QUESTION 1 12 Marks

@ At a particular school there are 10 HSC subjects. Of these three are Mathematics courses.

In how many different orders can the 10 examination papers be set so that no two of the three
Mathematics papers are consecutive. Justify your answer.

(b) Six students go to the canteen and buy one ice cream each. There are 4 flavours to choose from,
but there are only 4 ice creams of each flavour. How many different ways are there for the
students to buy the ice creams? Give a full explanation.

(©) How many ways can three integers be chosen which are in arithmetic progression from the
numbers 1 to 101? Explain your answer.

(d) P, Q and R are three points on the hyperbola xy = 16 such that PQ subtends a right angle at R.
Show that the tangent at R is perpendicular to PQ.

A
y
Not to scale
R
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P
QUESTION 2 START A NEW PAGE 12 Marks
@ P and Q are two points on the hyperbola xy = ¢? , with tangents TP and TQ .

M is the midpoint of PQ. AMBT is a rectangle with sides parallel to the coordinate axes.
yA

Not to scale

Copy the diagram and mark points A and B on it. Prove that A and B both lie on the hyperbola.
You may assume that the tangent at the point P [Cp, ﬂ on the hyperbola is x + p?y = 2cp.
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(b) A 1 kg object is moving in a straight line against a resistance force of kv™ Newton
where 0 < n < 1, visthe speed in m/s and K is a constant.

(i) Initially its speed is 30 m/s and after one second its speed is 15 m/s.
Show that 151—11[1 _ 21—n] — k(1-n)

m

(if) The object stops after a further two seconds.
Calculate the value of n to 2 decimals places.

(©) The base of a solid is in the region bounded by the ellipse % + yTZ = 1. Each cross-section

perpendicular to the x-axis is an isosceles triangle with its base in the region and altitude equal to
twice the base.

z 4
Not to scale
y
— // X
Find the volume of the solid.
QUESTION 3 START A NEW PAGE 12 Marks

(@) A 4 kg food package is dropped from a helicopter hovering above a campsite.
As the package falls it experiences air resistance of 2v N.

(i) Draw a diagram showing the forces acting on the package as it falls.

(if) Write down the equation of motion for the package and find the value of the terminal
velocity. Use g = 10 ms™2.

(iii) How far has the package fallen when its speed is 18 m/s?

(b) A 50g bullet is fired into a new experimental material and experiences a resistive force of
R Newton such that R = +/v + 10 where v is the speed of the bullet in m/s.

How long does it take the bullet to come to rest if it enters the material at 400 m/s?

(©) A sculpture is designed such that its cross-sectional area A cm? at height h cm above the base
is given by the formula A = 5 + V.

Not to scale

Calculate the volume of the sculpture if the area of the top surface is 20 cm?.
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QUESTION 4 START ANEW PAGE 12 Marks

@ How many different sums of money can be made from five $20 notes, one $10 note,

four $2 coins, three 50c coins and one 10 ¢ coin?
(b) Four sets of twins go to a party. In how many ways can these children be arranged in

pairs so that no child is with his twin?
(©) The region bounded by the curve y = |sin"! x| and y = g is revolved about the line x = 3.

Not to scale
y 4
Vs
2 <
y = |sin"1x
0 3 x

Use the method of cylindrical shells or otherwise to show that the volume can be expressed as

12 2 sin xdx.
(d) A toy rocket with a mass of 200 g is fired vertically upwards with a speed of 20 m/s.

(i) Write the equation of motion if the air resistance is 0.5v2 N, where v is the speed

of the rocket.

(ii) Calculate the time for the rocket to reach its maximum height. Use g = 10 ms™2

(iif) Find the maximum height reached by the rocket.
QUESTION 5 START A NEW PAGE 12 Marks
@) P(x4,y,) is a point on the hyperbola xy = c2.

(i) Show that the equation of the normal at P is xx; — yy; = x,2 — y,%.

(ii) The normal at P meets the hyperbola again at Q (x,, y,) .

Express x, in terms of only x; and y;.

(b) In addition to point A, there are m points marked on the straight line AB and n points on AC.

How many triangles can be formed with these points as vertices.
Give your answer in simplified algebraic form.
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(©) The region bounded by the curves y = (x — 1)? and y = 2x + 1 is rotated around the line

y=-—1.
Y1
4,9)
Not to scale
y=(x-1)°
1
o =X
------------ =

(i) When the region is rotated, the vertical line segment ¢ sweeps out an annulus.
Show that the area of the annulus A is given by

A=m[16x —4x? +4x3 —x*] for 0<x <4

(if) Find the volume of the solid generated.

End of Examination
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