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QUESTION 1 (12 marks) 

 

 

Marks 

a)    

 

 

 

 

 

 

 

 

 

 

 

In the diagram above, the region under the curve 𝑦 = 3 − 4𝑥 + 4𝑥2 − 𝑥3  in the first 

quadrant is shaded. A solid of revolution is formed by rotating this region about the y-axis. 

Use the method of cylindrical shells to show the volume of this solid is given by 

 

𝑉 = 𝜋∫ (6𝑥 − 8𝑥2 + 8𝑥3 − 2𝑥4)
3

0

𝑑𝑥 

 

2 

b) The region in the number plane that contains all points satisfying simultaneously the      

inequalities 

𝑥 ≤ 1, 𝑦 ≥ 1 and 𝑦 ≤ 𝑒𝑥 

 

is rotated through one complete revolution about the x-axis. Use the method of cylindrical 

shells to show that the volume of the resulting solid is 

 
𝜋

2
(𝑒2 − 3). 

 

 

4 

c) How many arrangements of six A’s, five B’s, and four C’s are there in which the first A 

precedes the first B which precedes the first C? Explain your answer. 

 

 

2 

d) A particle of mass m is moving vertically in a resisting medium in which the resistance to 

motion has magnitude 
1

10
𝑚𝑣2, when the particle has velocity v ms-1. The acceleration due to 

gravity is 10ms-2.   

 

 

(i) The particle is projected vertically upwards with speed U ms-1. Show that during its 

upward motion, its acceleration a ms-2 is given by 

 

𝑎 = −
1

10
(100 + 𝑣2) 

 

 

1 

 

 

 

 

(ii) Hence show that its maximum height, H metres, is given by 

 

𝐻 = 5 ln (
𝑈2 + 100

100
) 

3 
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QUESTION 2 (12 marks)        START A NEW PAGE 

 

 

Marks 

 

𝑃 (𝑐𝑝,
𝑐

𝑝
) and 𝑄 (𝑐𝑞,

𝑐

𝑞
) where p, q > 0 are two distinct points on the hyperbola H with equation 

𝑥𝑦 = 𝑐2.  You are given that the equation of the tangent to H at 𝑃 (𝑐𝑝,
𝑐

𝑝
) is given by               

𝑥 + 𝑝2𝑦 = 2𝑐𝑝  and that the normal to H at  𝑃 (𝑐𝑝,
𝑐

𝑝
) is given by  𝑦 = 𝑝2𝑥 +

𝑐

𝑝
− 𝑐𝑝3.   

DO NOT prove these results. 

 

 

 

(i) The tangents to H at 𝑃 (𝑐𝑝,
𝑐

𝑝
) and 𝑄 (𝑐𝑞,

𝑐

𝑞
) meet at T. Find the coordinates of T. 

 

2 

(ii) Given that the chord PQ passes through the point (2c, 0) find a relationship between 

the parameters p and q.  

 

2 

(iii) Find the equation of the locus of T as P and Q move about H according to the 

restriction in part (ii). Give a complete description of this locus. 

 

1 

(iv) The normal at P intersects the second ‘branch’ of the hyperbola at R. Show that the x 

coordinates of P and R are the roots of the equation  

 

𝑥2 − 𝑐 (𝑝 −
1

𝑝3
) 𝑥 −

𝑐2

𝑝2
= 0 

 

and find the coordinates of R. 

 

3 

(v) The tangent at P intersects the x and y axes at A and B respectively. Show that the 

area of triangle ABR is given by 

 

𝑐2 (𝑝2 +
1

𝑝2
)
2

 

 

3 

(vi) Given the fact that the sum of any positive number and its reciprocal is greater than or 

equal to 2, find the minimum area of triangle ABR. 

1 
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QUESTION 3 (12 marks)        START A NEW PAGE Marks 

  

 

a)          z 

 
 

 

A solid figure has a semi-circular base of radius 3cm. Cross sections taken perpendicular to 

the x-axis are isosceles triangles. The vertical cross section containing the radius OM of the 

base of the solid is a right isosceles triangle OMN, where OM = ON. 

 

 

 

(i) Show that the area, A, of triangle ABC (where AB = BC) is given by 

𝐴 = (3 − 𝑥)(9 − 𝑥2)
1
2 

 

2 

(ii) Find the volume of the solid. 

 

4 

 

 

 

b) 21 books are to be distributed among 3 girls, Ava, Beth and Cate, so that Ava and Beth 

together receive twice as many books as Cate. Find the probability that each girl receives the 

same number of books. 

 

 

 

3 

c) How many ways are there, on 6 successive nights, to enlist one of three siblings to help with 

dinner so that no one child is helping more than three times? Give a full explanation.  

 

 

3 

 

  

A 

C 

M 

B 

3 

-3 

O 

N 

y 

x 
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QUESTION 4 (12 marks)        START A NEW PAGE 

 

 

Marks 

 

a)   

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The diagram shows the parabola 𝑦 = 𝑥(2 − 𝑥). When the region bounded by the parabola 

and the x-axis, 0 ≤ 𝑥 ≤ 2, is revolved about the line x = -2 to form a solid, the line segment 

S at height y sweeps out an annulus.  

 

 

(i) Show that the area of the annulus is given by 𝐴 = 12𝜋√1 − 𝑦. 3 

(ii) Hence find the volume of the solid formed. 

 

 

 

2 

 

 

b) A particle of mass 2kg is propelled from the origin along the x-axis with an initial velocity of 

Q m/s. The only forces acting on the body in the direction of the x-axis are friction, which is a 

constant 16 Newtons, and air resistance which equals 𝑣2 Newtons where v is the velocity of 

the particle t seconds after leaving the origin.  

 

5 

 

 

 

 

      Show that 

𝑡 =
1

2
tan−1 (

4𝑄 − 4𝑣

16 + 𝑄𝑣
) 

 

 

 

 

 

 

 

 

c) A particle of mass m kg falls from rest in a medium where the resistance to motion is mkv 

when the particle has a velocity of v ms-1 and k is a constant. Take gravity to be g ms-2. 

 

 

(i) Find the terminal velocity, V, of the particle in this medium. 1 

(ii) Hence, show that the equation of motion of the particle is 𝑥 =𝑘(𝑉−𝑣) where 𝑥  is 
acceleration. 

1 

 

  

  

0 2 

x = -2 

y 

x -2 

S 
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QUESTION 5 (12 marks)        START A NEW PAGE Marks 

 

  

A camera of mass m kg has a parachute attached. A cameraman releases the camera from rest at 

the top of a building 50 metres high. The forces acting during its fall are gravity and, owing to 

the parachute, a resistance force of  
1

10
𝑚𝑣2 when the speed of the camera is v ms-1. 

Unfortunately, after 2ln2 seconds, the parachute detaches itself from the camera, and then the 

only force acting on the camera is gravity. The acceleration due to gravity is taken as g = 10 ms-2. 

At time t seconds, the camera has fallen a distance x metres from the top of the building, and its 

speed is v ms-1. 

 

 

 

(i) Show that while the parachute is attached, 10𝑥 = 100 − 𝑣2  where 𝑥  is 
acceleration. 
 

 

1 

(ii) Hence show that 

𝑣 = 10(
𝑒2𝑡 − 1

𝑒2𝑡 + 1
) 

and 

𝑥 = −5𝑙𝑛 [1 − (
𝑣

10
)
2

] 

 

6 

(iii) Find the exact speed of the camera and the exact distance fallen just before the 

parachute detaches. 

 

2 

  

(iv) Find an expression for 𝑥  after the parachute detaches and find the speed of the 

camera just before it reaches the base of the building. Give your answer correct to 2 

significant figures. 

3 














































