4 B C

3 + 3z2 _a:+:1:2+:z:+3'
z? +:1:+1 '
(ii) Fmd/ 3+3:1:2

QUESTION TWO (Start a new answer booklet)

(a) Simplify (2 — 5:)°.
(b) Solve z? = 5 — 12i, giving your answer in the form a + 2b.

(c) (i) Express —1 + 7 in modulus argument form.

(i) Hence evaluate (—1 +¢)'°.

(d) (i) Sketch the locus of argz =
(ii) Sketch the locus of argz =

»hla Al:

(iii) Sketch the locus of arg(—z) = ¥

(e) The points O, I, Z and P on the Argand diagram represent the c~miplex numbers 0,
1, z and 2z 4+ 1 respectively, where:

z=cosf + isind
is any complex number of modulus 1, with 0 < 8 < 7.

(i) Explain why OIZP is a rhombus.

—1 )
(i1) Show that ? 1 is purely imaginary.
P4

(iii) Find the modulus and argument of z + 1.
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QUESTION THREE (Start a new answer booklet)
Marks

@ (a) Let w be a non-real root of 2" — 1 = (. ‘
(i) Show that 1 +w + w? + w® + w* + w5 +w® = 0.
(ii) Show that (1 + w)(1 + w?)(1 +w*) = 1.
(iii) Simplify (w + w® + W*)(W® + w® + w?).
(iv) Sketch on the Argand diagram all seven roots of z7 — 1 = (.

(b) It is known that 2 + 1 is a root of the equation:
o —7z* +312% —25=0."
(i) Give a reason why 2 — i is also a root of the equation.

(ii) Give a reason why —(2 + ) is also a root of the equation.

(iii) Find the other three roots, giving reasons for each step

in your argument (it is
not intended that long division be used).

(6] (c)

|

N

y

N\
2.

The shaded semicircle in the diagram above is rotated about the line z = 2.

(i) Using the method of cylindrical shells, show that the volume V of the resulting
solid is given by:

1
|4 :/ 4n(2 —z)V1 — z2 d=.
0

(i) Hence find the volume of the solid.
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QUESTION FOUR (Start a new answer booklet)
Aarks

(a) Give reasons why each of the following statements is true or false. You need not
evaluate the integrals:

1 = -
: e —e
@) /_ S,
1 1
(i1) / z® de </ z° dz,
0 0
(1) [ sin® z dz >/ sin 8z dz.
0 0

Ei:] (b) A projectile is fired vertically upwards with initial speed V. It experiences air resis-
tance proportional to the square of its speed, as well as gravitational acceleration g,
so that in its upwards flight, the equation of motion is:

Z = —g — kv?, for some constant k > 0.
(1) By replacing # by —Jzti and integrating, find the time ¢ when the velocity is v.

(i) Hence find the time T' taken to reach maximum height.

(iii) By replacing # by v %11 and integrating, find the height  when the velocity is v.
T

(iv) Hence find the maximum height H.

5] (o) X

P

The diasr2m above shows a rod XY of leng'h ¢ metres projecting horizontally from a
rotating vertical pole X P. A basket B of mass m kg is held by two strings X Band Y B,
each of length £. The pole, rod and basket are rotating with angular speed w.

Let T be the tension in the string X B, and let U be the tension in the string Y B.
(i) Show that the radius of the basket’s circular motion about the pole is 18

(ii) Resolve forces at B radially and vertically.
(iii) Show that the string BY will remain taut provided w? < 29 .

INE

(iv) Find the ratio of the tensions in the two strings, assuming they are both taut.

h:/exams/1998/m98t64 6/8/98 Exam continues next page ...
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QUESTION FIVE (Start a new answer booklet)
darks

(a) Sketch, showing the exact values of all turning points, intercepts and endpoints:

(i) y=cosnz, for -1 <z <3,
(ii) y* = coswz, for —1 < z < 3,
(iii) y = e“*"*, for 0 < 2 < 2 (you need not find inflexions here),

(iv) y = cosme®, for z < 1 (again, you need not find inflexions).

(b) Let z = cos + isin 6 be any complex number of modulus 1.

2
-1
z = 22sin 6.

(i) Show that

(ii) Using the formula for the sum to n terms of a GP, and part (i), prove that:

sin 100 + (1 — cos 106)
2sin 6 )

z+z3+z5+z7+z9=

sin 1060
2sinf -’

(ili) Hence show that cos @ + cos 3 4 cos 50 + cos 70 + cos 99 =

(iv) Find the first two positive solutions of:

cos 8 + cos 30 + cos 50 + cos 76 + cos 96 = 1.

Nl

QUESTION SIX (Start a new answer booklet)

larks

1] (a)

The quadrilateral PQRS above has sides PQ =1, QR =2, RS = 3 and SP = 4.
Let 8 = /Q and ¢ = /S, and let £ = PR.

(i) Show that the area of PQRS is given by A = sin + 6sin 1.
(ii) By equating expressions for ¢2, show that 6costp — cosf = 5.

(iii) Differentiate the identity in part (ii) implicitly to find an expression for ig— .

(iv) Prove that the area of the quadrilateral is maximum when it is cyclic (you need
not prove that the relevant stationary point is a maximum).

(v) Find the area of the quadrilateral when it is cyclic.
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QUESTION SIX (Continued)

2a d .
il (b) Use the table of standard integrals to find /a ‘\/w_2———-——x_—_a—2. , and show that the integral

is independent of a.

E' (c) ox . P
|
/
) ,
-’ ,
&« i
- b : o< 4r
= - o E
' /
' T
A
/"'C
/B‘ |
v

The diagram above shows the cubic curve y = z°—z. The tangent AB with gradient m

touches the cubic at a point A to the left of the y-axis and crosses the curve again
at B.

Let the point of contact A have z-coordinate —a, and let B have z-coordinate B. Let
the tangent have equation y = mz + c.

Because the cubic is an odd function, the other tangent with this same gradient m will
have equation y = mz — ¢, will touch the cubic at the point A’ with z-coordinate aQ,
and will cross the curve at the point B’ with z-coordinate -B.

- Vertical lines at B and B' each meet the other tangent at T and T" respectively.
NA(i) By solving simultaneously the cubic and the tangent AB, explain why:
2 —(m+z—c=0
has roots —a, —a and .
(ii)) Show that g = 2a.
(ii) Show that o = }(m + 1).
(iv) Show that the parallelogram TBT'B' has area B(m+1)2.

(v) Give a geometrical explanation as to why the area is zero when m = —1.

h:/exams/1998/m98t64 6/8/98 Exam continues next page ...
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QUESTION SEVEN (Start a new answer booklet)

arks

4] (a) Ry

C

The hypotenuse of the right triangle above has length ¢, and the other two sides have
lengths a and b respectively.

(i) ¥ b is the arithmetic mean of ¢ and ¢, find the ratio a : ¢.

(ii) If b is the geometric mean of a and ¢, find the ratio a : c.

ﬂ (b) NOTE: The diagram printed below for this question has been reprinted on Page 11
so that working can be done on the diagram. Tear out Page 11, write your candidate

number at the top of that sheet, and place the sheet inside your answer booklet for
Question Seven.

The diagram above shows two circles intersecting at K and M. From points A and B
on the outer arc of one circle, lines are drawn through M to meet the other circle at
P and @ respectively. The lines AB and QP meet at O.

(i) Let 8 = /K AB, and give a reason why LKMQ = 0.
(i) Prove AKPO is a cyclic quadrilateral.

(iii) Let 9 = ZAKM. Show that if OBMP is a cyclic quadrilateral, then the points
A, K and Q are collinear.

h:/exams/1998/m98t64 4/8/98 Exam continues overleaf . . .
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QUESTION SEVEN (Continued)

;I (c) NOTE: The diagram printed below for this question has been reprinted on Page 11
so that working can be done on the diagram. Tear out Page 11, write your candidate

number at the top of that sheet, and place the sheet inside your answer booklet for
Question Seven.

C
-
E N
+ $a
Y
e "k Q
f
) f 3 Q 1
a 8

N

The diagram above shows two non-intersecting circles with centres P and Q respec-
tively and radii r; and r; respectively. The point M is the point on PQ where the
tangents M A and M B respectively to the two circles have equal length £. The line
LMN is drawn through M perpendicular to PQ.

Let T be any point outside the two circles, and let the tangents TX and TY to the
two circles have lengths t; and ¢, respectively.

(i) Show that PM? — QM? = r? — ry2.
(ii) Show that TP? — TQ? = (t;% — t,%) 4 (r12 — r3?).
(iii) Prove that the tangents TX and TY are equal if and only if T lies on LMN.

(iv) A third circle is drawn tangent to the first circle at a point J and to the second
circle at a point K. Prove that LM N and the tangents at J and K are concurrent.

h:/exams/1998/m98t64 4/8/98 Exam continues next page ...
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QUESTION EIGHT (Start a new answer' booklet)
arks

g (a) Solve |z? — 2z — 3| < 3z — 3.

1
ﬂ (b) Consider the integral I,, =/ Z2rH g=2? g
0

1
(i) Use integration by parts to show that I,, = — 5 +nl,_y, forn> 1.
1 1
i that Jo = = — —.
(3i) Show tha 0=35 "5 |
(iii) Prove by mathematical induction that for all n > 1:
Ll 1 2l,
tTatatgtotaiTe- T

(iv) It is clear that 0 < I,, < 1, because 0 < g2l g=2’ <l for0<z<1.
Use this fact to deduce from the previous part that:
1 1

1 ! =
+ﬁ+§—!+§i+“°—e.

CARE: QUESTION EIGHT CONTINUES OVERLEAF
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QUESTION EIGHT (Continued)

2n ’
g (c) Show that Vzde = %n\/r—z (2\/§ - 1), where n is a positive integer.

g @ 1 | =T
y=vz

NOT TO.

SCALE / |

4 n n+1 n-+2 n+3 « - . 2n—1 2n

The diagram above shows part of the graph of y = vz , drawn quite distorted so that
the chords can be seen more clearly. For some positive integer n, ordinates have been

drawnat t =n,z=n+1, ..., z = 2n. Upper rectangles and trapezia have been
constructed as shown.

(i) Using the upper rectangles and part (c), show that:

Vn+vVafil+---vVon > 3m/ﬁ(2x/§~1)+\/ﬁ

3

(you may assume that y = V/z is an increasing function).

(ii) Using the trapezia and part (c), show that:
Vit Ve T4 Von < dnvia (2vE-1) +4 (Vi + Van)

(you may assume that y = v/ is concave down).

(ili) Suppose it is claimed that the average of the numbers:

V1000000, +1000001, ..., +/2000000

is about 1218-9512. If one relies on the bounds established in parts (i) and (i),
what is the maximum possible error in this claim?

WMP
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Candidate Number: ............. .coooeeoo. ..

Tear out this sheet of paper, write your candidate number at the top, and place the sheet
inside your answer booklet for Question Seven.

QUESTION SEVEN

(b) This is a reprint of the diagram for part (b) of Question Seven.

(c) This is a reprint of the diagram for part (c) of Question Seven.

L
-+
R RN
" t’n
| Y
M
P N Q
-
Al ﬂ' /] 2
o)

A ]
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SGS Trial 1998 4 UNIT MATHEMATICS FORM VI Solutions

QUESTION ONE
lrks

a)/

1
dm—/ 43z +1) 2 d
0
1
=4x%x§[(3x+1)%}0

e e e 1 .
8 (b)/lloge:vdarz[a:logex]l—/; mx;dm [ZL%
= (elog, e — 1log, 1) — [:c]:
=e—e+1
= 1.
@ (c)/ sin3.7:d:v=/ sin z(1 — cos® z) dz.
0 0

Rl d
= [—cos:x:+ —;-cossx]o , since Ea—;(—cosx) = sin z, [Zl

=% [
4] (d)/ :/ 1 x 24t Let ¢ = tanlz,
2 +sinz 2t 14 ¢2
2+m then dt = 1sec’ lzdz
__/ dt 2dt=1+ta,n2 %xd:v
T 2414t 2dt
dt d.'L‘-‘—‘ 3"
=/___¥_~ 1+t
U+2V+4
2 atty
= \7—_ \/_/2 + C, for some constant C
2t + 1
= 24/3tan~t 22—,
3 V3
N e 22+z+1 A B C
4] () (i) Given i3 —statirs
2 + x4+ 1= Az(z + 3) + Bz + 3) + Cz>.
Put z = 0, then 1 = 3B, and B:%—.
Put z = -3, then 9 - 3+ 1 = 9C, and C:%.
Equate coefficients of z?, 1=A4+C,
A=t
So x2+w+1_£+1/3 7/9
3 +322 oz 22 z+3°
a? +.’c+1 2 1,-1 , 7
(i) | —3 733 dr = §loglz|— 327 + gloglz + 3| + C, for some constant C.
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QUESTION TWO

arks
2] () (2-50)° =2 —3x 2% x 5i+3x 2 x 5 — 53
=8 — 607 — 150 + 125:
= —~142 4 65i. |,/4/ (one off for each mistake)|

g (b) Given 2* =512, let 2 = 2 + 4y.
Then z% - ¢? =5 and Ty = —6.
So t=3 and y= -2, or z=-3 and y - 2.

So z2=3—-2t or -3+ 2i.

g (¢) () =14 i=+v2(cos 8 + isin ). |V (medulus) / (argument)|
(i) (14 8" = (V3)"® X (cos 3 + sin 3110

= 2% x (cos 3% + isin 137 )

= 32 X (cos 3F + isin 3

= —32. |/ (for 32) /(for —1)]

3] (d) (i) argz = i (i) If  arg(z) = I, (iii) arg(—z) =

then argz ="

&

z. then argz=

I;n . I}rl

[

A

g

] (e) (i) OIZP is a thombus because O = 0Z = 1 and OIZP is a
parallelogram. |,/ (proof)

(ii) The diagonals IZ and OP of the rhombus are perpendic-
ular. So the complex numbers they represent, z — 1 and

z p—
+1

z + 1, have arguments differing by 5. So is purely N 3’“"

imaginary. |/ (proof)

P
(iii) The diagonal O P bisects the vertex angle 20, [ :
s0 arg(z + 1) = 6. <

*Re

(N[

By the cosine rule, |z +1]% = 1% 412 — 2cos(m — 0) © I
=24 2cos@

— 21
= 4 cos” 30,

S0 |z+1|:2cos%0,

since cos 26 > 0 because 30 is acute.
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QUESTION THREE

ks

] (a) (i) Since w is a root of 27 — 1, w' —1=0.
Factorising, -1} +e® +ut + w0’ +w? fw+ 1)=0.
Since w is not real, w — 1 # 0,50 w® + W’ + W' + Wi 4 W2+ w+1 = 0. v/ (proof)

(if) Expanding, (1 +w)(1+w?)(1+w*) = 1+ w+w? + wt +0® + wf + o’ + w7

=1, by part (i), and since w” = 1.
(iii) Expanding, (w + w? + w?)(w® + w® + w?) '
=w7+w6+w4+w8+w7+w5+wv1°+w9+ W7
=14+wb 4+t tw+l+w® +wd 402+ 1, since w” = 1,
=2, by part (i).
«r

~

(iv)

* F
é%l T0e Bkl 375
ae e =2 oo ~oeR
Re 0@734‘\:(3
v ~
F \ T
5

] (b) (i) We are given that 2 + i is a zero of f(z) = 2® — 72* + 3122 — 25.
Since all coefficients are real, the conjugate 2 — i is also a root.
(i) Since the polynomial is even, —2 — i is also a root.

(iii) Since all coefficients are real, the conjugate —2 + 1 is also a root.

Since f(1) =0, 1 is a root.

Since f(z) is even, —1 is also a root.
So the roots are 2+ 34,2 — 4, =2+, —2 — 4, 1 and —1.

| (c) (i) Slice the shaded region into vertical strips, each of width dz.

A typical strip is distant = from the origin, and so has height 24/1 — 22,
The strip is distant 2 — z from the axis of rotation z = 2. [—\A

So the area of the cylindrical shell generated by the strip is 4m(2 — z)\/1 - 22,
giving a volume of 47(2 — z)V/1 — 2 dz for the strip.

1
So the total volume is V = / 4n(2 - z)V/ 1 — 22 dz.
0

1 1 ]
(ii) V:87r/ \/l—rzd:c+21r/ (=2z)V1 - z2dz
0 0
1
zsnxgmmg[(l-x?ﬁ]o %
=272 4 47(0 - 1) ; 2

— 9,2 _ 4x
=27 3
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QUESTION FOUR

Marks 2
@ (a) (i) / i;e~ dz = 0 is true, because the integrand is odd. .

(u)/ x5 d:v</ z° dz is false.
0

1 1
For0<z<1,a® >a:9,so/ a:sda:>/ 2% dz. @
() 0

n T
(iii) sin® z dz > / sin 8z dz is true.
0 0

L4

First, / sin8z dz = 0, because the integral is over four complete periods. IZ/'
0

Secondly, / sin® z dz > 0, becausesin®z > 0 for 0 < z < 7. lZ]

0
(6] (b) (i) Given ‘;:’ = g ko?
dt 1
dv ~ g + kv?
1 -1 vf
= — —= tan + C, for some constant C.
Vkg \/\;_ v
1 | 4
Whent=0,v=V,s0 0=~ —— ta ~1——~-F—C'
VR NG
1 Vvk wk
and t=——[tan~! ~tan™' —= | . [/
kg ( Vi \/57)

(ii) The time T to reach the maximum height is found by substituting v = 0, so:

1 L VVE
‘/—E;ta,n —‘\/7

(iii) Give, V- = —g — ko?
dz 1 2kv

dv 2 X g + kov?
z = - —1~ log(g + kv®) + C, for some constant C. .

Whent=0,v=V, so 0:———~log(g+kV2)+C'
1 g+ kv?
S0 z = 2klgg+kv2'

(iv) The maximum height H is found by substituting v = 0, so:

kV?
H_ﬂlog(1+—§—).
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.................

(c) (i) The basket B is vertically below the midpoint of XY,
and since zy = ¢, B is distant %K from the pole.

(or use simple trigonometry on equilateral AX Y B).

(ii) The diagram on the right shows the three forces acting on the basket.

Resolving radially, T c0s60° — U cos 60° = mrw? @
and since r = 1¢, T—-U = mlu?.
Resolving vertically, 7' cos 30° + U cos 30° — mg =0
2mg
T+U = . 2
+ 7 (2)
2
(iii) Subtracting (1) from (2), 20 = 9 _ g2
V3
U=—=(29 — t?V3
\/—( 3).
The string remains taut provided U>0
29 — V3 >0

o< 2 [ araet]

(iv) Adding (1) and (2), 2T = 2™ | mtw?

V3
2\/_(2g+€w2\/-)
T 29+ 2V/3
So [/ 23 ' sz\/_ .
WUWESTION FIVE
a) (i) y=coswz, for -1 < z < 3. (ii) y* = cos 7z, for —1'3 z <3

y
1

/ :
1

21
2

DN [t
—— e

__1j

(iv) y = cosme®, forz < 1. V'V
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22 -1 1 |
7 i =z =
() @) ——=2--
1

=COSG+ZS]n0—m .
= cos @ + isinf — (cos# — isin @)
= 2isin 6. |/ (proof)

(ii) The series z 4+ 2° + 2° + 27 + 2° isa GP with a = 2 and r = 22 and 5 terms,
10
3, 5,7, 9 2z -1)
so z2+2 42> 42"+ 2 I S
10

27 —1 .
= Sieme oY Part (i),

_ —i(cos 1060 + isin 106 — 1)

- 2sin @

_ 8in 100 + #(1 — cos 100)

= 5eind — v (proof)

(iii) Equating real parts of both sides:

cos @ 4+ cos 30 + cos 50 + cos 76 + cos 90 = 3_212%0001 . |v/ (proof)
(iv) Given cos 0 + cos 38 + cos 50 +cos 70 + cos 90 = 1.
. sin10§ 1
i t - =
Applying part (iii) to the LHS, Ssnd - 2

sin 100 = sin 0.
The first two positive solutions are given by 100 =7~ 60 and 107 = 2r + @
110 =7 and 90 = 2
So the first two positive solutions are § = if and 0 = %’—' (or apply sums to products).

QUESTION SIX
Marks

(a) (i) Using the area formula in AABC and AADC:
A=1x1x2xsin0+1x3x4xsinp

=sin6 + 6siny. |/ (proof)

(ii) Using the cosine rule in AABC and AADC:
=142 —2x1x2xcos8 and £ =32+4%—2x3x4x cosp.
Equating these, 5—4cosf =25~ 24 cos
24 costh —4cosf = 20
6costp —cosd = 5. |/ (proof)

(iii) Differentiating implicitly with respect to 8:

d

-6sinw2’g+sino—_—o
dy  sind
d6 ~ 6siny




|

£
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(iv) Differentiating the expression for area with respect to 8-

(2—? = cosf + 6cos %
sin @
=cosf + 6cosyp X 6o 9
_ sintpcosf + cos ysinf
sin ¥
_ sin(y +0)
siny
which is zero when ¢ + 8 = «, that is, when PQRS is a cyclic quadrilateral. |/ (proof)
(v) Since the quadrilateral is cyclic, 0=7x—1,
so cosf = —cos® and siné = sin ),
so from part (ii), Tcosp=5
costp = % @
Hence siny = %\/(_i ,
so from part (ii), A= Tsingy

= 2v6.

0 [ g = fon (e )

= log '(Za + a\/g) — log(a + 0)
= loge + log (2+ \/5) —loga
= log (2 + \/5) ) which is independent of a.

(c) (i) Solving cubic and line simultaneously, 2 -z =mz+te

g~ (m+ 1)z —c=0.
Then —a is a double root of this equation, because AB is a tangent,
and f is a single root.
(ii) Using sum of roots, —2a+ 3 =0
B =2a. |/ (proof)
(iii) Taking products of pairs of roots, a* — af — aff = —(m + 1)
- Substituting 8 = 2a, 30 = —~(m +1)

of = Hm+1). [V (proof)]
(iv) Taking the product of the roots, a?8 = c.

So  area of parallelogram TBT'B’ = 20 x 2¢
= 42
= 16a*, since § = 2¢,
= ¥(m+ 1)%. |V (proof)
(v) Since y' = 3z® — 1, the gradient of the cubic at the origin is —1.
So for m = —1, the points A, A, B, B', T, T' and O all coincide. [\Z}
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QUESTION SEVEN
Marks

(a) We know by Pythagoras’ theorem that a® + b2 = 2. (1)

(i) Given that 2b=a+ec,
then substituting into 4 x (1), 4a® + (a + ¢)? = 4¢?
5a% + 2ac — 3¢ = 0
(5a — 3c)(a +¢) = 0.
Since a and ¢ are both positive, 5a = 3¢, and a:c = 3: 5 @ (the 3:4:5 triangle).

(ii) Given that : b* = ac
then substituting into (1), ¢ + ac — ¢? = 0.
Since A = 5¢%, a:%(—c+cx/§) or %(—c—mfg),

but ¢ and c are positive, so a : ¢ = (-1+ \/5) 12 (the golden mean)

E (b) (i) LKMQ =6 (exterior angle of cyclic quadrilateral AK M B). @

(ii) Also ZKPQ =0 (angles on the same arc KQ) E/]
so AK PO is a cyclic quadrilateral, because the interior angle /K AQ

equals the opposite exterior angle /K PQ. |/ (proof)

(iii) Let LAKM =,
then /M BO =1 (opposite exterior angle of cyclic quadrilateral ABM K )-
Suppose now that BM PO is a cyclic quadrilateral.
Then LM PQ =1 (opposite exterior angle of cyclic quadrilateral BM PO),
so [(MKQ =m—1 (opposite angles of cyclic quadrilateral K M PQ)
so LMKQ and LM K A are supplementary, and QK A is a straight line. [v/+/ (proof)

@ (c) (i) Since LMAP = [MBQ = % (radius and tangent),
PM? — QM?® = (12 + %) — (r,% 4+ £%) (Pythagoras)
=r? —ry?, as required. [y/ (proof)
(ii) Again, LTXP=/(TYQ =% (radius and tangent),
) TP -TQ* = (t,2 + n?) - (t2% + r2%) (Pythagoras)

= (t® — t2%) + (r1® = r3?), as required. [/ (proof)
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(iii) Suppose first that T lies on LM N, then by Pythagoras’ theorem:
TP -TQ* = (PM* + TM?) — (QM® + TM?)
=%~ r?, by part (i),
and so by part (ii), 2 — 1,2 =0. as required.
Conversely, suppose i1 = ts.
Then TP - QT? = (r,? - r2?), by part (ii),
= PM® — QM?, by part (i).
Let ZTMP = 0, then by the cosine rule:
TP? - QT? = (PM* + TM? — 2 X PM x TM cos 0)
- (@M + TM? + 2 x QM x TM cos®),
so if (1) holds, then cosf = 0, and 6 = I, as required.

Alternatively, and probably more elegantly, one can construct a perpendicular from T
to PQ, and show that assuming M is not the foot of that perpendicular leads to a

contradiction.

(iv) Let the tangents at J and K meet at F.
Then JF = KF, since they are both tangents to the third circle,
so by the part (iii), F must lie on the line LM N. [/ (proof)

NoTE: Theline LM N is called the radical axis of the two circles. It can be constructed whether

the circles overlap, are tangential, or do not intersect, either as shown or with one inside the
other. When the circles overlap, the radical axis is their common chord. When they are
tangent, the radical axis is their common tangent at the point of contact.

Examine the various cases, and particularly to what extent the proof given here can be
made to hold without major modifications. Prove also the more general result that the three
radical axes of any three circles taken in pairs are concurrent.

Given a point M, a line LM N through M, and a length £, there is a corresponding
family of circles whose centres all lie on the perpendicular to LM N through M, and so that
the tangent from M to any of the circles has length £. Then LMN is the radical axis of
any two distinct circles in the family. The two points distant £ from M on the perpendicular
to LMN through M are called the limiting centres, and are the points of convergence of the
centres of the circles in the family as their radii approach zero.

What are the conditions for the family of circles to be mutually tangent? If the point M,
the line LM N and the distance £ are given, how can circles in the family be constructed using

- straight edge and compasses? Can one construct the circle in the family: (a) with given

centre P on the perpendicular through M to LM N, (b) passing through a given point X?
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QUESTION EIGHT

Marks

(3] (a)

L] )

34-‘5 )

T | /1 2 3

[ S

T

The graph above shows y = |22 — 27 — 3| and y = 3z — 3 on the one set of axes.
The curves meet at the points with z-coordinates z = 2 and z = 5,
so from the graph, the inequality has solution 2 <z<5.

(i) I. = /01 g2t g=2® g
= _% jol 2" (-2z 6'32)511:
=3 [ etna(e)
0
=-3(e7' -0)+ n/l 2" 1e~"" dg, since n > 1,

0
1 .
= +nl,_1, asrequired. |/ (proof)

1
(i) Ip :/ ze " dg
0

1
-1 / (—2:1:)«3‘“”2 dz
0

0

I

-2t
4[],
-} -1
1 1
=575
1
(iii) A. Whenn =1, I, =—§;+Io
i1
2¢e 2 2
_1 1
T2 e
So LHS =1+1,
and RHS:e—Qe(l—l)
2 e
=e—e+2
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B. Suppose k is a positive integer for which the result is true.
That is, 1+1'+ +3‘+ +7;!:e-g%!£'i. (%)
We now prove the result for n= k +1,
Tha,tlsweprovel—}— + + + +E—k—:—+i—l—)—!=e—z2£~ik—;)l—!.
By the induction hypothesis (++), LHS = e — _2_% + UC——}_T)T
By the reduction formula, RHS =e —v(—,;%)—! (—— 5!; + (k + 1)Ik>
+ (_k_iT)' - 3%{—" v (proof)

= LHS.

C. It follows from A and B by mathematical induction that the result is true for all
positive integers n.

) 1 1 1 1 2e I,
(iv) We know 1+ﬁ+§+§’!+"'+_|=e_ -
' 2
Since 0 < I, < 1, 0< e{"__j
- n! n!
Butgf;ﬂOa.sn«»oo,so .. lim 2€In:O.
n! n—oo n!
S ' li 1 1 1 1y F
o dm (1t tgitgtoty) =e v (proof)

NoTe: By working harder on bounding the integral, one can prove quickly from part (iii) that
the number e is irrational:

First, 0 < 22"t e~ < 32"+ gyer the interval 0 < z < 1,
1
50 0< I, < / 2t gy
0
I _
O0< I, < 2 +2
1 2el,
Seconaly, from part (iii), e=1 + + + 3' 4.4 p + ‘;! ,
n!  n! n!
e><n!=(n'+—+ + = +--+——)+2e1,,.
3! n!
Thus exn!'=N+K,,

. 2e . e
where N is an integer, and 0 < K,, < m ,thatis 0 < K, < e

Since e < 3, it follows that 0 < K, < 1 provided n > 2,
Now suppose by way of contradiction that e were rational,
and let e = B, where p and ¢ are integers and ¢ > 2.

q

Put n =gq, theneXx ¢! = N + K,.
But e X ¢! and N are integers, and 0 < K, < 1.

This is a contradiction. So e cannot be rational.
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E (c) /:n\/;da: [x%]in
(2n\/2_7; - m/r;)
nvn (2\/5 - 1) . |/ (proof)

i 1l

Wi Wine wine

g (d) (i) Because the upper rectangles have area greater than the integral:

2n
Vede < Va¥1+vVa+2+---+vVom,

n

then adding v/n to both sides and using the value of the integral in (a):
%n\/ﬁ(%/i— 1) +Va< Vit vVatl+ - +/2n. v/ (proof)

(ii) Because the curve is concave down, the trapezia have area less than the integral:

%(\/ﬁ+\/n_+‘1)+§(s/m+\/m)+---’+-;—(~/277“1+\/§ﬁ)
</2n\/;d:c,

then collecting like terms and adding . (\/ﬁ + v2n) to both sides:
Va+Vn¥i+-vV2n < %n\/w—z(%/ﬁ- 1) +3 (\/1;+\/2n) . W/ (proof)

(iii) Lot A, = Y2 FVAFT+ - +v2n
n+1
then it follows from part (i) and (ii) that:
%m/r_z(2\/§—1)+\/7: %n\/ﬁ(zx/i—l)+%(\/ﬁ+\/2n)
< An <
n+1 n+1
Substituting n = 1,000,000 into this:
2(2v2-1) x10° +10°
1000001 < Aroonam <

be. the avcrage of the numbers,

.

: (2v2-1) x 10° + 500 (1 + v2)
1000 001

and to the limit of the calculator:
1218951198 < Ajgo0000 < 1218951 405,
so the maximum error of 12189512 is about 0-000 205.
|V/v/ (accept 0-0002, but both bounds must be calculated)|

WMP




