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Mathematics Extension 1

Written by Carrotsticks & Trebla.

General Instructions Total Marks — 70

e Reading time — 5 minutes. Section | Pages1-4
Working time — 2 hours.

e Write using black or blue pen.
Black pen is preferred.

e Board-approved calculators

may be used. -
e Atable of standard integrals is Pages 513

provided at the back of this paper. 60 marks
e Show all necessary working in e Attempt Questions 11 — 13
Questions 11 — 14. e Allow about 1 hour 45 minutes for this section.

10 marks
e Attempt Questions 1 — 10
e Allow about 15 minutes for this section.




Total marks — 10
Attempt Questions 1 — 10
All questions are of equal value

Shade your answers in the appropriate box in the Multiple Choice answer sheet provided.

1 Thecurves y=x* and y:(x—2k)2 , Where k >0, intersect at 45’ .

How many possible values of k are there?

(A)  One. (C) Four.

(B) Two. (D)  None.

2 Consider the equation asiné+bcos@+c=0, where 0<0<2r.
Let A=a”+b*—c?.
Which of the following statements is false?

(A)  When A>0, there are always exactly two solutions.
(B) When A <0, there are always no solutions.
(C) When A =0, there is always exactly one solution.

(D)  For any value of A, there are at most two solutions.

3 Let P(x) =x®+ px+(q, where p and q are constants, have roots «, £ and .

Find the value of
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(A) 6. (C) o.

|) -3. (D) 3.



4 Two particles move in simple harmonic motion. The maximum velocity of Particle X is

5

twice the maximum velocity of Particle Y.

Consider the following statements.

0] If they have the same amplitude, Particle X has half the period of Particle Y.
(1) If they have the same amplitude, Particle X has twice the period of Particle Y.

(1) If they have the same period, Particle X has half the amplitude of Particle Y.

(IV) If they have the same period, Particle X has twice the amplitude of Particle Y.

Which of the following is correct?

(A) (1) and (I11) are true.
(B) () and (1V) are true.
(C) (1) and (1) are true.

(D) (1) and (1V) are true.

Consider the following expressions.

0 (-2

12 2
an (-1 %J%”
am (1) %—k;z

Which of the following are NOT general solutions to sin2x = 1 , for some integer k?

(A) (1) and (1)
(B)  (I)and (1)
(C) (1) and (111

(D) (i)



6 Areal polynomial P(x) of degree n is divided by another polynomial A(x) which has

degree k, where 0<k <n. Let R(x) be the remainder term from the division. Which of
the following statements is always true?

(A)  The degree of R(x) is greater than k
(B)  The degree of R(x) is greater than or equal to k
(C)  The degree of R(x) is less than k

(D)  The degree of R(X) is less than or equal to k

7 What is the smallest number of people required in a room such the probability that at least

two of people have the same birthday is at least 50%? Assume there are 365 days in a
year.

(A) 23 (C) 25

(B) 24 (D) 26
8 Which of the following values of k allows the inequality |x—a|+|x—b| <k to have the
solution a<x<h?

(A) a-b (C) a+b

(B) b-a (D)  [a+]b]



9 Consider a function f (x) for some unrestricted domain. Let f*(x) be an inverse
function of f (x). Which of the following statements is NOT necessarily true?

(A F(F(x) =x

B) f(f(x)=x

(C) If f'(x) is zero at the point (a,b) then the derivative of f*(x) is undefined at the
point (b,a) for some fixed points (a,b) and (b,a)

(D)  If the derivative of f"(X) is zero at the point (a,b) then f’(x) is undefined at the

point (b,a) for some fixed points (a,b) and (b,a).

10 The diagram below shows a polynomial with three stationary points and two real roots.

Newton’s Method is used, with x = x, as the initial value.

Which of the following statements about Newton’s Method is always false?

(Diagram NOT to scale)

Ol == =

(A) If x, <a, then further iterations can approach r, .
(B) If a<x,<b, then further iterations cannot approach either r, or r,.
(C) If 0<x,<b, then further iterations can approach r, .

(D) If x, >b, then further iterations can approach r, .



Total marks — 60
Attempt Questions 11 — 14
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 11 (15 marks) Use a SEPARATE writing booklet.

X

(@) Solve the inequality I © ->e" -1 3

(b) Show that |im(sfnax)=§. 1
x>0\ sinbx ) b

(c) Suppose that P(x,,Y,) divides the interval A(x;,Y;) and B(X,,Y,). 3

Show that if P divides the interval AB externally, then

(X Y1 =% Yo) (XY, — X%, Y) >0

(d)  Sketch the function f(x)=cos™ (%) , labelling intercepts and asymptotes. 3

(€)

(i)  Use the substitution x =asiné, where a>0 and —% <0< % , to 4

evaluate J\/a2 —x% dx.

(i)  Hence, or otherwise, evaluate J X. 1

XZ
—d
Ja? - x?

End of Question 11



Question 12 (15 marks) Use a SEPARATE writing booklet.

(@) The region bounded by the graph y =+/sin* x+cos* x , the x axis and the lines

x=0 and x= z is rotated about the x axis to form a solid.

Find the volume of the solid formed.

(b)
(i)  Prove that

tan[OH’BJ: sina +sin g

2 cosa+cos B’

and hence write down a similar expression for tan[a;’gj.

(i)  The diagram shows A ABC with angles « and g where o > f,
and corresponding sides a and b respectively.

b a
o4
a
Prove that

tan(a+ﬁ)

a+b 2
a-b tan(a_ﬁj

2

Question 12 continues on the next page



(c) The acceleration of a particle is given by X =-2k (1— kx) , Where x is the displacement

of the particle from the origin, in metres, and Kk is a positive constant.
The particle is initially at the origin, and has initial velocity x =~/2.
(i)  Find the displacement-time equation of the particle. 3

(i)  Hence, find the limiting value of x as t — . 1

(d) Two points P(2ap,ap?) and Q(2ag,aq’) lie on the parabola x* = 4ay,,
where a >0 such that PQ is a focal chord. Tangents drawn at P and Q
intersect at T (a(p-+q),apq) (Do NOT prove this).

y
A
(Diagram NOT to scale)
P(Zap, apz)
0(2aq.aq’)
> X
@)
T(a(p+q).apq)
a’ 1
(i)  Show that the area of APQT is ) p+6 . 3
(i)  The x value of P moves a rate of 1 unit per second. 2

For what values of p is the area of the triangle increasing?

End of Question 12



Question 13 (15 marks) Use a SEPARATE writing booklet.

(a)
(i)  Show that (k+1)(k+2)(k+3)...(k+n) is divisible by n!, where
n and k are positive integers.

(i) Let m be an arbitrary positive integer.

Use mathematical induction on n to prove that (mn)! is divisible

by (m!)" for all positive integers m and n.

(b) Ann-sided die is rolled m times, where m2n, and the number facing upwards is
recorded.

(i)  Show that the probability of acquiring a particular number exactly
k times is given by

(i) Deduce that if m+1 is not divisible by n, then the chosen number

) i . m+1 .
Is most likely to appear approximately —— times.
n

(iii) Explain why if m+1 is divisible by n, then the chosen number is

m+1 m-n+1
or

most likely to appear exactly times.

Question 13 continues on the next page



(c) In AABC, acircle is inscribed such that it is tangential to all three sides. Let 4

the centre of this circle be O. Another circle is drawn such that the vertices of

A ABC lie on the circumference of the circle. From vertex A, a line is drawn

to O. From O, a line is drawn to meet the midpoint M of arc BC.

A
B
C
M
Prove that AOCM s isosceles.
(d) Prove that for some positive integer 0<k <n. 3

Y3 eI TS 3 W Y WD 3

k=1 k=2 k=3 k=n-1 =n k=1

End of Question 13



Question 14 (15 marks) Use a SEPARATE writing booklet.

(@)

An n digit password is made using digits 0, 1, 2, ... , 9, with repetition allowed.
The password is entered by pressing a series of buttons in the correct order.

An observer notices that Alice uses 1<k <10 distinct numbers for her password.
How many possible combinations of numbers are there, in terms of k and n?

Justify your answer.

Question 14 continues on the next page



(b) A particle moves in simple harmonic motion h metres in the air along a horizontal rod.

The particle’s displacement is given by x = Asin(nt), where A,n>0 and 0<nt < % .

At some moment t =T , the particle is released from the horizontal rod and undergoes

projectile motion. The particle lands x, metres away from the origin.

Let t, denote the time between when the particle is released, to when the particle hits

the ground.

\3

e et 2|

=

(i)  Prove that when tan(nT):it, the horizontal range x, is maximised
n 0

with respect to T.

(ii) Hence, or otherwise, show that when x, is maximised, then x,x, = A”.

Question 14 continues on the next page

4



(©)

Suppose that the growth at time t of a population of P (in millions) can be modeled by
the differential equation

®_ep[1-P).
d k
where a is a positive integer.
(1)  Suppose that the initial population is g million. 1
Show that P = e satisfies the above differential equation.
+
(i)  Now consider the rate of change of another population N (in millions) 1

which can be modeled by the differential equation

dN
= Zb(k-N),

where b is a positive integer.

The initial population of N is also g million and the limiting population

of N is the same as the limiting population of P.
Show that N =k —gebt satisfies the differential equation above.

(iii) Prove that if b <a < 2b, then there exists a time t >0 where the two 4
populations P and N will be equal to each other.

End of Exam



STANDARD INTEGRALS

1 ]
X" dx =—x"" nz-1 x=0,ifn<0
n+1
1
—dx =Inx, x>0
X
( 1
e® dx =—e*, a=z0
J a
( 1
cos ax dx ==sinax, a=z0
J a
) 1
sin ax dx =——cosax, a=0
a
( 1
sec? ax dx =Ztanax, a=0
J a
( 1
sec ax tan ax dx =_secax, az0
J a
1 1 4 X
——dx ==tan*Z, a=0
a“+x a a

¢
=sin"—, a#0, —-a<x<a
a

1
—dx
J Ja?—x?

1 _ 22
sz——azdx _In(x+\/x a), x>a>0

1
—dx =In x+\/x2+a2)
J VX2 +a? (

NOTE: Inx=1log, x, x>0
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Solutions




Section 1

1. B 3. B 5. D 7. A 9. B
2. C 4. B 6. C 8. B 10. D
Working/Justification

Question 1
First find the x-coordinate of the point of intersection.
2 — (v —2k)* =0

(x —x+2k)(x+2—2k)=0

=k

By symmetry it can be observed that the gradient of y = (z — 2k)? at # = k is —2k or it can be observed
that

%(xQ) = 2x

=2k  at the intersection point

d 2
ﬁ(x —2k)* =2(x — 2k)

= —2k at the intersection point

The angle between the two tangent lines is 45 degrees hence

2k — (—2k)
1+ (2/<;)(—2k)’

tan 45° = ’

|4k| = |1 — 4k*| but k>0

= |1 — 4k?| = 4k

This leads to solving 1 — 4k? = 4k and 1 — 4k*> = —4k. Either solving directly or plotting y = 1 — 422
against y = 4k and y = —4k leads to two possible solutions under the condition of £ > 0



Question 2

Note that the expression can be written in the form Rcos (6 + a) + ¢ = 0 where R = va? + b%>. This
leads to

c

0 = — —

cos (6 + ) 7

For a solution to exist it must have the condition that

<1
#

a4+b >
=A>0
When A > 0 there are exactly two solutions as there will always exist two solutions for o < 0+a < 27+«
When A < 0 there are no real solutions as this implies —}% > 1.
When A = 0, the equation becomes cos (6 + ) = —1 or cos (6 + «) = 1. The latter in particular has
potentially two solutions if b = —c and a = 0 where 6 = 0, 27 satisfy the equation and A = 0 hence (C) is
not always true.

Question 3

First note that o + 8+~ =10

a [ v B_B+y aty a+tp
6+7+ +7+5+a —+ 3 + S
__e_B_»n
a B 7
=-3

Question 4

Recall that the velocity displacement equation v? = n?(a? — (x — b)?) for amplitude a, period n and

centre b. The maximum velocity is an.

If the maximum velocity of particle X is twice the maximum velocity of particle Y then axnx = 2ayny

2 1 2
If the amplitudes are equal then nx = 2ny = oo x —7T hence (I) is true.
nx 2 TLY

If the periods are equal then ax = 2ay hence (IV) is true.



Question 5

09 1
sin2x = —
2

2r =k + (—1)]“% for some integer k

km T
= (1) =
T +( ) 19

However, since k is any arbitrary integer, so is —k so

kT T

= (=)

o ST
km
(AT
( )12 2

is also another way to express the general solution. (III) is clearly not correct which can be easily shown
by taking k£ = 0 and substituting it into the original equation.

Question 6

When P(z) is divided by A(z) then if the 'remainder’ has a larger degree than A(z) then it can be
reduced by further division of A(x). Once the degree is less than the degree of A(x) then no further
divsion can occur which gives the actual remainder term R(x).

Question 7

Consider the complementary event where no one shares the same birthday. Suppose that there are k
people in the room. The first person has 365 days to 'choose’ from, after that the second person has 364
days to ’choose’ from and so on. The k-th person has 365 — (k — 1) days to ’choose’ from. Thus, the
probability of at least two people sharing the same birthday is

1 365 x 364 x 363 X .... x (365 — k + 1)
365~

We require this probability to greater than 50% which implies that we require the smallest value of k& such
that

365 x 364 x 363 X ... x (365 —k + 1)

YA < 0.5

By trial and error of the options we have k = 23



Question 8

Search for the value of k such that the solution to the equation |z —a| + |z — b = kis all a < x < b.
Consider the graph of y = |z — a| 4+ |x — b| note that when a <2 <btheny=(r—a)—(x—b)=b—a
thus, the only value of k& where the line y = k intersects with the graph of y = |z — a| + |z — b| is when
k=b-a.

Question 9

Note that
dx 1
— =
dy ﬁ

In other words for some point (a,b) and y = f(z) we have
1
RO
From this if f’(a) = 0 then f~!(b) is undefined, which shows that (C) is true.

fH)

Similarly for y = f~*(z), we have
1
/b —
0= 7

From this if f~'(a) is zero then f’(b) is undefined, which shows that (D) is true.

(A) is true because the range of f~!(z) is always within the full domain or a subset of the domain of

f(z).

However, (B) is not necessarily true because the range of f(z) is not necessarily within the domain of
f~Yz), particularly if f~!(x) was found by placing restrictions on the range of f(x).

As an illustrative example, consider f(z) = x? and a possible inverse f~!'(z) = /x (alternatively, an-
other possible inverse f~1(z) = —/z). We get

F(f@) = Va?

= |z|  which is not always equal to z



Question 10

The mechanism behind Newton’s method of approximating roots is by solving the z-intercept of the
tangent to the point on the curve based on the initial approximation to get the next iteration. Note that
by 'approach’ we mean by come closer to some extent.

(A) can be true because any point chosen on the side of the curve where x < a sends the tangent to
have z-intercepts which are always less than a so the iterations can approach root

(B) can be true because if the tangent is taken at the stationary point which lies approximately on the
y-axis it will not approach either ry or ry

(C) can be true because a tangent could taken such there will have an z-intercept which is less than
a and hence further iterations come closer to r;

(D) is never true (i.e. always false) because a tangent taken there will have an z-intercept approach
ro and never approach r;



Section 11

Question 11

(a)
> et — 1
1—ex_€

e’ — (1 —e")(e® —1) -
1—e” -

T 21_2x 1
6+€1 e’ + >0
_ex

(1—e)(e* —e"+1)>0

However, note that e?* — e* + 1 is a quadratic equation in e* with disciminant of —3 thus this quadratic
is positive definite so €2* — e* + 1 > 0 for all real x. This means that the solution comes from solving

1—-e*>0
e’ <1

<0

But e” # 1 from the denominator of the original inequality which means x # 0 thus the final solution is
x < 0.

(b)

LHS = lim —
z—0 sin bx

sin ax

. sinax bx a
= lim X — X —
=0 ax sinbx b

. sinax . bx
= — X lim X lim —
=0 ax z—0 sin bx

Sl S

=-x1x1

e

Sl S

=RHS



(c) Let the ratio that P divides the interval AB be r : 1. Note that this approach minimises the number
of variables compared to using the ratio m : n.

T+ 1o
Tog= —————
r+1
y :yl+Ty2
0 r+1

Zo T+ 1
Yo Y1+ TY2

ToY1 + TToY2 = T1Yo + TT2Yo

T1Yo — ToY1

r=—2"——""" but for external division r < 0
ToY2 — T2Yo
T1Yo — T
1Yo oY1 <0
ToY2 — T2Yo

(z1y0 — Toy1)(Toy2 — T2yo) < 0
-~ (@oyr — 21y0) (Toy2 — T2y0) > 0

1
(d) Note that the function is even and defined for — < 1 or equivalently z > 1 and z < —1. When
x

x — oo then f(z) — g




() (i) z=asinfd = dr=acosfdf

/\/a2—m2dx:/\/a2—azsin29><acos@d@

:/\/achSQHXCLCOSQdQ
2 2 : T T
=a” [ cos”0df noting that a > 0,cos >0 for —§<0<§
2
= 3/(1—1-(:0829)6&9 since cos 26 =2cos®f — 1
a’ 8+sin29 N
=— c
2 2
a2
?[Q—FSIHQCOSQ] ¢ since sin20 = 2sinf cosé
But z = asinf = 6 = sin™* <E> noting that —g <f< g
a
7r ™ a? — x?
Also, 2?2 = a*(1 — cos?8) so for —5 < 6 < 5 we have cosf = ——— as cosf > 0 and a > 0.
a

Substituting this all back in:

2

2 _ 2
[VE=ar =G e (2) + ST

ii) Note that 22 = —(a® — %) + a® so
(ii)

dr +

/\/%dx
/\/ﬁdm‘—/mm

)
= a?sin™! <E> - % {sin_1 (§> + u} +c¢  from (i)

/ x? d / a? —zx
—_—adr = — N
VaZ — 12 VaZ — 12



Question 12

(a) First we note that
-4 4, _ 4 -2 2 4 .2 2 : o
sin® z 4 cos® & = sin” x + 2s8in” x cos” x + cos® x — 2sin“z cos®x  but sin 2z = 2sinxz cosx

1
= (sin® x + cos? x)2—531n2 2¢  but sin®z + cos’x =1
1 . 2 .9
:1—55111 2z but cosdr =1 — 2sin” 2z
1
:1—1(1—cos4x)

= Z+ZCOS4:C

Hence

INIE]

V= 7r/ (sin® x + cos® x) dx
0

™

T 2
= / (3 4 cosdx) dx
0

W~ |

1 3
= % {Sx + Zsinéle
3 2
= % cubic units



(b) (i)

RHS =

sin « + sin 3
cos a + cos 8

2sin (%) cos (%) + 2sin (g) cos (g)

2 cos? (%) —1+1— 2sin? <§)

K (&) cos (2) +sin (g) (g)

10



Alternatively,

sin« + sin 3

RHS =
cos a + cos 3
s (50 i (3 - 2
B cos(o‘gﬂ—i-#) +COS(#—%
B sin (#) CcoS (%’8) + cos (#) sin (a—g’g) + sin (D‘Tw) Ccos (0‘%) — CoS (#) sin (a—gﬁ
- cos (%57) cos (257) —sin (%57) sin (23%) + cos (*37) cos (%57) +sin (%57) sin (%57
B 2sin (%ﬁ) Cos (QT_B)
"~ 2cos (%) cos (O‘T_B)
B a+p
= tan ( 5 )
=LHS

Similarly, replacing 8 with —f

; a—f sin a + sin(— )
o ( 2 > cos o + cos(—f3)

sina — sin 8
cos a + cos 3

since sin(—z) = —sinx and cos(—x) = cosz

11



a
(ii) From the sine rule = =a=

sinaw  sinf sin 8

a+b

LHS =
S a—>b

bsin + b

sin 3
bsinaw b

sin 8

sin v + sin 3
sina — sin 8

sina+sinff  cosa + cosf3
cosa+cosff  sina—sinf

IS

_ tan (O‘Jr

_ )
tan (O‘

)

1N
j&S)

from part (i)

M‘

=RHS

=(1—kx)+c

When z = 0 then & = /2 hence ¢ = 0
? = 2(1 — kx)?

T = \/5(1 —kx) note we take the positive root to satisfy = = 0,4 = v/2

12



. 1 dx
V2 ] 1—kx
L (1 = ka) 4+
= ——In(l —kz)+c
k2
When ¢t =0 then £ = 0 hence ¢ =0
1
t=—=1In(1l —kz
VG ( )

In(1 — kz) = —ktv/2

1 — ky = e FtV2
1— e—kt\/i
TS

1
(ii) When ¢ — oo then e ¥V2 — 0 noting that k > 0. Hence = — Z

(d) (i) The equation of PQ is

ap?® — aq? (

x — 2ap)  but since PQ is a focal chord substitute (0, a)
2ap — 2aq

y—ap® =

a—ap® = —ap(p + q)

pg = —1

d dy d
The gradient of the tangent at P is d_y = d_yd_p = p and similarly the gradient of the tangent at @ is gq.
x pdx

13



From the above result, this suggests that PT' 1L QT. Let A be the area of the APQT

1

PT = \/(a(p + q) — 2ap)? + (apq — ap?)?

= Va2 (p—q)* +a*(pg — p?)*  but pg = -1

\/( ) (p*+1)?  noting that a > 0
/(%

B \/p +1)2 4+ p2(p? + 1)2

) + (p* +1)?

a
=l V213
similarly QT = \/QT

1 3

— alp| (EH)
(I2 1 3
:A:E\/(pz—l—l)?’ (EJrl)

14



Alternatively, find the distance PQ and find the perpendicular distance from 7' to PQ (let this be d)

PQ = +\/(2ap — 2aq)? + (ap? — aq?)?

= V4a*(p — q)% + a2(p? — ¢2)?

=a\4(p—q)*+(p—q)?2(p+q? noting that a >0

=alp—qlV(p+q)?+4

=alp—qlVP?+2pg+¢*+4 but pg=—1

1 1
=alp+ —[/P*+2+
p p

1 1\?
=a|p+ — p+ =
p p

Rearrange the equation of the chord PQ
+q

P
y—ap® = (z — 2ap)

2y — 2ap® = (p+ q)x — 2ap” — 2apq

(p+ @)z — 2y — 2apg =0

15



g [+ a)(alp +q)) — 2apq — 2apq]
(p+q)?+14

la(p + q)* — 4apq|
(p+q)?+4

= noting that a > 0 and pg = —1

a’ ik
.. . . d!Ep
(ii)) The z-value of P is given by xp = 2ap and = 1
dp  dp dzp
dt — dvp dt

16



2 1 3
If p> 0 then A = % (p + —) which implies that
p

dA_dA dp
dt  dp = dt

_ 1 3 +121 1
24 2pp p?

dA
Noting that a > 0 then for o > (0 we require

1

pr>1

p>1 since p>0

0,2

13
If p <0 then A = 5 (p + —) which implies that
p

A1 s N1
dt  2a 2 pp p?

dA
Noting that a > 0 then for o > () we require

1
p

2

p° <1

—1<p<0 sincep <0

Therefore the solutions are p > 1 or —1 <p <0

17



Question 13
(k+1)(k+2)(k+3)....(k+n)

n!

(a) (i) We need to show that

(k+ 1) (k+2)(k+3)(k+n) Kk + 1)k +2)(k +3)..(k + 1)

n! k!n!

(k+n)!
Kk +n — k)

(1)

This is the number of ways of choosing k objects from a set n + k objects which must be an integer.

(i) When n = 1:

(m! x 1) =m!

=1x (m!)! .. Statement is true for n =1 :

Assume the statement is true for n = k:

(mk)! = P x (m))*  for some integer P

Required to prove the statement is true for n = k + 1:

(m(k+ 1)) =Q x (m)**  for some integer Q
LHS = (m(k+1))!
= (mk +m)!
= (mk)!(mk + 1)(mk + 2)(mk + 3)......(mk + m)
= P x (m!)*(mk + 1)(mk + 2)(mk + 3)......(mk +m) by assumption
= P x (m!))* x A(m!) using part (i)
=Q x (m)*  where Q = AP

=RHS

The statement is true for n = k + 1 if it is true for n = k. Since the statement is true for n = 1 then by
induction it is true for all positive integers n.
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1
(b) (i) The probability of obtaining the particular number is — so the probability of not obtaining this
n

1
number is | 1 — — | in a given roll of the die. Thus, the probability of acquiring the number exactly &
n

times out of m rolls of the die is
m\ [/ 1\" 1\™*
Pk) = — 1—=
w=(1) ) (-3)
_ 1\m—k
_(m\ 1 " (n—1)
k; nk nm—k’

(ii) Since all terms of the binomial expansion of (£ + (1 —1))™ are positive we find the largest value of

k which satisfies the inequality below
P(k) > P(k—1)

(1) ()=

m! m!
Him %) = (k= D)l(m—Fk+ 1)

X (n—1)

m—k+1>k(n—1)

m—+1
n

k<

times

Hence the chosen number is most likely to appear approximately

1
(iii) If m + 1 is divisible by n then mt is an integer as is

m—+1 ( m—n-+1
—1{or ———
n

> . Note that

m—+1

from part (ii), k = actually occurs when P(k) = P(k — 1) when solving for the largest probability

n
which means the most likely number of times is either k£ or £ — 1 with equal probability. In other words,
m+ 1 m—n+1

the chosen number is most likely to appear exactly or times.
n n

19



(c) First we need to prove that AOM is a straight line (note this wasn’t specified in the question).
Assume that ZAOM is not a straight line. Let the points X,Y and Z be the points of contact of the
tangents to the circles as shown in the diagram below.

AX =AY

A

(tangents from an external point)

AOis common
OX =0Y (equal radii)
L AXOA=AYOA (SSS)

= ZXAO = LY AO * %

(corresponding angles of congruent triangles)

This suggests that AO bisects ZBAC.

But since arc BM equals arc C'M in length then ZBAM = ZC' AM (equal angles standing on equal arcs)

However, this suggests that AM bisects ZBAC. For both AO and AM to bisect ZBAC we must have
that AM and AO coincide, hence A, O and M are collinear.

From this it can be said that
LMOC = ZOAC + LOCY  (exterior angle equals sum of opposite interior angles of triangle)
Using a similar argument to prove ** we can say that Z0CZ = Z0CY . Also
/BAM = ZBCM  (angles standing on the same segment)

but as noted previously ZBAM = ZOAC  (note ZOAC and ZC'AM are equivalent)
= /BCM = LZOAC
It can be observed that ZOCM = ZBCM + £L0CZ
= LOAC + £0CY
=/ZMOC

. AOCM is isosceles due to two angles being equal

20



First note that

(d)

n
1

)< (

x =1 and we get the result

Let

that

In the question, first observe

)< (
)< (
)< (

1
0

o)
)+
)+ (

0

(
(
(

("))
)
)

2
1

1
1

k—
1

2

3
2

2
2

E—
2

2

n—2 n n—1
n—2 n—2

(
(

")
)

ol

n—1
n—1

k—1
n—1

>
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Rearranging the sums we get

n

LHS:kZ:(k51>+Z

k=2

)16

=1+2"+22+2° +

-1
21
=927 1

()2 (

IR

2
0

)+

2
1

k;1>+ ..... +§: (i:;)Jr ) (

)+
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Question 14

(a) If there are k distinct numbers, each must occur at least once. Consider a set combination of a
selection of k numbers to create an n digit password. Construct the problem in terms of inserting ’di-
viders’ (’stars and bars’ method) in a combination of numbers where like digits are grouped together. The
dividers separate the different groups of the digits.

(insert diagram)

There are n — 1 ’separating’ spaces for each of the dividers available (since the frequency of each digit
must be at least one). Since there are k distinct numbers then there k — 1 dividers to arrange across n — 1

n
spaces. Since the dividers are identical there are ( ) 1) possible combinations for a fixed combination

of numbers.

1
However, the £ digits can be chosen from 10 digits for which there are < ) combinations.

k

—1\ /10
Hence, the total possible combinations of numbers is (Z 1) ( k)

(b) (i) Deriving the equations of motion of the vertical components

y=—g

y=—gt+c, whent=T,5y=0= ¢ =gT

gy=-9t-T)
g(t = T)?
y:—T+cgwhent:T,y:h:>02:h
t—1T)2

Deriving the equations of motion of the horizontal components (noting that the horizontal velocity is
constant)

x = Asin(nt) fort <T
& = Ancos(nt)
= Ancos(nT) at the point of release when particle commences projectile motion when ¢t = T

x = Antcos(nT) +c3 fort>T

23



When ¢t =T then x = 2y = Asin(nT’) hence ¢z = Asin(nT’) — AnT cos(nT') hence
x = An(t —T)cos(nT) + Asin(nT)

When ¢t =ty + T then x = x5

x9 = Antycos(nT’) + Asin(nT)

We wish to choose a time of release T such that x5 is maximised so first consider

d
&2 —An’tysin(nT) + An cos(nT)
dT
. . dlL‘Q
Stationary point occurs when T = 0

An*tysin(nT) = An cos(nT)

1
tan(nT) = —
’flto
Note that
d2[L’2 3 2 . . ™ .
T = —An’tgcos(nT) — An”sin(nT) < 0  noting that 0 < nT < 5 50 sin(nT") > 0 and cos(nT’) > 0
Since the function is continuous with no other turning points in the domain, this confirms that the maxi-
1
mum occurs when tan(n7) = —
nto

cos(nT)
sin(nT')’

(ii) From part (i), x is maximised when nty =

Substitute into our expression for xs.

cos(nT)
sin(nT)

ZEQZAX

x cos(nT) + Asin(nT)

A %(n sin(n
= Sn(nT) (cos*(nT) + sin*(nT))

A
sin(nT)

But since x; = Asin(nT), so xy1y = A?
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dP P
ence = satisfies 7 a ( k)
(i1)
N=k— e
dt 2
=0b(k—N)

dN
Hence N =k — gebt satisfies i b(k — N)

(iii) Consider the difference which will be defined as D
D=P—-N
k k

— —k vo—=bt
[ fe-at T 3C

k —at —bt —at
:m(2—2(1+e )+ e (1 +e ™))

ke—(a-‘y—b)t
2(1 +e~a) (

e —2e" +1)
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—(a+b)t

2(1 + e~at)
such that D = 0. In other words we need to show that e® — 2e + 1 can be zero when a < b < 2b.

Noting that # 0 for k > 0, the aim is prove that if b < a < 2b then there exists a value of ¢

Let y = e® — 2¢% 4 1, noting that when t =0, y = 0

d
d_zz{ = ae™ — 2be™

_ ebt(ae(a—b)t . 2b)

n (%)

d
If b < a < 2b then there exists a value of ¢ > 0 where Y 0, namely t =

(note that b < a < 2b

dt a—>b
allows ¢ > 0).
d2
d_tg — a2€at . 2b26bt

n (%)

_ 6bt(a2€(a—b)t — 2b2) substitute t = b
a —

bin( 22 )
=e a<—b) (a2 X —b—2b2>

a

a

=2be «? (a—b)>0 asa>b>0

bln(@)

2
n =
This shows that ¢t = L‘g gives a minimum value of y (noting that it is the only stationary point of y).

a —

Since a minimum value occurs and y = 0 at ¢ = 0 then for ¢ > 0 there exists some other ¢ > such

that y = 0 given that y is continuous over all ¢ > 0.

y =0 here
for some
t>0

This means that it is possible for the populations to be equal (i.e. D to be zero) if b < a < 2b.
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