2015 Bored of Studies Trial Examinations

Mathematics Extension 1

General Instructions

e Reading time — 5 minutes.

e Working time — 2 hours.

e Write using black or blue pen.
Black pen is preferred.

e Board-approved calculators
may be used.

o Atable of standard integrals is

provided at the back of this paper.

e Show all necessary working in
Questions 11 — 14.

Written by Carrotsticks & Trebla

Total Marks — 70

10 marks
e Attempt Questions 1 — 10
e Allow about 15 minutes for this section.

Section 11 Pages 7 — 17

60 marks
e Attempt Questions 11 — 14
e Allow about 1 hour 45 minutes for this section.




Total marks — 10
Attempt Questions 1 — 10
All questions are of equal value

Shade your answers in the appropriate box in the Multiple Choice answer sheet provided.

1 Suppose that P divides the interval AB internally in the ratio m:n.

A point Q lies on the interval PB such that it divides it internally in the ratio m:n.

What is the ratio of PQ to PA?

Ay .
m+n
B) —.
m+n
m+n
© -
m+n
©) "I

2 Consider a quantity N which behaves over time according to differential equation at time t

dN
— =k(P-N
5 ~¥(P-N)

where k and P are constants. Which of the following statements is correct?

(A) Ifk>0,then N —>0ast—oo.
(B) Ifk>0,then N—>P ast— .
(C) Ifk<0,then N—>0ast—oo.

(D) Ifk<0,then N—>P ast—ow.



3 The diagram below shows a right angled A ABC, where M is the midpoint of AC.

Which of the following statements is always true?

(A) ZABM =~/CBM .
(B) ZBAM =/BCM .
(C) BM = AB.

(D) BM =AM .

4 Consider two polynomials P(x) and Q(x) which both have degree n and have the same
set of roots.

Which of the following statements is always true?

(A) P(x)+Q(x) shares the same set of roots with either P(x) or Q(x).
(B) P(x) and Q(x)are identical polynomials.
(C) P(x) and Q(x) have the same remainder when divided by any other polynomial.

(D) P(x)Q(x)=0 forall real x.



T

5 What is the value of J 4cos* x—cos? 2xdx ?

0

(A)

NG

(B)

NN

C) .

(D) 2z.

6 A particle A is projected vertically upwards at an initial speed of V on a flat surface.
Another particle B is projected from the same position at angle of 4 for some 0< & <% to

the horizontal at an initial speed of V at the same time. Assume there is no air resistance.

Which of the following statements is correct?

(A) Particle A will land on the surface before particle B.
(B) Particle B will land on the surface before particle A.
(C) Both particles will land on the surface at the same time.

(D) There is not enough information to conclude which particle lands on the surface first.



7 Suppose that there are two lines on the number plane such that one line has twice the
gradient of the other line. Let m be the gradient of one of the lines.

How many values of m are there if the angle between the two lines is equal to 45 ?

(A) 0.
(B) 1.
) 2.

(D) 4.

8 Acoinis flipped n times and has equal chance of landing heads or tails.
Which of the following is true?
(A)  The probability of having more heads than tails, after an odd number of tosses is
greater than 50%.

(B)  The probability of having more heads than tails, after an odd number of tosses is
less than 50%.

(C)  The probability of having more heads than tails, after an even number of tosses is
greater than 50%.

(D)  The probability of having more heads than tails, after an even number of tosses is
less than 50%.



9 Letk be a positive constant.

Which of the following has the same derivative as

(A)

(B)

(©)

(D)

cos 3kx

coskx

cos 3kx

sinkx

tan 3kx

tankx

tan 3kx

sinkx

sin (3kx

)

sin(kx)

, With respect to x ?



10 The following is a sketch of a particle’s velocity as a function of displacement.

Which of the following graphs best represents the particle’s acceleration as function of
displacement?

(A) a (©) a

(B) a (D) a




Total marks — 90
Attempt Questions 11 — 16
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 11 (15 marks) Use a SEPARATE writing booklet.

(@) Find the set of all values of x satisfying 3

sin X S COS X
cosx—1 sinx-1

in the domain Z<x<Z.
4 2

(b) It can be shown that 2
2016-1=2015 (Do NOT prove this)

Use the above theorem, or otherwise, to find the least positive value of k
such that

2015 +k

is divisible by 3.

(c) Leta, b, and c be constants where a,c=0.

The polynomial P(x)=ax®+bx+c, has a real quadratic factor in the form

X2+ kx+1,
where k is some constant.
(i)  Explain why the roots of P(x) can be expressed as «, é and 3. 2
(ii) Deduce that 2
a’—c’ =ab.

Question 11 continues on page 8

_7_



Question 11 (continued)

(d)

(€)

The cubic polynomial P(x) has one of its roots being x =« , so that

P(x)=(x-a)Q(x)
where Q(x) is a quadratic polynomial.
Let x=r be aroot of Q'(x).
Prove that for every cubic polynomial P (x) , the tangent drawn from x=r

intersects the x axis exactly at the root x =« .

Use the substitution x = 1—_u to show that

1+u

"In(1+x

J (—z)dx=zln2.
o 1+X 8

End of Question 11



Question 12 (15 marks) Use a SEPARATE writing booklet.

(@ The diagram below shows vertices A, B, C and D on a regular hexagon of side
length x. The point O is the base of a vertical flagpole OP of height h.

From A, B and C on the hexagon, the angle of elevations of the flag from the
ground are a, B and y respectively.

Prove that cot” o —cot® B =cot® y .

Question 12 continues on page 10



Question 12 (continued)

(b)

A particle moves in simple harmonic motion about the origin with amplitude a
and period T seconds.

When the particle is at x=a, it is given a push with speed u towards the centre
of motion. The particle then continues to move in simple harmonic motion with
the same period and centre of motion, but with amplitude A, where A>a.
Show that it will first arrive at X=-a

Itan’l (ij

V/d 2ra

seconds faster than if it had not been pushed.

Question 12 continues on page 11

~ 10—
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Question 12 (continued)

(c) The diagram below shows a triangle ABC with two sides of fixed length a and b, where
ZABC =6 as shown in the diagram below.

Let M be the midpoint of AC, and let /MBC =« .

A
M
a
< C
B b
(i)  Show that 4
de _ sing
da sinacos(0-a)
(i) The angle « decreases at a rate of % radians per second. 1
Show that the rate of change of @, with respect to time, is
do sing
dt  sin(6-a)cos(0-a)
(d) Use mathematical induction to prove that 3

n">(n+1)",

for all integers n>3.

End of Question 12

~- 11—



Question 13 (15 marks) Use a SEPARATE writing booklet.

(@ A particle is fired horizontally with initial speed V from the top of a cliff of
height h. It hits a target on the ground R metres away from the base of the
cliff, after travelling for T seconds.

From the same point of projection, the target can also be hit by firing the
particle with the same initial speed but with an angle € to the horizontal,

where Oses%.

\Y

You may assume the equations of motion
x=Vtcosé

y:—%gt2 +Vtsin@+h

2
y :—gizsec2 6+ xtan@+h
Y
Show that the horizontal distance of the target from the base of the cliff is

R:%gthane.

Question 13 continues on page 13

~12 —



Question 13 (continued)

(b) Define the function

(i)  Show that Iim( s ]:1.
x>0\ SN~ X
(i)  State the domain of f(x).

(iii) Use the fact that sinx < x forall x>0 to show that f(x)<1

for all x in the domain.

(iv) It can be shown that

f<tand,

forall 0<@ <%. (Do NOT prove this)

Use this, or otherwise, to show that f (x) is decreasing for all 0<x <1.
(v) Describe the behaviour of f’(x) as x —>1.
(vi) Hence, find the range of f(x).

(vii) Sketch the graph of y = f (x).

End of Question 13

_ 13—



Question 14 (15 marks) Use a SEPARATE writing booklet.

(@ A bag contains m black balls and n white balls. Balls are drawn randomly from the bag
without replacement.

(i)  Show that the probability of drawing k black balls consecutively 2
before the first white ball is drawn is

m+n—-k-1
Uk )
m+n '
)
(i)  Hence, or otherwise, simplify the sum 3
m m m m
o G
m+n—1) (m+n-1) (m+n-1) " m+n-1)
SR i B G B

Question 14 continues on page 15

_ 14—



Question 14 (continued)

(b) The diagram below shows a tangent with x intercept A, drawn from a point
P(2ap,ap®), on the parabola x* =4ay, where a>0.

Let P’ be the foot of the perpendicular from P to the directrix.

y

A

x* =4ay

You may assume, without proof, that the equation of the tangent from P is

y = px—ap”.

(i)  Show that A is the midpoint of SP’.

(i) Deduce that AAPS = AAPP’.

Question 14 continues on page 16

— 15—



Question 14 (continued)

(c) The diagram below two points P and Q on a parabola with focus S. Tangents are drawn

from P and Q to intersect at T.

Let P’ and Q' be the feet of the perpendiculars from P and Q to the directrix

respectively.

A vertical line ¢ is drawn through T and intersects the directrix at T'.

It can be shown that the point T is the centre of the circle passing through P'SQ’
(Do NOT prove this)

(i)  Use part (b) to prove that APST = APP'T. 2

(i)  Hence, show that ZPTS = #SQT . 3

Question 14 continues on page 17

— 16—



Question 14 (continued)

(iii) A third tangent is drawn from a point R on the parabola to intersect the
tangents drawn from P and Q at M and N respectively, as shown in the
diagram below.

Prove that M, N, T and S are concyclic.

End of Exam

17—



STANDARD INTEGRALS

1 ]
X" dx =—x"" nz-1 x=#0,ifn<0
n+1
1
—dx =Inx, x>0
X
[ ax 1 ax
e dx ==—e¥, a=0
) a
( 1
cos ax dx ==sinax, a=0
) a
] 1
sin ax dx =——cosax, a=0
a
( 1
sec? ax dx =Ztanax, a=0
J a
( 1
sec ax tan ax dx =—secax, a=0
J a
1 1 4 X
——dx ==tan"=, a=0
a?+x a a
1 . 4 X
J—dx =sin?Z, az0, —-a<x<a
var-x? a

J%dx :In(x+x/x2—a2), x>a>0
X’ —a

1 _ [\2 A2
Jﬁdx —In(X+ X" +a )

NOTE: Inx=1log, x, x>0

© Bored of Studies NSW 2015
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Solutions




Section 1

1. B 3. D 5. C 7. A 9. A
2. B 4. A 6. B 8. D 10. B
Working/Justification

Question 1

It can be deduced that the lengths of PA and PB are km and kn respectively for some positive con-
stant k. Similarly it can be deduced that the lengths PQ and @B have the lengths rm and rn for some
positive constant . Hence

PQ

PA

But PB = PQ + QB so kn = r(m + n) or equivalently . Hence

>~ = =

m-+n

PQ n
PA  m+n

So the answer is (B)

Question 2

Rewriting the differential equation in the more standard form
dN
— =—k(N—-P

This has a general solution N = P + Ae~*t

Since ¢ > 0 then if k£ < 0 then when ¢t — oo, N — oo since e — oo

If £ > 0 then when t — oo, N — P since e ¥ — 0

Hence the answer is (B)



Question 3

(A) is not always true as the only triangle where an angle is bisected by the median is an isosceles
triangle, which is not necessarily the case for AABC.

(B) is not always true as it suggests that AABC'is an isosceles right angled triangle which is not necessarily
the case.

(C) is not always true because a possible counterexample is where AABC is an isosceles right angled
triangle, which suggests that AAM B would also be an isosceles right angled triangle since ZBAM =
ZABM = 45° with hypotenuse AB which cannot equal BM.

(D) is always true because the points A, B and C' are concyclic as a circle can be drawn around those

points with AC' as the diameter, thus satisfying the theorem that an angle in a semi-circle is a right angle.
Since M represents the centre of this circle then BM = AM.

Question 4
(B) and (C) are not always true because it is possible that P(z) = kQ(z) for some non-zero constant
k since we only know that P(x) and Q(x) share the same set of roots. This means that P(x) and Q(x) are

not necessarily identical and therefore do not necessarily have the same remainder when divided by any
polynomial when considering the remainder theorem.

(D) is not always true because if P(z) = kQ(z) as described above then P(z)Q(x) = k[Q(x)]?. Tt is
possible that P(z)Q(z) < 0 if k < 0.

(A) is always correct because if a; is a common root of P(x) and Q(x) for every i = 1,2,...,n then
since P(a;) = Q(a;) = 0 this means that P(«;) + Q(a;) = 0 hence by the factor theorem the polynomial
P(x) + Q(z) has root of o; as well for all i = 1,2, ..., n.

Question 5
Using the fact that cos2x = 2cos?z — 1

/ (4 cos* x — cos? 2x) dox = / (2cos? & — cos 2x)(2 cos® & + cos 2x) dx
0 0

:/ (1+2cos2zx)dx
0

= [z + sin 2z];

=m hence the answer is (C')



Question 6
Deriving vertical equations for general projectile motion launched from the origin
y=-g

y=—gt+ Vsinf

t2
Yy = —%—f—Vtsiné’

To solve for the time of flight set y =0 and ¢ > 0

t <Vsin9— %) =0

L 2V sin 0
g

Note that particle A is the special case when 6 = g so the time of flights t4 and tg for particles A and B

respectively are

2V
tha = —
g
2V sin 6
tg =
g

ta>1tp sinceO<9<g:>O<sin9<1

Hence particle A takes longer to land on the surface than particle B so the answer is (B).

Question 7

From the angle between two lines

tan4b° =

2m —m
W‘

11+ 2m2] = |m)|

ImP—m+1=0 or 2m’+m+1=0

Both equations have a discriminant of —7 which means there are no solutions, so correct answer is (A).



Question 8

If there are an odd number of tosses there must be either more heads than tails or more tails than heads.
Given the symmetrical nature of the scenario they must be equally likely (the binomial probabilities can
be explicitly calculated). Hence (A) and (B) cannot be true.

If there are an even number of tosses there can either be more heads than tails, more tails than heads or
an equal number of heads and tails. Given the symmetrical nature of the scenario having more heads than
tails is equally likely as having more tails than heads. However, since it possible to have an equal number
of heads and tails with a non-zero probability (which can only be achieved in an even number of tosses)
then the probability of having more heads than tails is less than 50%. Hence the answer is (D)

Question 9

Note that if f'(z) = ¢'(x) then f(z) = g(z) + ¢. So without actually computing the derivatives ex-
plicitly, one can check if the difference between the two functions is a constant and therefore they will have
the same derivative.

Set k to be a fixed value (say 1) and apply a simple substitution of two different values of z (e.g. z = %

and v = %) for % — f(x) where f(z) is one of the options. If the two values are not equal then
sin(kx
in(3k
clearly the choice of f(x) does not make M — f(z) a constant.
sin(kx)

The only choice of f(x) where the two substitutions yield equal values should be (A) and in fact

sin(3kz)  cos(3kx) _ sin(3kx) cos(kx) — cos(3kx) sin(kx)
sin(kx) cos(kzx) sin(kx) cos(kx)

_ sin(3kx — k)
3 sin(2kz)

Question 10

From the sketch, the velocity function has the equation v = mx + b where b > 0 and m < 0. Note
that for acceleration a

=m?z+bm

This is a linear function with gradient m? and y-intercept bm. Note that m? > 0 and bm < 0 as b > 0 and
m < 0 so the graph has a positive gradient and a negative y-intercept. Hence the answer is (B).



Section II
Question 11

(a) For % <z< g, cosx < 1 and sinz < 1. So the inequality can be rearranged as follows

sin x CcosS X

>
cosr—1 sinz—1

sin x CcoS T

l—cosz 1-—sinz
sinx — sin® z — cos x + cos® ¥ <0
(sinx — cosz) — (sinx — cosz)(sinx + cosz) <0
(sinz — cosx)(1 —sinx — cosx) <0
(sinxz — cosx)(sinx + cosx — 1) >0

1
\/5 <sinxcos% — COoS Z Sin %) \/5 (sinxcos% + Cosxsin% — E) >0

s (o= ) (sin (24 ) = 55) >0

To solve this consider a sketch of y = sin (a: — %) and y = sin (ac + %) on the same set of axes.

0.1r 0 0.1xn 0.2y 0.3x

From the sketch it can be seen that in the domain % <z< g that sin (x — %) > 0 and sin <m + %) >

T T
Hence the solution is 1 <z < 7

Nl



(b) Using the fact that 2015 = 2016 — 1
201521 + k = (2016 — 1) - &

2015

_ Z (20k15) (2016)k(_1)2015—k +k

2015
_ 2015 _1)2015 2015 k(_ 1)2015—k
_k+< ; )( 124y L )(2016) (1)

k=1

2015

2015
=k—1+) ( . )(2016)’“(—1)2015’“
k=1
= (2015
But note every term in Z < I )(2016)k(—1)2015k contains a factor 2016.
k=1

Since 2016 is divisible by 3 (2016 = 3 x 672) then every term is divisible by 3. This implies that the
entire sum is divisible by 3 so we can express 20152°!° + k in the form below

20152 4k =k —14+3M where M is a positive integer

To ensure 201521° + k is divisible by 3 the lowest value of & must be 1.

()

(i) The polynomial can be written as the following for some constants p and ¢
P(z) = (px +q)(z* + kz + 1)

Equating the coefficient of 23 we get p = a and equating the constant term we get ¢ = ¢ hence
P(z) = (ax +c)(z® + kz + 1)

c
From this we can deduce that one of the roots must be —— which is also the product of the roots. This

a
means the other two roots must multiply to give 1 hence the roots are of the form «, i and [



c
(ii) Consider the sum of the roots noting that f = ——
a

1
at+—+p=0
a
1 ¢
a+—=-
a a

Now consider the sum of the roots in pairs

,_.
|
SHES
AN
Q
+
SARS
~—
I

e |

(d) First note that
Pl(z) =Q(z) + (z —a)Q'(z) subz=r

P'(r)=Q(r) + (r—a)Q'(r)  but Q'(r) =0

= Q(r)
At x = r, the equation of the tangent is
y—P(r)=P(r)(z—r)

This tangent intersects the x-axis when y = 0

P
P'(r)
- aQ)
Q(r)
=r—(r—a)



1—u
1+u

(e) Letx=

—(14+u)—(1—u)

(14 u)? du

dr =

2
- _d
ek

When z =1, u=0 Whenz=0,u=1

Substituting these in

1 0ln (1+
/ In(1 + ) dr — _2/ n(1+175) o 1 du
0 1

L T

1 In I+utl—u
o (I+u?+(1-u)p?

:2/1 IH(HU) du
0o 1+2u+u?+1—2u+u?

1 J—
2/ In2—1In(1+ u) du
0 2(1 4 u?)

/ In 2 /1 In(1+ u) du

1+u2 o 1+u?

/ In2 /1 ln(1+x)d
1+x2 o l+2a2 v

Un(1
2/ Mda::hﬂ [tan_lx}l
0

14 2 0
:%m2
In(1
/ n( +x)dx—zln2
0 1+x2 8



Question 12
(a) By trigonometry

tana = —

OA

OA = hcota
similarly OB = hcot

and OC = hcoty
But AB = OC (sides of regular hexgaon) so AB = hcot .

2
In AOCB, note that ZOCB = ?ﬁ as an interior angle of a regular hexagon.

OC = BC =z (sides of regular hexagon)

. /ZCBO =/C0B = % (equal angles opposite equal sides)

Since ZCBA = ?ﬂ as it also an interior angle of the hexagon then

/OBA=/CBA—- ZCBO
This means that AOBA is a right angled triangle so
OA* = OB* + AB*> (Pythagoras’ theorem)
h% cot? a = h? cot® B + h? cot® v

- cot? a — cot? B = cot?y

(b) The displacement equation about the origin ¢ seconds after being pushed is

x = Acos(nt +«) for constants n and — g <a< g

& = —Ansin(nt + «)

When t =0, £ = —u and z = a. From the velocity equation
—u=—Ansina
) u
sina = —
An



From the displacement equation

a= Acosa

a
cosa = —
A

Required to find the lowest value of ¢ where z = —a

—a = Acos(nt + «)

— 2 — cos(nt + )
A—Cosn «

—cosa = cos(nt + «)

cos(m — a) = cos(nt + «)

The lowest value of ¢ occurs when

T—a=nt+«

™ — 20 2T
t= but T'= —
n
- T(m—2a)
N 27
If the particle was not pushed, it would take % seconds to move from = = a to x = —a so the difference is

T T(r—2a) aoT

2 27 T
(U . . U a U
= —tan (—) since sinaw = — and cosa = — then tana = —
T an An A an
T ul 2
= —tan! (—) since 1" = il
T 2ra

10



(c)

(i) Let ZAMB = 8 and hence ZBMC = 7 — [3 by angles on a line. Also, let AM = MC = z.

A

From the sine rule
a x
sinf sin(d — a)

b T

sin(t — )  sina

Divide the two results and noting that sin § = sin(r — 3)

asin(m —3)  sina
bsinB  sin(d — )
sin(f — a) = " sina ()

8:a+sin_1<ésina) for0<f—a<

a

b

a

OR 0:a+7r—sin_1<ésina) forg<9—a<7r

Forthecase()<9—a§§

db 1 b
o= 1+ - X — Cos
@ 11— 2—2 sina ¢
1 sin(f — «) cos a ,
=1+ X _ using ()
\/ 1 — S0-a) o gin2q s

11



14 sin(f — «) cos «

but 0 <l —a<

b

SO cos?(f — a)) = cos(f — «)
sin ay/cos? (0 — «)

cos(f — a) sina + sin(f — a) cos

cos(f — a) sin«

sin 6

cos(f — a) sin «v

Forthecase%<9—a<7r

do 1 b
=1- X —cos«  which is similar to case above

do 2 . a
1—Zsin?a
a

sin( — «) cos «

=1- but ~ <0 —a<r so cos?(f — a) = —cos(f — «)

sin ay/cos?(0 — ) 2

14 sin(f — «) cos «

sin acos(f — «)

sin 6

cos(f — a) sin «

Hence for all cases

do sin 0
da sinacos(d — a)

Alternatively, implict differentiation can be applied on (*) to obtain the result.

d

(ii) Since « is decreasing at ¢ radians per second then d_(; = —%.
Using the chain rule

do  df " fe?

dt — da " dt

sin 0 : .
= —3— but from () —sina =sin(f — «)
Zsinacos(f — a) a
sin 0

~sin(6 — ) cos(f — @)

12



(d) When n =3

LHS = 3"
=81
RHS =43
= 64

LHS > RHS so the statement is true for n = 3

Assume the statement is true for n = k
kk-i—l > (k’ + 1)k

Required to prove that the statement is true for n =k + 1
(k 4+ 1)"2 > (k4 2)*
Since all terms are positive, first consider the expression

(k+2)k+1 <k+1+1)k+l

(k+1)%2  (k+1)(k+ 1)+

1 1\

- (14—

k+1( +k+1>
<—1 1—1—l " in ! <l

k+ 1 K T T
1 (k1™
Ck+1\ Kk
1 (k+ 1)k L but £ L . (k+ 1)k
= ral X X (k+1) but from t e assumption — g

1x (k+1

<i 1 x (k+1)

=1 which is equivalent to (k + 1)*"2 > (k + 2)*™

Since the statement is true n = 3 then by induction it is true for all integers n > 3.

13

<1



Question 13

(a) For the particle fired horizontally, the given equations of motion are as follows by setting § = 0

r=Vt
1
y=—59t" +h
2
qr
Y=g th

When ¢ = T the particle hits the point (R,0) so substitute this into the equations of motion above

R=VT
ST =h (%)
gR?

Now consider the Cartesian equation of the particle projected at angle 0 < ¢ < 7 and substitute (R, 0)

RZ
_g_V? sec’0 + Rtanf + h =0 subsitute results (x) and (x*)
L oo 2 L
—§gT sec” + Rtanf + §gT =0
1
Rtanf — §gT2(sec2 0—1)=0
1
Rtanf — 59T2 tan® 6 = 0

1
tan 6 (R — 59T2 tan 9) =0

1
SR = égT2 tanf noting that tanf # 0 for 0 < 0 < g

14



(b)

(i) Let y =sin"' then z = siny. When 2 — 0, y — 0

. . siny

lim ——— = lim

z—0SIn ~x y—0 y
=1

1

(ii) The restriction on z is within the sin™" x and that the denominator cannot be zero.

Hence the domainis -1 <z <0and 0 <z < 1.

(iii) Since sinz < z for x > 0 then x < sin™! x (noting that sin~! x is an increasing function in its domain)

When z > 0 then sin~'z > 0 with

—— < 1. However, note that

sin™" x
—x .1 . —1
f(=2) = —=—— but sin” (—x) = —sin"" x
sin”'(—x)
oz
Cosinlz

= f(z) Thence f(z) is an even function

So by symmetry this f(z) < 1 holds true for the entire domain —1 <z <0 and 0 < z < 1.

(iv) Using the quotient rule

. x
. :sm x_ﬁ
fe) (sirfla:)2

Given that 8 < tan for 0 < 0 < g then

sin 6

6 — <0

cosf

Let @ =sin "tz for0 < 6 < % or equivalently for 0 < 2 < 1 which means that = sin and cos § = v/1 — 22
for 0 < 6 < 7. This means that for 0 <z <1

L T
sintey— ———— <0

V1—a22

Since (sin™' x)2 > 0 then f'(z) <0for0 <z <1

15



(v) Rewriting the first derivative as
V1—22sintay — o
V1—2?(sin”! x)2

When = — 1 then the denominator of f’(x) approaches zero and the numerator approaches —1 hence
f(x) — oc.

f'(x) =

(vi)  Since f(x) is an even function then the range for the domain x > 0 is also the range for x < 0
It is sufficient to just find the range for > 0 to find the range for the entire domain in this case.

From part (i), lin% f(z) = 1 and from part (ii) f(z) < 1 for all = in the domain so the upper bound
T—

of the range is 1.

Since f(x) is decreasing for 0 < x < 1 then the minimum value occurs when x = 1 which is where a

boundary of the domain. The minimum value is given by f(1) = —— T
sin

2
Hence the range is — < f(z) < 1
7r

(vii)

I
Q

16



Question 14

(a) (1)

The probability of getting a black ball on the 1st draw is m

m-+n
-1
The probability of getting a black ball afterwards on the 2nd draw is %
m4+n —

m—k+1

m+n—~k+1
n

The probability of getting a black ball afterwards on the kth draw is

The probability of getting a white ball afterwards on the (k + 1)th draw is e
m+n—
Hence the probability of drawing k balls consecutively is given by
m m—1 m — 2 m—k+1 n

P = X X X ... X X
m+n m4+n—1 mi+n-—2 m+n—Lk+1 m+n—Ek

But note that

mx(m—1)x(m—=2)x..x(m-—k+1)

LLoX2x%x1

=mx(m—1)x(m—2)x..x(m—k+1)x

m)

(m—k)!
Similarly

(m +n)!

(m+n)x(m+n—-1)x..x(m+n—k+1)x(m+n—=k)= (m+n—Fk—1)!

n!
and n = =1
Hence
p_ m! (m+4+n—k—1)! n!
(m —k)! (m+n)! (n—1)!
(m+n—Fk—1)! mlin!

17
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Alternative approach

Consider a sequence of k black balls and 1 white ball following it. The number of ways of arranging
(m+n—k—1)!
(m —k)!(n—1)!

ways or equivalently (mt;‘:’]j_l) ways.

the remaining (m +n — k — 1) balls is

m+n)!

There are
min!

ways or equivalently (m+n) ways to arrange m balls and n black balls in the draw. So

("

the probability of obtaining £ consecutive black balls is W

(i)

W m L e
O T ) T )
But note that
)~ m Kl(m+n—k—1)!

(m-&-;;—l) Ckl(m —k)! X (m+n—1)!

(m+4+n—*k—1)m! n! 1 m-+n
= X X X
(m+n—D!m-Fk)! (-1 m+n n

_ (m+n—-Ek-1)! " mln! L, mtn
(m—K)!n-1!" (m+n)! n
_(ST)  men
) n
Hence
) ) men
= (") = W) n
_m+n i (™t
noim ()
_m+n
o

m m+n k 1
Since Z m M) ) is the total probability of drawing any number of black balls using the result in (i)

m

which must be 1.
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(b)
(i) The equation of the tangent to P is given as y = pr — ap?
To find A substitute y = 0 which gives x = ap so A has coordinates (ap, 0)

Noting that the coordinates of S and P’ are (0,a) and (2ap, —a), the midpoint of SP’ is (@, e
which is (ap,0) and coincides with A.

(i)
AS = AP"  since A is the midpoint of P'S
AP is common

PS = PP’ Dby definition of the locus of the parabola

- AAPS = AAPP' (SSS)

()
(i) From part (b), it can be deduced that
LAPS = ZAPP" (corresponding angles of congruent triangles)

Translating this to the diagram in part (c), it can be deduced that ZT'PP’ = ZTPS. Also

PT is common

PS = PP’ Dby definition of the locus of the parabola

- APST = APP'T (SAS)

19



/PTP = /PTS (corresponding angles of congruent triangles)
Let Z/ZPTS =z so ZP'TS = 2x

1
/SQ'P = iéP'TS (angle at centre is twice angle at centre standing on the same arc)

=X

From part (i) it be can similarly argued that ASQT = AQ'QT for point ). Hence
/SQT = /Q'QT  (corresponding angles of congruent triangles) (x)

Let B the point of intersection between SQ" and T'Q). Since QS = Q@' by definition of the locus of the
parabola then ASQQ' is isosceles. Hence

BQ1SQ" (perpendicular bisector of an isosceles triangle)

In ABQQ' which is a right angled triangle

/BQQ = g —z  (Given QQ'LT'Q)

/ZBQQ" =z (angle sum of triangle)
But from (%) then ZSQT = x hence ZPTS = £5QT.

20



(i)

Consider the intersection of the two tangents from P and R. Similarly applying the result in part (ii)
SMR=/MPS

Now consider the intersection of the two tangents from P and Q). Similarly applying the result in part (ii)
/ZMPS = /STN

This means that ZSMR = ZSTN. However, the points M and 7T subtend from the same interval SN so
S, M, N and T are concyclic.
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