
 

 

 

 

 

 

 

 

 

 

 

 

 

2018 Bored of Studies Trial Examinations 

Mathematics Extension 1 

8th October 2018 

 

 

 

 

 

 

 

 

 

 

 

 

General Instructions 

 Reading time – 5 minutes. 

 Working time – 2 hours. 

 Write using black or blue pen. 

Black pen is preferred. 

 Board-approved calculators  

may be used. 

 A reference sheet has been 

provided. 

 Show all necessary working in 

Questions 11 – 14. 

Total Marks – 70 

    Section I       Pages 2 – 4    

10 marks 

 Attempt Questions 1 – 10           

 Allow about 15 minutes for this section. 

 

    Section II      Pages 5 – 12 

60 marks 

 Attempt Questions 11 – 14 

 Allow about 1 hour 45 minutes for this section. 

 

 



Section I

10 marks
Attempt Questions 1—10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1—10.

1 Which of the following best describes the solution set of the inequality below?∣∣∣∣x2 + 4

x

∣∣∣∣ < 4

(A) x > 0

(B) x < 0

(C) All real x except x = 0

(D) No real solution

2 What is the minimum value of sin2 θ + cos2 θ + tan2 θ + cosec2θ + sec2 θ + cot2 θ?

(A) 1

(B) 3

(C) 5

(D) 7

3 Which of the following values of n does the binomial expansion of

(
x+

1

x2

)n

have a

non-zero constant term?

(A) 2015

(B) 2016

(C) 2017

(D) 2018
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4 Which of the following conditions ensures that the graphs of y = tan−1(ax) and y = bx
have three points of intersection?

(A) 0 < a < b

(B) a < 0 < b

(C) a < b < 0

(D) b < 0 < a

5 The normal to the point P (2ap, ap2) on the parabola x2 = 4ay has the equation

x+ py = 2ap+ ap3.

How many possible normals can pass through the point (0, ka), where k > 2?

(A) 0

(B) 1

(C) 2

(D) 3

6 Consider the definite integral ∫ 1

0

dx

a2 + b2x2
dx.

Which of the following conditions will give the largest value of the integral?

(A) a =
b

2

(B) a = b

(C) a = 2b

(D) a = 3b

7 The sum of the solutions to sinx =
1

2
in the domain D is 3π. Which of the following is a

possible domain D?

(A) −π ≤ x ≤ π

(B) −2π ≤ x ≤ 2π

(C) −3π ≤ x ≤ 3π

(D) −4π ≤ x ≤ 4π
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8 The points of intersection of the chord x + by + c = 0 and parabola y2 = 4ax subtend a
right angle at the origin. Which of the following is true?

(A) 4a+ c = 0

(B) a+ c = 0

(C) 4ab+ c = 0

(D) 4a+ 4ab+ c = 0

9 What is the maximum value of the following?

sin(x) + sin
(
x+

π

3

)
+ sin

(
x+

2π

3

)
(A) 1

(B) 2

(C) 3

(D) 4

10 A bag contains an equal number of black and white marbles. Three marbles are drawn,
with replacement. What is the probability of getting at most one black marble?

(A)
1

2

(B)
1

3

(C)
1

4

(D)
1

5
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Section II

60 marks
Attempt Questions 11—14
Allow about 1 hour and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are
available.

In Questions 11–14, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use the Question 11 Writing Booklet

(a) Use the substitution x = cos 2θ to find

∫ 1

0

√
1− x
1 + x

dx. 3

(b) The kinetic energy K of an object of mass m and velocity v at time t is given by 1

K =
1

2
mv2.

Let a be the acceleration of the object. Show that

dK

dt
= mav.

(c) Let P (x) = ax3 + bx2 + cx+ d represent any cubic polynomial with three real roots 2
x1, x2 and x3. Show that the point of inflexion of P (x) occurs at

x =
x1 + x2 + x3

3
.

(d) In the domain a ≤ x ≤ b, a polynomial P (x) has a double root at x = α, and is 3
concave up. Suppose that xn is the nth application of Newton’s method to find an
approximation of the root α within the domain. Show that∣∣∣∣ xn − αxn−1 − α

∣∣∣∣ < 1.

Question 11 continues on page 6
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Question 11 (continued)

(e) The diagram below shows two circles intersecting at A and B. 3

M

N

A

B

P

Q

A line drawn through A cuts the circles at P and Q. A common tangent is drawn
and touches the circles at M and N . Prove that ∠PBQ = 2× ∠MBN .

(f) It can be shown that for positive values a and b 3

tan−1 a+ tan−1 b =


tan−1

(
a+ b

1− ab

)
if ab < 1

tan−1

(
a+ b

1− ab

)
+ π if ab > 1

(Do NOT prove this)

Use this result to show that for any x > 0, y > 0 and z > 0

tan−1

√
x(x+ y + z)

yz
+ tan−1

√
y(x+ y + z)

xz
+ tan−1

√
z(x+ y + z)

xy
= π.

End of Question 11
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Question 12 (15 marks) Use the Question 12 Writing Booklet

(a) Let k be a positive constant. The function

f(x) = x+
k2

x
,

has stationary points (k, 2k) and (−k,−2k). (Do NOT prove this)

(i) Determine the nature of the stationary points. 1

1
(ii) Deduce the range of f(x).

(b) Let P (2ap, ap2) and Q(2aq, aq2) be points on the parabola x2 = 4ay such that pq is
a fixed positive constant. It can be shown that the equation of the tangent at P is

y = px− ap2 (Do NOT prove this)

Let R be the point of intersection of the tangents at P and Q.

(i) Show that the coordinates of R are (a(p+ q), apq). 2

(ii) Hence, using the result in part (a) or otherwise, sketch the locus of R. 2

(c) The letters of the word ‘ESPRESSO’ are used to create four-letter codes. How 3
many possible distinct four-letter codes can be formed?

(d) By expanding (a− b)n for appropriate values of a, b and n, show that 7100 − 3100 is 2
divisible by 1000.

Question 12 continues on page 8
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Question 12 (continued)

(e) A particle moves along the xy-plane with the x and y-components respectively
satisfying the equations.

ẋ = x+ 1

ẏ = 3y

Initially, the particle is at the point (0, 1) and the initial velocities are ẋ = 1 and
ẏ = 3.

(i) Show that the displacement equation for x is x = et − 1. 1

(ii) By finding an appropriate expression for the displacement equation for y, 2
show that y = (x+ 1)3.

(iii) Hence, sketch the path of the particle on the number plane. 1

End of Question 12
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Question 13 (15 marks) Use the Question 13 Writing Booklet

(a) Newton’s law of cooling states that the rate of change of the temperature T (t) of 1
an object at time t can be expressed as

dT

dt
= −k(T −R),

where k and R (the room temperature) are positive constants.

Verify that T (t) = R + (T (0)−R)e−kt satisfies the above differential equation.

(b) A student is making a cup of coffee. Assume that the temperature of the coffee
can be modelled by Newton’s law of cooling as described in part (a) for the same
constants k and R. For a given time t, let

• C0(t) be the temperature of the coffee if no milk added

• C1(t) be the temperature of the coffee if the student initially adds milk

• C2(t) be the temperature of the coffee if the student adds milk later at t = t0

(i) When the student adds milk to the coffee initially, then the immediate 1
temperature of the coffee is given by

C1(0) = αC0(0) + (1− α)M(0),

where M(t) is the temperature of the milk at time t and 0 < α < 1 is a
constant.

Write down the equation of C1(t) in terms of R,C0(0),M(0), k, α and t.

(ii) When the student waits and adds milk to the coffee at time t = t0 instead, 2
then the temperature of the coffee at this time is given by

C2(t0) = αC0(t0) + (1− α)M(t0).

Show that

C1(t0)− C2(t0) = (1− α)
[
R(1− e−kt0)−M(t0) +M(0)e−kt0

]
.

(iii) Suppose that the temperature of the milk also satisfies Newton’s law of 2
cooling for M(t) < R with the differential equation

dM

dt
= −kM(M −R).

Show that if kM < k then C1(t0) > C2(t0).

(iv) Explain the physical significance of the result in part (iii). 1

Question 13 continues on page 10

Bored of Studies Trial Examination
Year 12 Mathematics Extension 1

– 9 –



Question 13 (continued)

(c) Prove by mathematical induction that for integers n ≥ 4, 3

ln [(n+ 2)!] > n+ 2

(d) A function f(x) is defined to have a period of T if 1

f(x) = f(x+ T ).

Suppose that two functions g(x) and h(x) have periods of T and 2T respectively.
Show that g(x) + h(x) has a period of 2T .

(e) Two particles A and B interact with each other such that their equations of motion
at time t can be written as

5ẍA + 5xA + 3xB = 0,

5ẍB + 5xB + 3xA = 0,

where xA and xB represent the displacement of the particles A and B respectively.

(i) Let y1 = xA + xB and y2 = xA − xB. Show that y1 and y2 each satisfy the 2
acceleration equation for simple harmonic motion.

(ii) Use the result in part (d) to find the period of xA. 2

End of Question 13
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Question 14 (15 marks) Use the Question 14 Writing Booklet

(a) (i) Find the area of the region bounded by the curve y = x2
√

3 +
1

4
√

3
and the 3

line y =
x√
3

+
1

2
√

3
for x < 0.

(ii) A dart is randomly thrown at a triangular board with unit side-length. Let 3
O be the centre of the board and P be the point where the dart lands on
the board. Let M be the foot of the perpendicular of P to the nearest edge
of the board, as shown in the diagram below.

O
P

M

Consider the region R within the board such that any point P in R is closer
to the centre than the edge.

Using part (i), or otherwise, show that the ratio of the area of R to the

total area of the board is
5

27
, and explain the significance of this result.

Question 14 continues on page 12
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Question 14 (continued)

(b) A particle is launched from the ground with initial speed V and acute angle θ from
the horizontal. Let g be the acceleration due to gravity.

You may assume the particle has the following Cartesian equation for its trajectory

y = x tan θ − gx2

2V 2
sec2 θ

At the same time, a particle is launched from the same point with the same speed at
an angle of projection of θ+α where α > 0. Let P be the point where the trajectories
of the two particles intersect, but the particles do not necessarily collide.

(i) Find the coordinates of P in terms of V , θ, α, and g. 3

(ii) Show that as α→ 0, P approaches 2(
V 2 cot θ

g
,
V 2(1− cot2 θ)

2g

)
.

(iii) As θ varies and α→ 0, find the locus of P . 1

(c) Jack has 2n identical lollies. He places n lollies in his left pocket and n lollies in
his right pocket. Every few minutes, he eats a lolly from a randomly chosen pocket
and repeats this process until he reaches in to draw a lolly, only to find that the
pocket is empty.

(i) Show that the probability of the remaining pocket having k lollies is 1(
2n− k
n

)
1

22n−k
.

(ii) Deduce that 2
n∑

k=0

2−k

(
n+ k

k

)
= 2n.

End of Question 14

End of paper
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Section I

Answers

1 D

2 D

3 B

4 C

5 D

6 A

7 C

8 A

9 B

10 A

Brief explanations

1 The inequality is equivalent to −4 <
x2 + 4

x
< 4. Simplifying the left inequality

gives
x2 + 4x+ 4

x
> 0 or equivalently x(x + 2)2 > 0 which has a solution of x > 0.

Using a similar approach with the right inequality gives x(x − 2)2 < 0 which has a
solution of x < 0. It is not possible for left and right inequalities to hold at the same
time, hence there are no real solutions so the answer is (D).

2 Use the identities sin2 θ + cos2 θ = 1, tan2 θ = sec2 θ − 1 and cot2 θ = cosec 2θ − 1
which simplify the expression to 2 sec2 θ + 2cosec 2θ − 1. Using sin 2θ = 2 sin θ cos θ

and further simplification leads to
8

sin2 2θ
− 1. The minimum value of this occurs

when sin 2θ is maximum. Hence, the answer is 7 or (D).

3 The general term of the binomial expansion is

(
n

k

)
xn−k

(
1

x2

)k
, or equivalently,(

n

k

)
xn−3k. A non-zero constant term occurs when n = 3k. Since k is an integer,

this suggests that n must be divisible by 3. The only choice which satisfies this is
2016, hence the answer is (B).

4 Notice that the equation of the tangent of y = tan−1(ax) at the origin is y = ax.
Consider the graph of y = tan−1(ax). If a > 0, then for three points of intersection
the gradient of y = bx must be less than the gradient of the tangent at the origin so
a > b. If a < 0, then for three points of intersection the gradient of y = bx must be
lower in magnitude compared to the gradient of the tangent at the origin. However,
since the a and b must both be negative then a < b < 0. Hence, the answer is (C).

1



5 Substitute (0, ka) into the equation of the normal leads to kap = 2ap + ap3, or
equivalently, ap(p2 + 2− k) = 0. Since k > 2 there must be three real solutions for p
(namely p = 0,±

√
k − 2), which correspond to 3 different possible equations of the

normals. Hence, the answer is (D).

6 Since the integrand is non-negative in the domain and we are choosing a value for
just a, then the value of a which gives the largest integrand will result in the largest
value of the definite integral, which is equivalent to the smallest denominator of the
integrand. Hence, the answer is (A).

7 The general solution to sinx =
1

2
is x = nπ+(−1)n

π

6
for integer n. Since the largest

domain amongst the choices is −4π ≤ x ≤ 4π, then consider the solutions when
n = −4,−3,−2,−1, 0, 1, 2, 3. These are

x = −23π

6
,−19π

6
,−11π

6
,−7π

6
,
π

6
,
5π

6
,
13π

6
,
17π

6

Testing each of the choices, it can be seen that the answer is (C).

8 Let the parametric coordinates of the points on the parabola y2 = 4ax which intersect

the chord be P (ap2, 2ap) and Q(aq2, 2aq). Since OP ⊥ OQ then
2ap

ap2
× 2aq

aq2
= −1

which simplifies to pq = −4. Substitute the equation of the chord x = −by − c into
the parabola y2 − 4ax = 0 which gives y2 + 4aby + 4ac = 0. Since the y-coordinates
of P and Q must be roots of this equation, then using the product of the roots
2ap× 2aq = 4ac, which means 4a+ c = 0. Hence, the answer is (A).

9 Manipulate the angle as follows

sin(x) + sin
(
x+

π

3

)
+ sin

(
x+

2π

3

)
= sin

(
x+

π

3
− π

3

)
+ sin

(
x+

π

3

)
+ sin

(
x+

π

3
+
π

3

)
= 2 sin

(
x+

π

3

)
cos

π

3
+ sin

(
x+

π

3

)
= 2 sin

(
x+

π

3

)
This has a maximum value of 2 so the answer is (B).

10 The probability of choosing at most one black marble is equal to choosing at most
one white marble. Since these are complementary outcomes then the probability of
either must be 1

2
, so the answer is (A).
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Question 11

(a) Let x = cos 2θ ⇒ dx = −2 sin 2θ dθ. When x = 1, θ = 0 and when x = 0, θ =
π

4∫ 1

0

√
1− x
1 + x

dx = −2

∫ 0

π
4

√
1− cos 2θ

1 + cos 2θ
× sin 2θ dx

= 2

∫ π
4

0

√
2 sin2 θ

2 cos2 θ
× 2 sin θ cos θ dx

= 4

∫ π
4

0

tan θ sin θ cos θ dx noting that tan θ ≥ 0 for 0 ≤ x ≤ π

4

= 4

∫ π
4

0

sin2 θ dθ

= 2

∫ π
4

0

(1− cos 2θ) dθ

= 2

[
θ − sin 2θ

2

]π
4

0

=
π

2
− 1

(b) Using the fact that a =
1

2

dv2

dx
and v =

dv

dt

K =
1

2
mv2

dK

dt
=

1

2
m
dv2

dt

=
1

2
m
dv2

dx

dx

dt
= mav

(c)

P (x) = ax3 + bx2 + cx+ d

P ′(x) = 3ax2 + 2bx+ c

P ′′(x) = 6ax+ 2b

The point of inflexion occurs when P ′′(x) = 0 which gives x = − b

3a
. Since P ′′(x) is

a linear function, then the x-values on either side of x = − b

3a
give a different sign

for P ′′(x), which confirms the point of inflexion. Using the relationship between the

sum of roots and coefficients x1 + x2 + x3 = − b
a

, the point of inflexion therefore

occurs when

x =
x1 + x2 + x3

3

3



(d) Since P (x) has a double root at x = α then P (x) = (x−α)2g(x) for some polynomial
g(x). From Newton’s method

xn = xn−1 −
P (xn−1)

P ′(xn−1)

xn − α = xn−1 − α−
(xn−1 − α)2g(xn−1)

2(xn−1 − α)g(xn−1) + (xn−1 − α)2g′(xn−1)

xn − α
xn−1 − α

= 1− g(xn−1)

2g(xn−1) + (xn−1 − α)g′(xn−1)

=
2g(xn−1) + (xn−1 − α)g′(xn−1)− g(xn−1)

2g(xn−1) + (xn−1 − α)g′(xn−1)

=
g(xn−1) + (xn−1 − α)g′(xn−1)

2g(xn−1) + (xn−1 − α)g′(xn−1)

However, in the given domain P (x) is concave up which means that graphically
P (x) ≥ 0 (at least in this domain), in order to have the double root at x = α. Since
(x− α)2 ≥ 0, this implies that g(x) ≥ 0 in the domain, so it can be deduced that

g(xn−1) + (xn−1 − α)g′(xn−1) ≤ 2g(xn−1) + (xn−1 − α)g′(xn−1)

Hence,

∣∣∣∣ xn − αxn−1 − α

∣∣∣∣ < 1

(e) Construct the lines BM , BN , BP , BQ, AM , AN and AB. Define the points R
and S as shown below.

M

N

A

B

P

Q

R

S

Let ∠RMP = α, ∠QNS = β, ∠NMA = x and ∠MNA = y.

∠RMP = ∠MBP (angle in alternate segment)

∠MBP = ∠MAP (angle in same segment)

∴ ∠MAP = α

Similarly ∠NAQ = β

∠NMA = ∠ABM (angle in alternate segment)

∴ ∠ABM = x

Similarly ∠ABN = y

4



∠MAN = π − (x+ y) (angle sum of triangle)

∠MAP + ∠MAN + ∠NAQ = π (angles on a straight line)

⇒ α + β = x+ y

∠PBQ = ∠MBP + ∠ABM + ∠ABN + ∠NBQ

= α + β + x+ y

= 2(x+ y)

∠MBN = ∠ABM + ∠ABN

= x+ y

∴ ∠PBQ = 2× ∠MBN

(f) Let α =

√
x(x+ y + z)

yz
, β =

√
y(x+ y + z)

xz
and γ =

√
z(x+ y + z)

xy

tan−1 α + tan−1 β + tan−1 γ

= tan−1
(
α + β

1− αβ

)
+ π + tan−1 γ since αβ =

√
xy(x+ y + z)2

xyz2
=
x+ y + z

z
> 1

= tan−1

 α+β
1−αβ + γ

1− γ
(
α+β
1−αβ

)
+ π since γ

(
α + β

1− αβ

)
< 0 < 1 given αβ > 1 and γ > 0

= tan−1
(
α + β + γ − αβγ
1− αβ − αγ − βγ

)
+ π

But

α + β + γ =

√
x(x+ y + z)

yz
+

√
y(x+ y + z)

xz
+

√
z(x+ y + z)

xy

=
√
x+ y + z

(√
x

yz
+

√
y

xz
+

√
z

xy

)
= (x+ y + z)

√
x+ y + z

xyz

=

√
xyz(x+ y + z)3

x2y2z2

= αβγ

which implies that tan−1
(
α + β + γ − αβγ
1− αβ − αγ − βγ

)
= 0 hence

tan−1

√
x(x+ y + z)

yz
+ tan−1

√
y(x+ y + z)

xz
+ tan−1

√
z(x+ y + z)

xy
= π.
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Question 12

(a) (i) For k > 0

f(x) = x+
k2

x

f ′(x) = 1− k2

x2

f ′′(x) =
2k2

x3

Since f ′′(k) > 0 and f ′′(−k) < 0 then (k, 2k) and (−k,−2k) are minimum
and maximum turning points respectively.

(ii) Since x = 0 is an asymptote that the curve approaches, then the minimum
turning point is the only turning point in the domain x > 0. Similarly, the
maximum turning point is the only turning point in the domain x < 0.

Hence the range of f(x) is y ≥ 2k and y ≤ −2k.

(b) (i) The equations of the tangents to P and Q are

y = px− ap2

y = qx− aq2

x(p− q)− a(p2 − q2) = 0

x = a(p+ q) noting that p 6= q

y = ap(p+ q)− ap2

= apq

Hence the coordinates of R are (a(p+ q), apq).

(ii) Since pq is a positive constant then let pq = k2 for some constant k. This
means that

x = a

(
p+

k2

p

)
y = ak2

As p varies, there is a restriction on x as shown in part (a). In this case,
x ≥ 2ak and x ≤ −2ak is the domain of the locus y = ak2.

6



x

y

O

ak2

2ak−2ak

(c) There are 2×E and 3×S, with the remaining letters (P , R and O) only appearing
once. The following cases need to be considered when selecting four letters:

Case 1 : All four letters are distinct

There are five distinct letters to choose from to make a four-letter code, which
means there are

(
5
4

)
possible combinations. Since the ordering of the code matters,

each combination has 4! ways of rearrangement. Hence, there are a total of
(
5
4

)
×4!,

or equivalently, 120 possible codes.

Case 2 : One letter is repeated twice and the other two are distinct

The only letters that could possibly repeat twice are E and S, which means there
are

(
2
1

)
combinations of repeated letters possible. For a given choice of repeated

letter, there are now 4 remaining letters to choose two from (to ensure the other
letter is repeated twice only), which has

(
4
2

)
possible combinations. However, since

the ordering of the code matters, each combination has 4!
2!

ways of arrangement.

Hence there are total of
(
2
1

)
×
(
4
2

)
× 4!

2!
, or equivalently, 144 possible codes.

Case 3 : One letter is repeated three times and the other one is distinct

This is only possible if S is repeated three times. This leaves 4 remaining let-
ters to choose one from, which has

(
4
1

)
combinations. However, since the ordering

of the code matters, each combination has 4!
3!

ways of arrangement. Hence there are

a total of
(
4
1

)
× 4!

3!
, or equivalently, 16 possible codes.

Case 4 : One letter is repeated twice and the other one is repeated twice

This is only possible with the one combination which is two E and two S. Again,
since the ordering of the code matters, there are 4!

2!2!
, or equivalently, 6 possible codes.

Combining all the different cases together there are 286 possible four-letter codes.
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(d) Method 1 : By writing 7 as 10− 3 and using the binomial expansion

7100 − 3100 = (10− 3)100 − 3100

=

(
100

0

)
10100 +

(
100

1

)
109931 + ...+

(
100

99

)
101399 +

(
100

100

)
3100 − 3100

=

(
100

0

)
10100 +

(
100

1

)
109931 + ...+

(
100

99

)
101399

= 103

[(
100

0

)
1097 +

(
100

1

)
109631 + ...+

(
100

97

)
397

]
+

(
100

98

)
102398 +

(
100

99

)
101399

But
(
100
99

)
= 100 and

(
100
98

)
= 4950 so(

100

98

)
102398 +

(
100

99

)
101399 = 103 × 495× 398 + 103 × 399

= 103(495× 398 + 399)

∴ 7100−3100 = 103

[(
100

0

)
1097 +

(
100

1

)
109631 + ...+

(
100

3

)
397 + 495× 398 + 399

]
Hence 7100 − 3100 is divisible by 1000.

Method 2 : By writing 7 as 5 + 2 and 3 as 5− 2, then using the binomial expansion

7100 − 3100 = (5 + 2)100 − (5− 2)100

=
100∑
k=0

(
100

k

)
5100−k2k −

100∑
k=0

(
100

k

)
5100−k(−2)k

=
100∑
k=0

(
100

k

)
5100−k (2k − (−2)k

)
The even terms cancel out, leaving behind odd terms which double up so

7100 − 3100 = 2

(
100

1

)
59921 + 2

(
100

3

)
59723 + 2

(
100

5

)
59525 + ...+ 2

(
100

99

)
51299

=

(
100

1

)
59922 +

(
100

3

)
59724 +

(
100

5

)
59526 + ...+

(
100

99

)
512100

= 103

[(
100

3

)
59421 +

(
100

5

)
59223 + ...+

(
100

97

)
295

]
+

(
100

1

)
59922 +

(
100

99

)
512100

Note that
(
100
1

)
=
(
100
99

)
= 100 so(

100

1

)
59922 +

(
100

99

)
512100 = 100(59821 × 10 + 299 × 10)

= 1000(59821 + 299)

Hence

7100 − 3100 = 103

[
59821 +

(
100

3

)
59421 +

(
100

3

)
59421 + ...+

(
100

97

)
295 + 299

]
Therefore 7100 − 3100 is divisible by 1000.
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(e) (i) The differential equation
dx

dt
= x+ 1 is a modified exponential growth and

so has general solution x = −1 + Aet for some constant A.

When t = 0, x = 0 so A = 1 hence x = et − 1.

(ii) The differential equation
dy

dt
= 3y is an exponential growth equation with

general solution y = Be3t for some constant B.

When t = 0, y = 1 so B = 1 hence y = (et)3. Since x = et − 1 then
y = (x+ 1)3.

(iii) Since t ≥ 0, then et − 1 ≥ 0 hence the path y = (x + 1)3 has a domain of
x ≥ 0 and consequently a range of y ≥ 1.

x

y

O

1
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Question 13

(a) Using the given expression

T (t) = R + (T (0)−R)e−kt

dT

dt
= −k(T (0)−R)e−kt but T −R = (T (0)−R)e−kt

= −k(T −R)

Hence T (t) = R + (T (0)−R)e−kt is a solution to the differential equation.

(b) (i) Since the temperature of the coffee satisfies Newton’s law of cooling then
from part (a)

C1(t) = R + (C1(0)−R)e−kt

= R + (αC0(0) + (1− α)M(0)−R)e−kt

(ii) Using the result from part (i)

C1(t0)− C2(t0) = R + (αC0(0) + (1− α)M(0)−R)e−kt0 − αC0(t0)− (1− α)M(t0)

= R(1− e−kt0) + α(C0(0)e−kt0 − C0(t0)) + (1− α)(M(0)e−kt0 −M(t0))

But since C0(t) satisfies Newton’s law of cooling then from part (a)

C0(t) = R + (C0(0)−R)e−kt

C0(t0)− C0(0)e−kt0 = R(1− e−kt0)

Thus

C1(t0)− C2(t0) = R(1− e−kt0)− α(R(1− e−kt0)) + (1− α)(M(0)e−kt0 −M(t0))

= (1− α)
[
R(1− e−kt0)−M(t0) +M(0)e−kt0

]
(iii) Since M(t) also satisfies Newton’s law of cooling then from part (a)

M(t) = R + (M(0)−R)e−kM t

M(t0)−M(0)e−kt0 = R(1− e−kM t0)

Hence from part (ii)

C1(t0)− C2(t0) = (1− α)
[
R(1− e−kt0)−R(1− e−kM t0)

]
= R(1− α)(e−kM t0 − e−kt0)

If kM < k then −kM t0 > −kt0 hence e−kM t0 > e−kt0 . Since 0 < α < 1 and
R > 0 then C1(t0) > C2(t0).
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(iv) If kM < k then the rate of change of the temperature of the milk warming
is slower than the rate of change of the temperature of the coffee cooling.
Under this condition, C1(t0) > C2(t0), which means that the adding the
milk initially and waiting until t = t0 leads to a warmer coffee compared to
waiting first and adding the milk later at t = t0.

(c) When n = 4, the left hand side is ln 6! which is approximately 6.58 which is greater
than 6 on the right hand side. Hence the statement is true for n = 4.

Assume the statement is true for some n = k

ln[(k + 2)!] > k + 2

Required to prove the case for n = k + 1

ln[(k + 3)!] > k + 3

LHS = ln[(k + 3)!]

= ln[(k + 3)(k + 2)!]

= ln(k + 3) + ln[(k + 2)!]

> ln(k + 3) + k + 2 by assumption

> 1 + k + 2 since k ≥ 4 then ln(k + 3) ≥ ln(4 + 3) > 1

= k + 3

= RHS

Hence, the statement is true by induction.

(d) Since g(x) has a period of T and h(x) has a period of 2T then

g(x+ T ) = g(x)

h(x+ 2T ) = h(x)

Define p(x) = g(x) + h(x) then

p(x+ 2T ) = g(x+ 2T ) + h(x+ 2T ) but g(x+ 2T ) = g((x+ T ) + T ) = g(x+ T )

= g(x+ T ) + h(x)

= g(x) + h(x)

Hence g(x) + h(x) has a period of 2T .

Remark

Since it is only given that h(x) = h(x + 2T ) then it cannot be deduced that
h(x) = h(x + T ) for all real x. That is, it is possible there are some values of
x where h(x) 6= h(x + T ). This means that we cannot claim that g(x) + h(x) =
g(x+ T ) + h(x+ T ) for all real x.
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(e) (i) Using the definition of y1

y1 = xA + xB

ÿ1 = ẍA + ẍB

=
1

5
(−5xA − 3xB) +

1

5
(−5xB − 3xA)

= −1

5
(8xA + 8xB)

= −8

5
y1

Since this is in the form ÿ1 = −n2y1 for positive constant n then y1 satisfies
the acceleration equation for simple harmonic motion.

Using the definition of y2

y2 = xA − xB
ÿ2 = ẍA − ẍB

=
1

5
(−5xA − 3xB)− 1

5
(−5xB − 3xA)

=
1

5
(−2xA + 2xB)

= −2

5
y2

Using a similar argument, y2 satisfies the acceleration equation for simple
harmonic motion.

(ii) By solving simultaneously for xA and using the general displacement equa-
tions for simple harmonic motion

xA =
1

2
(y1 + y2)

=
1

2
(A1 cos (n1t+ α1) + A2 cos (n2t+ α2))

for some constants A1, A2, n1, n2, α1 and α2.

From part (i), it can deduced that n1 =

√
8

5
and n2 =

√
2

5
which means

that the periods of y1 and y2 are π

√
5

2
and 2π

√
5

2
respectively.

Since the period of y2 is twice the period of y1 then using the result in

(d), it must be that the period of y1 + y2 is 2π

√
5

2
. Since multiplying the

displacement equations by 1
2

has has no effect on the period, then 1
2
(y1+y2),

or equivalently xA, must have a period of 2π

√
5

2
, which simplifies to π

√
10.
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Question 14

(a) (i) First find the x-coordinate of the points of intersection by solving

x2
√

3 +
1

4
√

3
=

x√
3

+
1

2
√

3

12x2 − 4x− 1 = 0

(6x+ 1)(2x− 1) = 0

x = −1

6
since x < 0

Hence, the area A is given by

A =

∫ 0

− 1
6

(
x√
3

+
1

2
√

3

)
dx−

∫ 0

− 1
6

(
x2
√

3 +
1

4
√

3

)
dx

=
1

4
√

3

∫ 0

− 1
6

(
1 + 4x− 12x2

)
dx

=
1

4
√

3

[
x+ 2x2 − 4x3

]0
− 1

6

=
5

216
√

3

(ii) First consider the case where the closest side to the dart is the base of the
triangle. The boundary of the area R is the case when OP = PM . The
locus of this boundary is in fact a parabola where O is the focus and the
side of the triangle is a directrix.

O

P

M

The case where OP < OM is the area needed. In this case, it is twice the
area found in part (i) (see remark for full explanation).

By symmetry the total area (define this as AR) is six times the area found
in part (i).
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Let the area of the equilateral triangle board be AT , then the ratio of
the areas is

AR
AT

=

6× 5

256
√

3
1

2
sin

π

3

=
5

27

This value can be interpreted as the probability that the dart will land
closer to the centre than the edge.

Remark:

The focal length of the parabola drawn in the diagram is half the vertical
distance from O to the base. By trigonometry of appropriate right-angled

triangles this is
1

2
× 1

2
tan

π

6
, or equivalently,

1

4
√

3
.

From part (i), the focal length of x2
√

3 +
1

4
√

3
is

1

4
√

3
. This can be found

by finding the focal length of the equivalently shaped parabola y =
√

3x2.

If we treat the triangle board as a number plane with centre O, then the

equation of the left dotted line shown in the diagram is y = x tan
π

6
, or

equivalently, y =
x√
3

. The equation of the parabola is y = x2
√

3 − 1

4
√

3
.

Notice, this has similarities to the parabola and line described in part (i),

only shifted by
1

2
√

3
, so the area found can therefore be used accordingly.
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(b) (i) The Cartesian equations of the trajectories are

y = x tan θ − gx2

2V 2
sec2 θ

y = x tan (θ + α)− gx2

2V 2
sec2 (θ + α)

Solving simultaneously for x, noting the required solution is non-zero

gx2

2V 2

(
sec2 (θ + α)− sec2 θ

)
= x (tan(θ + α)− tan θ)

x =
2V 2(tan(θ + α)− tan θ)

g (sec2(θ + α)− sec2 θ)

=
2V 2(tan(θ + α)− tan θ)

g (tan2(θ + α)− tan2 θ)

=
2V 2

g (tan(θ + α) + tan θ)

Substitute to obtain the y-coordinate

y =
2V 2 tan θ

g (tan(θ + α) + tan θ)
− 4V 4

g2 (tan(θ + α) + tan θ)2
× g

2V 2
sec2 θ

=
2V 2 tan θ

g (tan(θ + α) + tan θ)
− 2V 2(1 + tan2 θ)

g (tan(θ + α) + tan θ)2

(ii) When α→ 0 then

x→ 2V 2

g (tan θ + tan θ)

=
V 2 cot θ

g

y → 2V 2 tan θ

g (tan θ + tan θ)
− 2V 2(1 + tan2 θ)

g (tan θ + tan θ)2

=
V 2

g
− V 2(1 + tan2 θ)

2g tan2 θ

=
V 2

2g

(
2− 1 + tan2 θ

tan2 θ

)
=
V 2

2g

(
tan2 θ − 1

tan2 θ

)
=
V 2(1− cot2 θ)

2g
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(iii) From part (ii), the equation of the locus of P is

y =
V 2(1− cot2 θ)

2g
but x =

V 2 cot θ

g

=

V 2

(
1− g2x2

V 4

)
2g

=
V 2

2g
− gx2

2V 2

(c) (i) If Jack has k lollies in the remaining pocket, then it must be that n−k lollies
were eaten in that pocket and n lollies were eaten in the other pocket. This
means that there are 2n− k ‘trials’ where the outcomes are either eaten or
not eaten. The probability of n− k lollies being eaten is therefore(

2n− k
n− k

)(
1

2

)n−k (
1

2

)n

or equivalently,

(
2n− k
n

)
1

22n−k .

(ii) The lowest possible value for k is zero, where Jack draws the last lolly in
one pocket, draws the last lolly in the other pocket, then in the next draw
he discovers one of them is empty.

The highest possible value for k is n, where Jack draws all the lollies from
the same pocket and discovers it to be empty.

Summing the probabilities across all possible values of k covers all possible
outcomes, so it must equal 1.(

2n

n

)
1

22n
+

(
2n− 1

n

)
1

22n−1 +

(
2n− 2

n

)
1

22n−2 + ...+

(
n

n

)
1

2n
= 1

n∑
k=0

(
n+ k

n

)
1

2n+k
= 1

n∑
k=0

2−k
(
n+ k

k

)
= 2n
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