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Section | — 10 marks

Attempt Questions 1 — 10.

Allow about 15 minutes for this section.

Shade the correct response on the multiple-choice answer sheet for Questions 1-10.
Each question is worth one mark.

1 Which of the following is (—1+ 2i)*?

(A) -11-2i
(B) -11+2i
(C) 11-2i
(D) -1-8i

2 The cartesian equation of the ellipse is x> +4y* =4.
What are the parametric equations of this ellipse?

(A) x=2cosf and y=sin8
(B) x=2sin@ and y=cosé
(C) x=4cosf and y=sin8
(D) x=4sin@ and y=coséd

3 Let z=2-3i.What is the value of z*?

(A) —%(2+3i)
1 ]

© -3
5

1 .
(D) 33

4 A disc of radius 4 cm is spinning such that a point on the circumference is moving
at a speed of 80 cm/ min . The angular speed of the disc (in revolutions per minute) is?

(A) 320 rpm
(B) 20rpm

© X mpm

T

® 0 rom
T

Page 3 of 15



5 The diagram below shows the graph of the function y = f (x).

Which of the following is the graph of y =/ f (x) ?

(A)

(©)

¥
4,,
P
| =X
2 A 4
2,,
41
(B)
¥
4,,
2
x I | /\_\
4 2 Noa
ot
41
(D)
v
41
2
. I A
4 2 2
ol
41
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6 Which of the following is the correct expression for I

;dx ?
\J4x? +36

A) sintXic ®) ftan'Xic
3 3" 3

(©) Ioge(x+x/x2+9)+c (D) %|Oge(X+VX2+9)+C

2 2
7 For the ellipse with the equation (x 52) +(y+3) =1. What is the eccentricity?

3
2 2
(A) \E (B) \g
5 5
(€) \E (D) \E

8 A solid is formed by rotating the region enclosed by the parabola y* =4ax , its vertex (0,0)
and the line X =a about the x-axis. What is the volume of this solid using the method of
cylindrical shells?

3 3

78 nits? (B) f7a

units®

(A)

77a’

(©)

units® (D) 2za’units®

9 What is the value of .[02 ) /%dx using the substitution x = 4sin”*?
—X

(A) 0.757
B) -2
(C) z+6
(D) 3r-8

10 What are the values of real numbers p and q such that 1—i is a root of the equation
’+pz+q=07?

(A) p=—2and g=-4
(B) p=-2and q=4
(C) p=2and q=4
(D) p=2and q=4

End of Section |
Section Il commences on the next page
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Section Il - 90 marks

e Attempt Questions 11 — 16.

e Allow about 2 hours and 45 minutes for this section.

e Answer each question in a SEPARATE writing booklet or answer sheet. Extra
writing booklets are available.

e In Questions 11 — 16 your responses should include all relevant mathematical
reasoning and/or calculations.

Question 11 (15 marks) Marks
. V1-x3
(a) Find j dx. 2
J1-x
(b) (i) Show that (1-2i)* =-3—4i. 1
(i)  Hence solve the equation z* -5z +(7+i)=0. 2
(c) Use integration by parts to evaluate I xe *dx. 2
(d) Letz=1-i3.
(i) What is the exact value of |z| and arg z? 2
(i) Find the exact value of z°. 2
(e) Consider the function y =cos™(e*).
0] Find the domain and the range. 2
(i)  Sketch the graph of y=cos™(e*)? 1
(iii)  Hence, or otherwise, sketch the graph of y=[cos™(e*)] . 1
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Question 12 (15 marks) Marks

(a) Lettwo complex numbers be z, =2(cosZ +isinZ) and z, =2i.

(1) On an Argand diagram sketch the vectors OA and OB to represent z, 1
and z, respectively.
(ii)  Draw the vectors z, +z, and z, —z, on the same Argand diagram. 1
(iii)  What are the exact values of arg(z, +z,) and arg(z, —z,)? 2
3 1

(b) Use the substitution t =tanj to evaluate dx. 4

0 2—CcoSX+2sin X

(c) Let f(x)=(2—x)(x—4). Draw separate one-third page sketches of the
following functions indicating clearly any asymptotes and intercepts with the

axes.
[ y= L 2

iy y=e'® 2

(d) The function y = x* is rotated about the y axis {x:0< x <2} to form a solid. 3

Calculate the volume of this solid using the method of slicing.
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Question 13 (15 marks)

(@)

(b)

(©)

(d)

(i)

(i)

D
/ B NOT TO
\\ J x SCALE

2 2

P(acos@,bsin ) is a point on the ellipse X—2+§
a

=1.The tangent at

P meets a directrix of the ellipse at D. S is the corresponding focus.

Xcos@ ysind
+ b -

Show that the tangent at P has equation 1.

Show that ~ PSD =90°.

The polynomial equation x*+2x+1=0 has roots «, B and y.

(i)
(i)

(i)

(i)

Find the equation with o, " and ™ as the roots.

Find the equation with o, 7 and " as the roots.

Find real numbers a, b, ¢ and d such that:

5x° —3x° +2x-1_a b ox+d
X*(x* +1) X x x*+1

Hence, evaluate in simplest form:

5x* —3x% +2x -1
J PN dx
X“(x°+1)

The polynomial P(x) = x* +ax® +bx+28 has a double rootat x=2.
What are the values of a and b?
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Question 14 (15 marks) Marks

(8  The variable points P(cp,gj and Q(cq,EJ lie on the hyperbola xy = c?
p q

as shown in the diagram below.

(i)

(i)
(i)

N

The tangents to the hyperbola at P and Q intersect at the point T.
M is the midpoint of PQ. The equation of the tangent at P is

X+ p’y = 2¢cp.

Show that the coordinates of T are:

(2 2 ) ’
p+q'p+q)

If O is the origin, show that O, T and M are collinear. 1

Find an expression for g in terms of p if T, M and S are collinear,
where S is the focus of the hyperbola.
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(b)

(©)

(d)

A solid is formed by rotating about the y-axis the region bounded by the
curve y=sinx and the x-axis between 0 < x <. Find the volume of this

solid using the method of cylindrical shells.

Q) Find the three cubic roots of -1 by solving the equation z° +1=0

(i) Let « be a cubic root of —1, where « is not real.
Show that o® = —1.

(iii)  Hence simplify (1-a)°.

Find the equation of the tangent to the curve x’y+2x—2xy =0 at (1, 2).
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Question 15 (15 marks) Marks

(a) Atrain of mass 2000 kg is travelling around a curve of radius 1 km on a
track banked so that the outer rail is 3 cm higher than the inner rail, where
the rails are 1.2 m apart. The banked track makes an angle 6 with the
horizontal. When the train has a speed of v ms™, the normal reaction force
exerted by the track on the train is N Newtons and the lateral thrust exerted

by one of the rails on the train is F Newtons. Take g =10 ms™.

Q) By considering the forces acting on the train with F directed up the 3
slope, show that F =2cos&(10,000tan & —v?) .
(i)  Find the magnitude of the lateral thrust when v is 80% of v, if the 2

lateral thrust F is zero when v =, .

(b) Let P(z)=2° —g z* +1. The complex number w is a root of P(z) =0.

(1) Show that iw and e are also roots of P(z)=0. 2
W
(ii)  Find all the roots of P(z) =0 in exact form. 2

() () Show that sin X +sin3x =2sin2XCcos X.
(i) Hence, or otherwise, solve sinx+sin2x+sin3x=0 for 0<x<27.

(d) A particle of mass m is moving in a straight line under the action of a force. 3
m
F = F (6 —1OX)

What is the velocity in any position, if the particle starts from restat x =17
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Question 16 (15 marks)

(@)

(b)

(©)

The point P on an Argand diagram represents the complex number
z=x-+iy. If P moves such that Im(z+i)=|z+1| find the minimum value

of [z+1].

(i)

(i)

(i)

(i)

(iii)

Let I, :I:(l—xr)”dx , where r >0, for n=0,1,2,3,...

Show that | L

nr+1 "

1 3
Hence or otherwise, find the value of |, = IO (1—x2)dx.

From a point O, a particle of mass m is projected upwards with an
initial velocity of u metres per second. It moves under a constant
gravitational force mg and an air resistance of kmg, where k <1.

Show that:

the equation of the upward motionis X =—0 (1+ k) :

u2

the greatest height reached by the particle is m )

the total time T that elapses before the particle returns to its point of
uj 1 1
projection is: a 1+k + T

End of Section |1
End of Examination
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Mathematics

Factorisation

a?—b? =(a+b)(a-b)
a>+b° =(a+b)(a-ab+b?)
a>-b® =(a-b)(a+ab+b?)

Angle sum of a polygon
§=(n-2)x180°

Equation of a circle
(x—h)2+(y—k)2 = p?

Trigonometric ratios and identities

sinf = opposite side cosecl = _1
hypotenuse sin@
. . 1
cosf = adjacent side sech =
hypotenuse cosf
rang < OPpOsite side tan6 = sin@
adjacent side cosf
cosd
cotf =
sin@
sin?6 +cos26 =1
Exact ratios
30°
2 V3
45°
V2 1
45° 60°
1 1
Sine rule
a b c

sinA sinB sinC
Cosine rule

c? =a?+b*-2abcosC
Area of a triangle

Area = %absinC

Distance between two points
d= \/(xz - 5‘1)2 "‘(3’2 - 3’1)2

Perpendicular distance of a point from a line

d= ‘ax1+by1+c‘

\Eag + b2

Slope (gradient) of a line
_N™h

X5

Point-gradient form of the equation of a line

y_yl =m(x—x1)

nth term of an arithmetic series
T, =a+(n-1)d

Sum to n terms of an arithmetic series

n n
Sn:5[2a+(n—1)d] or SH:E(.:H-J)

nth term of a geometric series
— n—1
T =ar

Sum to n terms of a geometric series

st st

Limiting sum of a geometric series

s=-"
1-r

Compound interest

A :P(1+ﬁr
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Mathematics (continued)

Differentiation from first principles

£10) = tim LR 1)

Derivatives
If y=x",then d—y:nx”_l
dx
If y=uv,then d_yzuﬂ+ vd—u
dx dx dx
du dv
V——Uu—
dy dx dx

2

If y=—, then
= dx v

If y= F(u), then E_F( ) ™

If y=e/®), then % = f(x)e’™

If y=log, f(x)=1nf(x), then ji) f((;))

If y=sin £(x), then % = f'(x)cos f(x)

If y=cos f(x), then % =—f'(x)sin £(x)

If y=tan f(x), then ? = £’(x)sec? f(x)
X

Solution of a quadratic equation

_ bt Jb% —4ac

2a

Sum and product of roots of a quadratic equation
b C
a+fB=—— aff=—
a a

Equation of a parabola

(x—h)* = tda(y—k)

Integrals

a n+l
(ax+byax = & o

J a(n+1)
eax+b dy = leax+b +C

J d
L) e~ 1n) f(x)|+C

J f(x)

~

sin(ax+b)dx = — %cos[axﬁ- b)+C

~

cos(ax+ b)dx = ésin(ax+b)+c

~

sec?(ax+b)dx = %tan(ax +b)+C

Trapezoidal rule (one application)

b
J F)dx =22 f@) + /()]

a

Simpson's rule (one application)

rf(x)dx . —[f( )+4f[“+b ]+f(b)]

a

Logarithms — change of base

Angle measure
180° = x radians

Length of an arc
l=rf

Area of a sector

Area = lrzﬂ
2
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Mathematics Extension 1

Angle sum identities
sin(@ + ¢) = sinfcosg + cosBsing
cos(6 + @) = cosfcos g —sinBsing

tané + tang

tan[6'+ ¢) T 1o tan@tang

I formulae

2]
If t= tanE, then

sintfv":i
14142

)
0059:1 12
1+¢
taneziz
1-¢

General solution of trigonometric equations

sinf = q, 6 =nx+(-1)"sin"'a

cos@=a, 6 =2nm+cos la

tanf = a, 6=nr+tan'a

Division of an interval in a given ratio

m.x2 + n.xl my2 + Hyl
m+n = m+n

Parametric representation of a parabola

For x? = 4ay,
x=2at, y= at®

At (Zar, arz),

tangent: y=1ix— arz

normal: x+ty= at® + 2at

At (x, ),
tangent: xx; = 2a(y+ yl)

normal: y-y = —i—?(x —xl)

Chord of contact from (x{]w }’0): Xxg = Zﬁ(}’ + y{))

Acceleration

== =2 =
dt dt dx dx

d’x _dv _ _dv d(lﬂ
2

Simple harmonic motion

x= b+acos(nt+a)

X =—n2(x—b)

Further integrals

L r=sin'X4c
a?. 2 a

—X

a’+x° a

J‘ 1 dletan'1£+c

Sum and product of roots of a cubic equation

a+B+y = —g
c
aff+ay+ By = P
d
afy =~

Estimation of roots of a polynomial equation

Newton’s method

f(xl)
f(ﬁ)

X =4

Binomial theorem

[a_'_ b)n _ }g}(:]akbn—k _ i(:]an—kbk
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HSC Mathematics Extension 2
ACE Examination 2016

HSC Mathematics Extension 2 Yearly Examination

Worked solutions and marking guidelines

Section I
Solution Criteria
—| * Q_t)s
1 = (‘) + 3("9‘(2) _5(+\>@~|)L+Gl')a 1 Mark; C
= —| + () +\ 281 |
= |\ —21
x> +4y* =4
2 2
L.}.y_:l
2 4 1 1 Mark: A
Hence a=2 and b=1.
Parametric equations are x =2cosé and y=sin6
0 1 2+43i
2 = X
2-3i 2+3i
3 WL | Mark: B
449
1
=—(2+3i
13( )
V=vrw
$O= 4
4 w20 r‘mrym?. - 1 Mark: C
=20 x J._ i"(:‘.\‘/m;n
=12 o
Y
48
2
5 ld N L, 1 Mark: D
4 2 2 4
. N
4
1 1 1
I~——a’x=—[——-dx
[4+2 24 [z
dx” +36 l x“+9 1 Mark: D
:—i[()gl,(_r+\-‘x2+9)+c




HSC Mathematics Extension 2

1 Mark: A

2

Cylindrical shells radius is y and height a—x=a —Z—
a

2q 2
. Y
V=1lm ) 2zy(a——)5
s y§=0 W( 4a) y

2
2a
=27 (" Wa —f—a)dy

2a y3 — ,
=2z[; (va-2-)dy o

1 Mark: D

x =4sin’ @ and dx = 8sin & cos dO
When x=0 then =0 and when x=2 then =%

2 z in’
j Al 2 cixzj“dﬂx%iﬂ@cos@d@
0N4—x 0 ¥4—-4sin" 4

= J.jtanéx 8sin fcosBdO

= {7 8sin’ 0do
£]
=8 jo 7 (1= c0s26)d6

=4[x—%sin29} =7-2

0

1 Mark: B

10

Using the conjugate root theorem 1+7 and 1-{ are both roots of
the equation z* + pz+¢=0.
(A+H)+(-i)+a=0 (sum of the roots)
a=-2
(1+i)x(1-i)x-2 =—-q (product of the roots)
(1+D)x-2=—-q
g=4
A+HA-DH+(A-DHx2+1+i))x-2=p
p=—2
Therefore p=-2 and g=4.

1 Mark: B
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HSC Mathematics Extension 2

M= Ccastac

e = |

v Oy € n

\," L fﬂi- I(Ov()

-] ge¢ | (Voge e\D

Fc £ 0O

Section I1
Solution Criteria
11(a) -5 JI—xxJ1+x 2 Marks: Correct
I dx = _[ dx answer.
JI-x J1-x /
2_[ VI xex 1 Mark:
) 3 / Simplifies the
- E (+x)2+C & integrand.
2
1 1_(b) (1-2/)? =1-4i—4 ’ 1 Mark: Correct
(1) —3_4i 0 answer.
=—3- !
11.('b) (=5 \/(TS)Z —ax1x(7+1) 2 Marks: Correct
(i1) L E — s answer.
X
1 Mark: Shows
_s5td3-4i¥ssa-2) /) some
2 2 understanding of
nz=3—ior z=2+i (z) the problem.
11(c) d 1 - 2 Marks: Correct
-x 7. _ u s = = '
jxe dx = Ix T (e™")dx \:‘ { \LH\ et answer.
——xe ™t + J.e""dx / B 1 Mark: Sets up
the integration
=—xe " —e " +C (@) ogr e (e + l) by parts.
1 1'(d) |z| ~Jr+( Y 1 2 Marks: Correct
() answer,
=4 |
=2 \ 1 1 Mark:
_ \ B '
argz=—— Yep 5_5’1' \ Determines |z|
(2) or arg z.
1) | z=1- i3 " 2 Marks: Correct
(1) . # answer,
= 2[005(—;) + isin(—-?jﬂ
6t 6 v’ 1 Mark: Makes
28 =2° [cos(——) +isin [——]:' D Mo\ ures Teoremn some progress
3 3 towards the
=2%[cos(=27r) +isin(-27)] solution.
=2°(1-ix0)
= 64 v )
11.(e) cos ' (e*):—1<e* <1 bute® >0 forall x hence 0 <e® <1 2 Marks: Correct
(1) answer.
Domain: x<0 /! 1 Mark: Finds
T the domain or
Range: 0<y<—= v~
& Y 2 - (2) range.




HSC Mathematics Extension 2

lllge) y 1 Mark: Correct
(i1) T _ answer.
| d
. T[ g — —sssssns
= == \Ix | i—=>X
6 -4 2 2 4 6
|
2 | (1
11_ ge) Hort l ofe at v = 7l 1 Mark: Correct
(iii) orizontal asymptote at y = o ANSWET.
PR
4 6
¢)
12_(3) y . ,,.‘77\ CV 1 Mark: Correct
@) 2B s ./ : answet.
221 ~ y /
B =N &Y V
AN
/ :
/"f 2 % 4
L—F)
4 [£3 X
(0]
()
12(a .
(ig)) See Argand diagram above. ;nl\sdvicrel:.. S
12._('3) Vectors OC and AB form a parallelogram. 2 Marks: Correct
(i) However O4 = OB = 2. Hence OBCA is a thombus. answer.

LAOC = L] X (l —f—j = OF, (diagonals of a rhombus bisect the | | Mark: Finds
2 \2 12/ 24 :
the value of

angles through which they pass)
arg(z, +z,) or

7 ST
a{—g;(_f-l-j %) —E+-2_4' arg(z, —z,) or
20 shows some
= e v understanding.
AB 1 OC (dizl—g;nals of a rhombus intersect at right angles)
arg(zi—z2)=£+z£ B +2, ca~ bLe ra\;cdcea\f'\
Fpg———_: D 24 : 6~ ahelockwise Jdirecton
:~19—7z' " Lzrce add %:_ )
24 (:z_)
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12(b) | ;= tan % olf ! i 4 Marks: Correct
1 L xr 1 i o answer
dt=asec de 0rdt=5(l+t )dV
2 3 Marks:
dx = o7 dt — Correctly
— - — determines the
When x=0 then 1 =0 and when x =% then ¢ =1 - ' primitive
A== +4 L 2- (1 %" 4 function.
2—cosx+2sinx = Wi '”,fl
1+£ T W
34441 (i 1)(: ) éé\frfﬁy
1+1 ;/ L+ ‘/ | expresses the
J"z‘ 1 I = j1 1+ « 2 a1 ai ¢ | integral in terms
0 2 —cosx+2sin X O (3t+1)(1+1) L41? :):J(_gu_-';(k \ {) of 1.
=% L= lj(.?:.l) = Ii 2 - 1 G :} 5 ’ 54—1 =6 -Par'{’\a-o ’gfﬂa%\oq .;
THa (R 0 (3! + 1) (! + 1) (G { j 1 Mark:
LS - i_;&orrectly finds
- [._loﬁg" B+ ‘98‘;@T,12]u Vo §e0 & g0 in terms of
= (log, 4 —log, 2) - (log,1-log,1) Zétffnines e
=log.2 (4) new limits.
12(c) 1 1 y 2 Marks: Correct
() Y= 7 (x) (2 x)(x—4) ) answer.
Vertical asymptote at x =2 &
X = 4 2 1 Mark:
1 ! N Determines the
lim——————= 0" ;‘2 N 6 ¥ asymptotes or
e (2-x)(x—4) 2 / ' \ shows some
Horizontal asymptote y =0 ) / \ v’ 7 understanding.
J1 1
12.(‘3) lim e® 4 =0 y 2 Marks: Correct
(i) | xoe answer.
Horizontal asymptote y =0 41
e
When x=2 then y=¢e’ =1 2| // 1 Mark:
. "1 2N Determines the
When x=4 then y=¢" =1 T[N asymptotes or
f 2 4\ 6
When x=3 then y=¢' =¢ 2 / \ shows some
] If \ understanding.
| \
12(d) | Area of the slice is a circle radius is x and height y 3 Marks: Correct ()
2 answer. =T (5T
A= xt =2 () I O / =4 - s
2 3@ & J = ' & 4 rdv <4 '..(fﬁ"l'
=7 5 as WE q - ._j /
V= \.m = -'-n» 7 N = o .
Sj 47y F‘S =b =T Dj _5;3* f
_Ss W *f? A “ =
j : — - - 32~ q_rf- )
= Ar 2 5,-’.1 3?/ / “ rL &) /
5P _ 2 . o4 /o
- WL% S’%- w cf(‘,l-’ un &_S v T
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12(d) oy, 2 2 Marks: Correct
6V =646y V= };r_r}OZﬂy%y integral for the
y =2° volume of the
_ J': wy3dy solid.
8
3 3 3z 2 9%« . A 1 Mark: Sets up
= ﬂ[g)ﬂ} =?><83 =—5— cubic units the drea Qf’[he
i slice.
13_(3) To find the equation of tangent through P 2 Miarks: Correct
® x=acosé y=bsiné dHSWer
dx . dy
?d—9=—as1n6’ %=bcose 1 Mark:
Correctly
Y_ ﬂx 49 _ b cosx 1 _—bcosd calculates the
dx dg dx b’ Sin 9 a Sin 0 gradient'
Equation of the tangent '
Y=y, =m(x-x)
) —bcos )
y—bsing =— (xv—acosf)
asin@ ;
aysin@ —absin® 6 = —bxcosf +abcos’ 6
bx cos 6+ aysin @ = ab(sin®  + cos® 0)
X cos@+2Lsing=1
a
13(a) R 3 Marks: Correct
(1) N answer.

iy

OS || OR and O is the midpoint of PQ (diameter).
Therefofé APQR ||| APOS
Area APQR = 4x Aréa APOS (enlargement factor of 2)

S(O, ‘bgj an({ff:’l(a c0s6,bsin 6)

sin
Area APOS =lx _b

2 |sind)|
’Area APOR = 4><l>< ab _ 2ab
2 |tand| |tand|
Area of the ellipse is zab

Area APQR @ 2

Area of ellipse  7ab 7|tan 6)

ab
|tan 8]

x alcos 6| =lx
2

=2:rl|tané|

2 Marks: Finds
the area of
APOS .

1 Mark:
Recognises
similar triangles
and the
enlargement
factor.




6} (ii) (3 marks)
Outcomes assessed: E2, E3

Targeted Performance Bands: E4

Criteria Marks
e Correctly establishes the result. 3
e Finds gradient of SD (or equivalent progress). 2
1

Finds the coordinates of D (or equivalent progress).

Sample answer:

xcosd ysind -1

Tangent is +
a b
ForD,x=g
e
acosl9+ysm6’=1
ae b
ysin&_l_cosﬁ g
b e o
\
_ b(e—cosb) ,/%/ Ns
esind \J 7‘;(\) \5
(a b(e-cosb)
nDis| =, 22—~ X0
e esind
b(e—cos())wo ) X
esiné '.' S::r'b ;‘0f‘
Mo =g @
— —qe l\’ 6!
e \
_ b(e—cosb) )
asin 9(1 - ez)
bsind-0
Mpg =——7F7— /
acosf —ae Vv
bsind

a(cosf—e)
= b(e—cos0) o bsin®
sprs asin@(l-ez) a(cos@—e)

()

i
el
=

L PSD




Qxes‘ao»\ (2

Outcomes assessed:.E3

Targeted Performance Bands: E2-E3

e Correctly finds gradient of tangent

Criteria Marks
e Correctly derives the equation of the tangent 2
1

09 Sample answer:

2 2
. x
G =+
) =
differentitate w.r.t x

=1

s

a- b° dx

dy__bx

dx a’y

At P(acos,bsin0)

dy  bcosd

dc  asiné

bcosf v

asind

equation of tangent
bcosl

asin@

0

m

tangent =

y—bsin@ = - (x—acosb)

aysin @ —absin® @ = —bx cos @ + ab cos’ 0
bxcos@+aysinf = ab(sin2 0 + cos’ 9)
bxcos@+aysinf =ab

xcosé’_|~ ysiné _

; 5 1 I/ C’\)




HSC Mathematics Extension 2

13(b) | The equation x* +2x+1=0 has roots a, 8,7 . 2 Marks: Correct
(1) ca gy satish ])3+2(]) =0 answer.
x=a,fy" satisfies (; )TV 1 Mark: Writes

1+2x* +x° =0 an equation in 1
s x*+2x +1=0 hasroots &', #' and y~' with roots

™', " and !
13(b) 2 g2 2 | . i | 2 Marks: Correct
i) |[*=¢ By, o= satisfies (:/7) * 2(_«/7) =0 answer.
3
"12x' 4 a2 =
x3 x xt=0 1 Mark: Writes
22 =-2x-1 an equation in
-k with roots
X' =(=2x-1)" / 3
\/ 05_2, ﬂ—z and 7—2
x'—4x* —4x-1=0
x*—4x* —4x-1=0 hasroots &, B and y .
13 | sy’ -3x2+2x-1 a b cx+d 2 Marks: Correct
® o +1) = 2 Rl answer.
3 a2 1= 2 2 2
56 =3x* +2x—-1=a(x)(x* + 1) +b(x" + 1)+ (cx+ d)(x") | Mark: Makes
=ax’ +ax+bx* +b+cx’ +dx’ some progress in
a+c =5 (coefficients x*) glnding a,b,c or
b +d = -3 (coefficients x*) ‘
a = 2 (coefficients x) /
b =—1 (constant) /
Therefore ¢ =3 and d =-2
na=2,b=-1,c=3andd=-2
13(c) I _ 352 - 2 1 3x-2 2 Marks: Correct
(i) J-Sx 13:::?+2.1 ]dx=f———+ x=2 .
x*(x*+1) x x* x+l anSWer:
1 Mark:
) X
= ———12~+ '3x - _,_2 dbx Correctly finds
¥ @ 1" ';1 R v,/ | oneofthe
=2log, x+—+ 5 log, (x* +1)=2tan"' x+C integrals.
x
13(d) P(x) = x" +ax +bx +28 2 Marks: Correct
; answer.
P'(x)=4x"+2ax+b
Rootat x =2 1 Mark: Finds
P)=2"+ax2* +bx2+28=0 either a or b.

' Alternatively
44+4a+26=0 (1) uses the double
P'(2Q)=4x2’+2ax2+b=0 root by
32+4a+b=0 (2) ; differentiating

v the polynomial.
XT.O




HSC Mathematics Extension 2

%
% % > NO

2xy + x° % +2-2y— Zx% = 0 (Implicit differentiation)

7 —CD( a‘l,f:_:eﬂ"‘.(—l{:‘”
Ey(xz—Zx)zzy == and (}44&3 c—‘g? o
dy 2y-2xy-2 o siol
dx x2-2x J

At(l1,2) %

@ _2x2-2x1x2-2_2_,

& Po2xl -1 ¥

y=y=mx-x)

y=-2=2(x-1) (13 _

2x—y=0 //\\ﬁ’:—l?(

13(d) Equation (1) — (2)

12+b5=0

b=-12

Substitute b =—12 into Equation (2)

324+4a-12=0

a=-5

Therefore a=-5 and b=—-12. /
14O | 2h1=0 e 2 Marks: Correct

i (z+1)(Z*—z+1)=0 £ 3 ‘ : SR
N |
P gl e = A
mb _1 ny ﬁ \/ e g: -\
e 2 =% oo Gir)

14,@’ _ 1 3. © 7 | 1 Mark: Correct
(i1) The two non-real cubic roots of —1 are Ei-z—l ; answer.

These roots satisfy the equation (z* —z+1)=0.

However since « is net real it also satisfies the equation.

Loat—a+1=0 V"/é“‘i:;

a’=a-1 ()
1409 | 1-a) = (=a?)" 1 Mark: Correct
(11i) gt answer.

v
— (a3 )4
=(-1)* =1 @ )

14 x*y+2x-2xy=0 2 Marks: Correct

answer.

1 Mark: Finds
the derivative
using implicit

"differentiation.




HSC Mathematics Extension 2

14(a) 2 Marks: Correct
@) answer.
Sample answer:
Tangent at P:x+p’y =2cp 1 Mark
Tangent at Q: x+¢°y =2¢cq '
subtract shows some
( P -q ) y=2¢( p q) S understanding.
= 2c v -—_=
pP+dq
x+P2( < }=2CP
p+q
(p +q)x+2cp2 =2cp® +2¢pgy.
_2rq \/ show —
p+q
2
s (Z_CIE_L)
p+q p+q (?-)
14'((1) 11 1 Mark: Correct
(i1) c (_ + _} answer.
Mis c(p+q), P g
2 2
N
S e
I c(p+q),c(p+q) o
2 2p4 \
c(p+q) 0 )
__2pq \ ]
oM T 7 . N \ 4
clprd) o | &
2 J
L /
rq K’
2c ( \fau If T, M and S are collinear then
My, = pt+q ‘\\ from part (ii) O, T, M and § are colhnear
2epq 0 \ Oand S lieony=x — i
ptq \

1 -\ O) .M liesony=x M(C_ﬁzf“_i}fzﬂ>
™ ) c(p+q L(p+q) ;

Vs
2pq
1 v
Moy = Mor LpgEl=g=— C?_)
.0,T, M are collinear P

‘o



HSC Mathematics Extension 2

14() Cylindrical shell — inner radius x, outer radius x+Jx Jheight y. 4 Marks: Correct
2 answer.
d =7r[(x+5x) - }y 3 Marks: Correct
= 2l 2x5 %+ Sx integral for the
ﬂ[ i :ly volume of the
=m1(2x+Ox)(sinx)ox 2 solid.
= lim 3 r(2x +6%)sin x5 U | l.f”"‘
B ail_r»});ﬂ( * ¥RE)SIn X0 = :'r ~—y— | 2 Marks: Correct
o Tegroton b : 1 expression for
=27z_[0 xsmxdx‘)j:av*s ;\j u;l e | y'e e SV .
L
= 27z([—x cos x| ) 27rj —cosxdy ! ( V= =cossc
1 Mark:
=27(r-0)+27 [sm x] Determines the
radius or height
=2t (Lf‘ of the cylindrical
. shell.
15(a A
(1() ) N FeosO, NsinO- e znll/lvililr(s. Correct
:g! M r | ~ = l?’ =
\} ((\MH') P
\ |[F#ae~ 2 Marks:
\eflad-> Eliminates N to
mg give an
Resolving the forces vertically and 1101'1?011[&'11)/ expression for £
Ncos@+ Fsinf-mg=0 (1)
) v ' 1 Mark:
Nsin@-Fcos =22 ) Resolves the
r s forces vertically
Equation (1) xsin@ — Equation (2) xcos® *‘3‘5 and horizontally.
&\
F(sin®> @+ cos® @) = mg sin 0 — el )‘N
r
mcos 6 , /
F= (grtanH—v ) -
r
V
=M(10x1,000tan9—v2)
1,000
=2¢0s4(10,000tan & —v?) (3)
15, (a) Now F =0 when v=v,. 2 Marks: Correct
(i1) answer.

F =2¢0s6(10,000tan 8 —v*)
0=2co0s#(10,000tan.d —v,*)
v, =10,000tan @ . 5
Now v=0.80xv, %
v =0.64xv,’
=0.64>{10,000tan )= 6,400 tan 0/~

3cm

1 Mark: Finds

the correct
expression for 1
or shows some
understanding.

I\




HSC Mathematics Extension 2

1(515?) F =2¢0s6(10,000 tan 8 —v*)
=2c0s 6(10,000 tan & — 6,400 tan &)
=2cos@x3,600tan &
=17,200sin6 ~
’ = { o.03
' ~
Also sin@ = 0:03 % et
1.2 L. =m
=0.025
F=7,200x0.025
=180 N
Therefore the lateral thrust is 180 N ,/ ( 2)
15§b) The complex number w is a root of P(z) =0 2 Marks: Correct
(1) 5 answer.
Therefore P(w)=w* _EW4 +1=0
5 1 Mark: Shows
. PTIN NE Y|
Now P(iw) = (iw) > (iw)" +1 o % =
PN I FIN : roots of the
2 P D polynomial or
A Siei=0 V) &Y alternatively
2 shows some
understanding.
Also P(—l—) N (l)8 —5(-1-)4 +1
w wo 2w
:is'(l—éw4+w8] Pony
w 2 \(ﬁ;
1 Ve
= —8-)< 0 = O
w
Therefore iw and 1 are roots of P(z)=0.
w CZ)
15'(.b) = B g 2 Marks: Correct
(ii) z =57 +1=0 answer.
22 -5z +2=0
4 _ 124 =2) = 1 Mark:
(227 -1z -2)=0 Factorises the
4 :% or z'=2 ) polynomial.

1
Roots are z==%/2 or z=iy_2—.

(2)

12




HSC Mathematics Extension 2

1-2_()0) LHS =sin x +sin 3x 1 Mark: Correct
i i 3 . ' answer.
=sin(2x — x) + sin(x + 2x) / evpf)
= 8in 2x cos x —cos 2x sin x + sin x cos 2x + cos x sin 2x
=2sin2xcosx
=RHS C‘,)
15_§C) sinx + SMP_SA, =0 2 Marks: Correct
(i) sin2x+2sin 2 6os x =0 rom part (i) B SPET
sin2x(2cosx+1)=0
125 = 0 ) 120 1 Mark: Uses the
sin2x=0 or 2cosx+1= result in part (i)
_a2m _Arn S and factorises.
x—OaT;”aTazﬂ Vv (‘L>
15(d) m 3 Marks: Correct
e 2 (6-10x) answer.
m
= 7(6#10)6) 2 Marks:
v 61 G Integrates and
Va = ;7 = 7 uses the initial

Ivdvzj(x—i—l—?)dx

i) -1
lv2=(6x _10x )+ C
2 -2 -1
1, -3 10
—V' =(5+—)+C
2v (xz x)

When v=0 and x=1
Loo _—23+1—0)+C
2 1 1

C=-7 /
1, -3 10
—V =(—=+—)-7 V
2 (x2 x)

v? =(‘—26+§)—14
X X

 —6+20x—14%’ /

- v

conditions to

find an

expression for
1,

=V,
2

1 Mark: Uses

vﬂ for
dx

acceleration.

v=i%\/2(—3+10x—7x2) C3>

13
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16(a) zZ=x+1y 1 3 Marks: Correct
I | T answer.
m(z+i)=lz+l|=> y+1=4/(x+1) +
'T' _)(;\-\\4-\-?))) Y >c+\y+ )t 5 ( ) )j ;
y+ 1) =(x+ 1) +y /% u“““ 0% 2 Marks: Makes
1 | significant progress.

2y =x*+2x
y= l[(x + 1)2 — 1] 1 Mark: Uses the sum
2 of binomial square to
- i obtain the required
minimum value of y = B vV expression.

minimum value of Im(z + ) =%

. minimum value of |z i ll = % v

16d) |y _fa-xy u= (V=x7)" VACE 3 Marks: Correct
. - X dx N !
1) : -[0( ) u'=»n (\ —9‘) T ‘/’, =2 | answer.
=[x(1—x’)"1 —-HI x(l XY (=) dx l/ | 2 Marks: Makes
e r =\ . .
e 0 2 (| — significant progress
=0—nr J [(\1/—_{\_*__—_/1}(1 =X ;,'dx towards the solution.
Fror =X . V 1 Mark: Sets up the
=0-nr j (I-x")" =(1=x")"dx integration and shows
—nr(= +1_) some understanding.
(nr+1)I, =nrl,_,
I = —
nr+1
lf)'_(b) For r=4 and n=3 2 Marks: Correct
(i1) 3x3 2x3 1x2 I answer.
= 1 s = X
ST 3xarl P P ax2 +1 A PSS R

= ! " 0 — i
But /, = | (1-x") dx_joldx_l
3x3 2x3 y Ix3
3x341 2x3+1 Ix3+1

81 //

220

3 =

4







LC) (i) To find the time it takes to reach maximum height, :

dv
B e g(l4k
o ekl

Integrating with respectto £

v=—g(1+k)t+c

When t=0,v=u=>c=u /

At the maximum height, v=10,f=¢

O=—g(1+k)t1+u
u
L e
g(1+k)

On the downward motion:

km
Motion I T .
mg

The equation of motion is:

mx = mg — kmg
. dv
nox=—=g(l-k
— = &(1-k)
Integrating with respect to #:

=g(l-k)t+c

Initially, v=0,1=0=¢=0

=3 [S = 2 Toem! Bae =k, 44,
o -J(/ - J
33(‘*“)%3("“) G
> = u=
= g =Mt e )
'Ez; = J as o,

M‘T/u“ re (3)



— Ty = - —



Ruegkion b

() ()

kmg
Motion I l g

mg

Resolving forces in the direction of the motion:

m;=—(mg+kmg) /

x= —g(1+k) as required.

d(1
ii) Using —| —v* |=—g(1+k
() @) Using Z(ZV ) g(1+k)
Integrating both sides with respect to x:

-;—v2 =—g(l+k)x+c

Initially, x=0,v=u=c= %uz

J —;-vz =—g(1+k)x+%u2

At the maximum height, v=0,x=H,
Substituting into (1)

= voay _ — g(i+e)
d;‘ wt -
AV 4 1L e K)
A Y
x> g/
‘j‘/— 3(1-‘“‘,]
(A9 vV dv
_3(H 1-:) .——(jl':!' .
= NT +~C
m Tyl T =
' 2C—=O/ Ve U
- N
© = M-+ < /
1 u*
c=2u
Tl LvioLur = —glirk)e

2
Luts mglaex + 5
‘ A‘\r ALY \/\ﬁ@\/\'b/ NeO a~d ¢
O = =gli+k)H +xu
glive =¥

=H
/

[

=

250D V@
)

\s
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