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General Instructions

e Reading time — 5 minutes.

e Working time — 3 hours.

e  Write using black or blue pen.
Black pen is preferred.

e NESA-approved calculators
may be used.

e A reference sheet has been
provided.

e Show all necessary working in
Questions 11 — 16.

Total Marks — 100

Section | Pages 2 - 4

10 marks
e Attempt Questions 1 — 10
e Allow about 15 minutes for this section.

Pages 5~ 17

90 marks
e Attempt Questions 11 — 16

e Allow about 2 hours 45 minutes for this section.




Section 1

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1—10.

1

d 2
A relation has the implicit derivative d_y = xy. Which of the following is d_z?
x x

(A) y B) y+= (C) y(z®+1) (D) =(y*+1)

An object with mass m falls vertically downwards and experiences a resistance force of kv
where £ is a constant and v is the particle’s velocity at time ¢. Let g be the acceleration
due to gravity. Which of the following is a possible acceleration equation of the object?

(A) g—kv (B) —g— kv (C) g+ v (D) —g+ £v

For positive integers m and n, consider the complex number
2m — 1 2m — 1
n n

where 2m — 1 and n have no common factors other than 1. The complex numbers z* are

plotted on an Argand diagram for all integers £ > 0. How many distinct points are there?

(A) n (B) 2n (C) m (D) 2m
) zF —1
The following shows a sketch of y = s
Y
A
-
0
Which of the following is a possible value for &7
(A) 0 (B) 1 (C) 2 (D) 3
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A particle moves in circular motion along the unit circle 22 + y?> = 1 with an angular
displacement of @ at time ¢ to the positive z-axis. It is initially at rest at § = 0, before
accelerating such that 6 = 1. Which of the following expressions best represents the
acceleration of the particle in the y direction?

(A) cosf — 20sinf (B) — (cos® + 260sin6)

(C) sinf — 260 cosb (D) —(sin@ + 26 cos0)

Let z; and 25 be complex numbers such that z; is in the first quadrant and z, is in the
third quadrant on the Argand diagram. Which of the following statements is correct?

2 2
(A) 2L s in the first or second quadrant (B) = is in the second or third quadrant
Z2 Z2

2 2
(C) = is in the third or fourth quadrant (D) = is in the fourth or first quadrant
29 22

How many distinct points of intersection are there between the curves described by the
following relations?

2 2
%—1—%:1 and (z+1)>—¢y*=4

(A) 1 (B) 2 (C) 3 (D) 4

Let P(z) = cg + 17 + cox® with non-zero real coefficients ¢, ¢; and cy.
Consider the following fraction for positive values of m and n
P(z)
(x +m)?(z? —n?)’

Which of the following could be equivalently expressed as the above fraction for some real
numbers a, b and ¢?

a b c a b c
A B
(4) x+m+(x+m)2+x2—n2 (B) (:E+m)2+:1:+n+:1:—n
a b c a b &
C D
(©) (x+m)2+x+n+x2—n2 (D) (x+m)2+a:—n+x2—n2
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9 Which of the following is equivalent to the definite integral below?

ER|
J—
o l-+sinz

2 1+sinz B 1

14 (sin% + cos g)

(©) jC1(Tq?;55dx (D) j€1x2{_2dx

10

2$1+$2+$3+—|—{En:1
T+ 220+ a3+ 1, =2
$1+I2+2$3+"'+$n:3

T+ xo+ax3+---+2x,=n

(A)m—k—g (m;m_k+g
(©) Ik_k_n(n;l) (D) = k n(n+1)
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What is the general solution to the following system of equations for k£ =1,2,3, ...



Section 11

90 marks
Attempt Questions 11—16
Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are avail-
able. Throughout Questions 11-16, your responses should include relevant mathematical
reasoning and/or calculations.

Question 11 (15 marks) Use the Question 11 Writing Booklet

ian-! tan—1(z2
(a) Evaluate / an” (V@) + tan” (@ >dx.
0

14 22

(b)  Suppose that a polynomial P(z) with real coefficients has a non-real root « of
multiplicity r > 2.

(i) Express P(z) as a product of real factors and some real polynomial Q(x)
in terms of x, a and r.

(i)  Hence, show that P'(a) = 0.
(c) (i) Sketch the graphs of y = 2® + 1 and y = 2% on the same set of axes.
(ii)  Hence, sketch the graph of y = 2 + 2% + 1.

(iii)  The region enclosed by the curve y = 2* + 2? + 1, the line x = —1 and the
coordinate axes is rotated about the y-axis. Find the volume of the solid of
revolution formed.

(d) Let P(x) = x* — 323 — 42 + 92 + 2 have real roots «, 8,7 and §. By considering
the factorisation of 22 + 1, or otherwise, find (o + 1)(8% + 1)(v* + 1)(6% + 1).

Question 11 continues on page 6
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Question 11 (continued)

(e)  Consider two distinct non-overlapping circles with fixed centres A and B and fixed
radii a and b respectively. Suppose that another circle with centre R and radius r
is drawn such that it touches both circles.

What is the geometric shape of the locus of the point R as r varies? Justify your
answer. You do NOT need to provide any equations of this locus.

End of Question 11
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Question 12 (15 marks) Use the Question 12 Writing Booklet

(a)  An object of mass m moves along a circular track of radius r with constant speed
v without slipping at time ¢. The track is banked at a positive acute angle of 8 to
the horizontal.

The object experiences a normal force of N and a frictional force of F' which is
positive when directed down the banked track. Suppose that the friction force is
such that 0 < F' < uN for some positive constant u. Let g be the acceleration due

to gravity.
N,
F
myg
0
(i) By resolving the forces horizontally and vertically, show that 3
v? > rgtané.

(i)  Find the range of values of x in terms of 6, such that 2

2 < rg(tan @ + )

1—ptanf

(b) Let Py (ctk, t£> for k = 1,2, 3,4 be four points on the hyperbola zy = ¢?. Suppose
k
that the normals of P;, P, P; and P, are concurrent and all intersect at the point
R(a,b). The equation of the normal at P is given by
tir —tpy — c(ty —1) =0 (Do NOT prove this).
(1) Show that t1t2t3t4 = —1. 1

r 1 1 1 b
(i)  Show that —+ 5+ 5+ 5 = —. 2
23 2t 2

(PiR)? + (P2R)* + (PsR)* + (P, R)?

— R 3
3 @t

(iii)  Hence show that

Question 12 continues on page 8
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Question 12 (continued)

(¢c) Consider a parallelogram with vertices A, B, C' and D.

C

A

(i) Prove that AC? + BD?* = 2(AB? + AD?).

(ii)  Suppose that on the Argand diagram, the points A, B, C' and D represent
the complex numbers —z, 1, 2z and —1 respectively.

1
z——| =2

Use the result in (i) to describe the locus traced by z if
z

You do NOT need to specify the Cartesian equation of this locus.

End of Question 12
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Question 13 (15 marks) Use the Question 13 Writing Booklet

()

Two particles, P, and P, have masses m; and ms respectively, and are both initially
at rest. At time ¢, they are r units apart. P; and P, exert forces on each other, so
that P; moves to the right towards P, and P, moves to the left towards P;. Let x
and x5 be the displacements of P; and P, from a fixed point O.

Py Py
O O errrrerrranetniasintiiiiiiiaiaianaas @ o

T T

X2

The forces that P, and P, experience are given by the following equations

Fl _ Gm1m2 and F2 _ _Gm1m2

(Do NOT prove this),

r2 r2

where G > 0 is constant. Let ry be the initial distance between the two particles.

(1)

(i)

Gm1

r2 -

Explain why 2, = and Fy = —

GM

5 -

Let M be the combined masses of the two particles. Show that 7 = —

Show that r = —\/ZGM (1 — l)
T To

Hence show that for 0 < r < rg

r

L T
where # = sin™', /| —.

Using the fact that sinz < z for positive values of  (do NOT prove this)
show that

3
t<\/;_M<%> .

Explain the physical significance of this result.

Question 13 continues on page 10

BORED OF STUDIES TRIAL EXAMINATIONS
YEAR 12 MATHEMATICS EXTENSION 2
_ 9 _



Question 13 (continued)

(b) By considering the expression

I+(Q+2)+Q+2)*+.. + (1 +2)" !

show that for x > —1 and positive integer n

(I1+x)" > 1+ nz.

(¢)  Suppose that z1,xs, ..., x, are positive real numbers. Let

(i

T +xo+ ...+ 2,
- .

n:

n+1
an Ty,
Using the result in part (b), show that ( H) >
Qn Qn

Hence prove by mathematical induction that for positive integers of n

($1+x2+...—|—mn)"
T1To ... T, < .

n

End of Question 13
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Question 14 (15 marks) Use the Question 14 Writing Booklet

2 2
(a)  The hyperbola T Y _ 1 withfoci S and S’ is shown in the diagram below. Let

a’>  3a?
X be the x-intercept of the hyperbola on the negative z-axis.

A
¢
y

I\
¥

Let C be a point on the positive directrix and in the fourth quadrant such that it
is the centre of a circle passing through the points S and X. Let P be the point
of intersection of the circle and the hyperbola in the first quadrant. Let P’ be the
reflection of P about the positive directrix.

(i) Find the eccentricity of the hyperbola.
(i)  Prove that ASCP = AXCP'.

(ii)  Hence, show that ZSCX =3 x ZPCP'.

Question 14 continues on page 12
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Question 14 (continued)

(b) Let P(z) be a monic polynomial of the form
P(z) = 2* —az® —br* —cx — d
where a > b > ¢ > d > 0 are integers. Let P(x) have non-zero roots «, (3, v and §.
11 1

1
(i) Show that an equation with the roots —, —, — and = is
a By )

dz* +cx® +bx’ +axr —1=0.

(i)  Suppose P(z) has a positive integer root x = n. Using part (i), show that
n > a.

(ii)  Hence, by finding a contradiction, show that P(x) cannot have a positive
integer root.

(¢) Let w be aroot of 2" = —1.

(i) Show that

(. S S & k& 2%
l—w 1-—w? 1-w 7 1—wl L1k 1 — w2’
k=1 k=1
(i)  Hence show that
2n—1 n—1 2n—1 n—1
k 2k k k
Z 1—wk_zl—w2k - Z 1 — ok _Zl—i—wk"
k=1 -1 k=n =1
(iii)  Deduce that
1 1 n 3 - 2n—1 1 1+ 1 n 1 - 1
n|ll-w 1—-w 7 1-wml] "~ 14w 1+w?2 7 14wl

End of Question 14
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Question 15 (15 marks) Use the Question 15 Writing Booklet

(a)

A triangle has side lengths a, b and ¢ where a > b > ¢. Show that

> a.

i,/a3+bg+c3+3abc
2

s

4
Let I, = / tan” x dz for integers n > 0.
0

(i) Show that I,, + I,,_o = for n > 2.

n—1

(i)  Hence, evaluate Ig.

The diagram below shows the area bounded by the circle 2% +y? = r? and the lines
xr =w and = —w for some positive values of r and w.

Y

A

T wn

_ —

—r| —w w o |

~_ |

—-r

Let (w, h) be a point on the circle as shown in the diagram for some positive value
of h. By considering, areas of sectors, or otherwise, show that the shaded area is
given by

A =2(w* + h*) tan™* (%) + 2hw.

Question 15 continues on page 14

BORED OF STUDIES TRIAL EXAMINATIONS
YEAR 12 MATHEMATICS EXTENSION 2
_ ]_3 _



Question 15 (continued)

(d)  Consider the solid formed by the intersection of a cylinder of radius 3 units and a
sphere of radius 1 unit as shown in the diagram below.

Vertical slices are taken as shown in the diagram below.

Let s be distance between the centre of the slice to the centre of the sphere.
Let h,w and r be defined similar to that in part (c).

(i)  Show that h? + s* + w? = 1.

1\? 1
ii Explain why (s — = | +w? ==
(ii) P y 5 1

(iii)  Hence, show that the area of the slice is given by

A=2(1-s*)tan ' /s +2/5(1 - s)

(iv)  Using the substitution § = tan™' /s and the result in question (b) (ii), or

otherwise, find the volume of the solid.

End of Question 15
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Question 16 (15 marks) Use the Question 16 Writing Booklet

(a) Consider a hollow right circular cone with vertex A which makes an angle of « to
the horizontal. A small sphere is inserted towards the vertex of the cone such that
it touches the cone on the circle 6.

A flat ellipse is then inserted into the cone at an angle of § to the horizontal
such that its edges touch the sides of the cone and one side of its surface touches
the small sphere at S;. Following that, a large sphere is then inserted to touch the
ellipse at S5. This sphere touches the cone on the circle %5.

A

Let Py be any point on the perimeter of the ellipse. The line AF, is produced such
that it touches the circle €, at P, and %5 at Ps.

(i) Explain why Py P, = FyS;.

(i)  Hence deduce that S and S, are the foci of the ellipse.

Question 16 continues on page 16
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Question 16 (continued)

(b) Consider a right circular cone with vertex A which makes an angle of o to the
horizontal. The cone is then sliced at point C' to point B, on the base of the cone,
at an angle of § to the horizontal, where 5 < . The cross-section of the slice is an
ellipse with a semi-major axis of a and an eccentricity of e.

A

B

()  Show that AR — 2asnla+5)
sin 2

(i)  Show that AC = 225 =5)
sin 2«

(ii)  Consider a circle inscribed in AABC' with radius r such that each side is
tangent to the circle. Let the point of contact of BC' with the circle be S.

A

Show that

AC x ABsin 2«

r= .
AB + BC + AC

Question 16 continues on page 17
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Question 16 (continued)

(iv)  Using the result in part (a), show that

ezl—zcot (OH_B).
a 2

(v)  Hence, show that

You may assume the following results without proof:

sin v + sin f = 2sin (OH_B) cos (a—ﬁ) ,

2 2
cos a + cos 8 = 2 cos (#) cos (&;5) :

(¢c) Student A and student B play a game where a fair coin is tossed repeatedly until
one of them wins. Suppose that the rules of the game are as follows
e [f there are 3 more heads than tails, student A wins the game.

e [f there are 3 more tails than heads, student B wins the game.

(i) What is the probability that student A wins the game?

(ii)  Let p be the probability that student A wins the game, if the first toss was

a head. Explain why

IR
p=g+xp

(ili)  Suppose that the first toss was a tail instead. What is the probability that
student A wins the game?

End of paper
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Section 1

Answers

1 (C) 6 (B)
2 (D) 7 (O
3 (B) 8 (B)
4 (D) 9 (O
5 (A 10 (A)

Brief explanations

it

2

Using the product rule —f =y+x
dy

dy

d
. Substituting 4 _ xy gives the answer (C).
dx dx

Since gravitational force and resistance force are in opposing directions, the net force
must be mg — kv or —mg + kv depending on where the positive direction is defined. The
equivalent acceleration equation which satisfies any of these is (D).

By De-Moivre’s theorem the argument of 2% is @m=Dkt  \When k = 1, the argument

is w Therefore, the argument between adjacent points must be Z2=UT a5 k is
increases. In order to have a full revolution in rotation (before crossing over to the same
arguments) k must increase up to 2n (i.e. the argument passes an even multiple of /pi).

Hence, the answer is (B).

Options (A) and (C) are not correct because they result in odd functions and the graph
has no symmetry. Choosing (B) results in y = 1 — %, which is a shifted hyperbola and
does not match the shape of the graph. Note that when  — —oo then y — oo, which
matches the answer (D).



5 Since § = 1 then 0 = ¢ after applying the initial conditions. Integrating again with respect
to t gives 0 = %tz after applying initial conditions. Since » = 1, the equations in y are
given by

y = sinf

t2
= Sin (5)
t2
—_ 2
U 008(2)
i = —t%sin ﬁ + cos ﬁ
y= 2 2

= cosf — 20sin b

Hence, the answer is (A).

6 Since 0 < argz; < § and —7 < argz; < —3F then § < argz; —argzs < 37” Hence,

arg (£) must lie in the second and third quadrants, so the answer is (B).

7 This can be visualised with a sketch of the ellipse and shifted rectangular hyperbola. The
right branch of the hyperbola intersects the ellipse twice whereas the left branch touches
the ellipse at (—3,0). Hence, there are three points of intersection, so the answer is (C).

8 Creating a common denominator and equating the numerators for each of the options
gives
For option (A) P(z) = a(z + m)(z® — n?) + b(a® — n?) + c(x + m)?
For option (B) P(x) = a(2® —n?) + b(z +m)*(x — n) + c(z +m)*(z + n)
For option (C) P(x) = a(z® —n?) + b(z + m)*(z — n) + c(x + m)?
For option (D) P(z) = a(z® — n®) + b(x + m)*(x + n) + c(z + m)?

Since P(x) is of degree 2 or less, the coefficient of 3 on the right hand side must be
zero. However, for all options except (B) this leads to a = 0 or b = 0, which contradicts
the requirement that they need to be non-zero. For option (B) the required condition is
b+ ¢ = 0 which is possible for non-zero values of b and ¢. Hence, the answer is (B).



10

T _

5 — u converts the integral to

R |
/—das
o l+cosx
1 1+sinx

But since < for 0 < o < 7 then option (A) cannot be correct.
1+cosz 1+cosz

The substitution z =

Expanding the integrand in option (B) gives

1 1
1+ (sin% +cos§)2 N 2+ 2sin 3 cos 5
B 1
 24sinx
) 1 1 .
Since < then option (B) cannot be correct.

2+sinx 1+sinz

™

Note that the integral is positive in the domain 0 < z < Z so option (D) cannot be

2
correct because that integrand is actually negative in its domain 0 < z < 1.

For option (C), note that the integral can be obtained via ¢-formula substitution ¢ = tan .

3 1 | 2
Ay (N R
o l-+sinz o 1+ 1+t

1
2
= — = dt
/0 (1+1)2

1
2
- ——d
/0 T

Hence, the answer is (C).

By summing all n equations the result is

m+Dzr+(n+Daxe+n+Das+...+(n+ 1z, =14+24+3+...+n
n(n+1)

n+1)(r1+z0+ 23+ ... +3,) = 5

n
x1+x2+x3+...—|—xn:§
But

1+ 2o+ 23+ .+ XTp1 + 208 + Ty + ..+ =k
x1+x2—|—x3+...+xn:k—mk

Hence the general solution is x = k — g, which is (A).



Question 11

(a)

Let u = \/r = dr = 2udu. When 2 = 0 then v = 1 and when x = 1 then u = 1.
Apply this substitution to the first fraction and use integration by parts.

1 —1 1 2
/ Md;ﬁ:/ tan"'u x Y du
0 0

1+ 22 14 ut

1
:/0 tan~'u x C%(tan_l(uQ))du

U tan! (u?)

1+ u? du

= [tan" ' utan " (u?)]} —/
0
1 -1 1 —1/,,2 2
/tan (\/E)dxjt/ tan (u)duzw
0 0

1+ a? 1+ u? 16
/1 tan~!(y/7) + tan!(z?) p w2
" xrT = —
0 1+ 22 16

Alternative solution:

Let x = tanf = dv = sec?6df. When v = 0 then # = 0 and when z = 1
then 0 = 7. Applying this substitution to the whole integral.

x sec? 0 df

/1 tan~!(y/z) + tan~!(z?) y /Z tan~!(v/tan 0) + tan~!(tan? 6)
xTr =
0 0

1+ 22 1+ tan?4

= /Z <tan_1(\/m) + tan~! (tan? 9)) o

Let y = tan~!(y/tanz) then # = tan~'(tan?x). The area bounded by the curve

y = tan~'(Vtan ), the z-axis and the line 2 = 7 is represented by

jus

/4 tan~'(Vtan z) dr
0

The area bounded by the curve y = tan~!(y/tan z), the y-axis and the line y = T
(which occurs at x = 7) is represented by
¥ 1 2
/ tan™" (tan” z) dx
0
The sum of the two integrals is the area of the square covering the domain 0 <z < 7

and range 0 <y < 7. Hence

/1 tan~'(y/z) + tan~!(x?) 72

1+ 22 dx:%



Since P(x) has real coefficients then non-real roots occur in conjugate pairs,
so @ is also a root of multiplicity . Hence, P(x) can be expressed as

P(r) = (z — o) (r — a)"Q(z)
= (22 = (v + @)z + aa) Q(z)

Noting that (o + @) and aa are real.

Using the product rule

P(z)=7r(@* - (a+a)z+aa) (22 — (a+a))Q(z) + (2° — (a + @)z + ad) Q' (z)
P(a) =7r(a® — (a+a)a+aa) ' (2a — (a+ @)Q(a) + (o — (a+ a)a + aa) Q' (a)

,
r

=r(a? - a?—aa+aa) Ha—a)Q(a) + (a® —a® — aa + aa) Q' (a)
0

Sketching the graphs y = 2% + 1 and y = 22
Y

A

oo

Using addition of ordinates to obtain the graph
)

A




(d)

(iii)  From the sketch, the radius of the cylindrical shell is —z because x < 0 and
the height is y. Hence the volume is

V =2r /0(—x)ydm

-1

0
:27r/ (—2* — 2 —2)da

-1

1'5 [E4 56'2 0
= —2m {— +=+ —}
1

5 4 2|
1 1 1
-9 S e i
7r(0 (5+4+2>)
11
— T cubic units
10

Since «, 3, v and 0 are the roots of P(x) then by the factor theorem

= (z = a)(x = B)(z —7)(x = 9)
— (i —a)(i— B)i — )i — )
= (@=9)(F =)y~ —)
similarly P(—i) = (=i — a)(—i — 8)(—i —v)(—i — )
— (a+i)(@ i)
(a+4)(8 )
(@2 + (B + (2 + D(E + 1)
but  P(i) =i* — 3i® — 4i* + 9i + 2
=7+ 12
and P(—i)=7—12i as P has real coefficients.
(@2 D(BEH D) D62+ 1) = (T +120) (7 — 126)
=193

+i)(y +14)(0 +
P(i)P(—i) = +

When circles touch, the line of centres passes through the point of contact, hence

AR=a+7r and BR=0b+r
|AR — BR| = |a — b|

The points A and B are fixed. The radii a and b are also fixed. As r varies and R
moves, the difference in distances AR and BR remains constant. This is analagous
to the relationship |PS — PS’| being constant for a variable point P and fixed foci
S and S’. So the locus has the shape of a hyperbola where A and B are the foci.

Z)(7 +1)(0 +i)(a =) (B —i)(y —1)(0 —

i)



Question 12

(a) (i) Resolving the forces horizontally and vertically

va

Nsinf + Fcosf = —
,

N cosf — Fsinf) = mg

mw? sin 6

N(sin? @ + cos?0) + Fsinf cos — Fsinf cos) = ————— + mg cos 6
r
2 o3 0
éN:m—i—mgcosQ
,
2 cos b
Nsin@cos@—Ncos@sin9+F(00329+sin29):M—mgsiné)
r
2 cos b
éF:m—mgsiné
Since F' > 0, m > 0 and cos# > 0 then
2cos 0
MY Y mgsing >0
r
UQZTgtanﬁ
(i)  Since F' < uN, m > 0 and cosf > 0 then
mwv? cos _ mu? sin 0
——— —mgsinf < y | —— +mgcosb
,
02
—(cos — psinf) < g(sin + pcosb)
,
v*(1 — ptan @) < rg(tan6 + u)
tan 6
For v? < rg(tanf + p1) to hold, then it must be that 1 — ptanf > 0,
1 — ptanf

otherwise the inequality sign will be switched. Thus, the range of values
allowed for p are those where pu < cot 6.



The equation of a general normal at (ct, %) is

e —ty—c(t* —1)=0
ct' —tr+ty—c=0

This is a quartic polynomial in ¢ which has the roots ¢, t5, t3 and t4. Since
R(a,b) lies on all four normals then the polynomial equation is

c* —ta+th—c=0

By product of the roots

First consider

1 1 1 1 lotaty + titsls + tilaty + titat
S 20304 1634 16204 16203
t lo l3 12} t1tatsty

Also, using the result in (i)

LR SRS S SIS S
tite | tits | tity | tots | toty  tats

== —t3t4 - t2t4 - t2t3 - t1t4 - tltg - tltg
=0

But

1

L 1,11 ] PR S Y (N S S S S
t oty g ty) 28278278 tity | ity tity | tots  toty

1 1 1 1 b\ 2
=4+ s+==(-] —=2x0
t o t3 3 13 (C)

b2

c2

l3ty

)



(iii)  Consider

(PuR)? = (cty, — a)® — <t£ - b)2

k
22
—02t2—2actk—|—a +C———C—|—b2
k tk

Using the result in (ii)

4
Z(P’fR _sztk—QaCZtk+4a —|—CQZ——chZ + 4b°

k=1
2 b? b 2
=c Ztk—2ac><—+4a +c? ><——2bc><——|—4b
4
:szti+2a2+3b2
k=1
But

c
Hence
4
> (PR)* = 3a’ + 31
k=1
_ (PlR)2 + (PQR)2 + (PgR)2 + (P4R)

3 =a’+ b

(c) (i) Using the cosine rule on AABC and ABCD

AC? = AB? + BC? — 2(AB)(BC) cos ZABC
D? = CD? + BC* — 2(CD)(BC) cos ZBCD
But AB =CD (opposite sides of parallelogram)
/ZBCD + ZABC =7 (adjacent angles of parallelogram)
= BD? = AB* + BC? — 2(AB)(BC) cos (m — ZABC)
= AB? + BC? + 2(AB)(BC) cos ZABC
o AC? + BD* = 2(AB* + AD?)

10



(i)  Labelling the points on the Argand diagram

Im
A

By addition and subtraction of vectors it can be seen that

—\

|AB| = |z + 1]
—\

|AD| = |z — 1|
—\

|AC| = 2|z|
—\

|BD| =2

Substitute the lengths into the result in (i)
4zP+4=2(z+ 1+ |z — 1%

But the locus is given by

1

AR
Z

= [2* — 1] = 2|z| noting that z # 0

=2

Substitute this into the result

|22 =12 =2z 4+ 1> =2[z -1 +4=0
lz+1P(z =17 =2) = 2(]z = 1]* —=2) =0
(lz+1)=2)(|]z—1*=2)=0

The locus of z is the set of points lying on |z 4+ 12 =2 or |z — 1> = 2.
This represents two circles of equal radii v/2 with centres (—1,0) and (1,0).

11



Question 13

(a) (i) Since F} = mya, and Fy = mo2s then
. Gmimes
mi1xry = 5
T
. Gmy
= xl — 5
”
. Gmime
Moy — — 5
-
. Gmy
= x2 — 5
”

(ii) Since r = 29 — 21 and M = m; + my then

’F:I'Q—(If'l

Gm2 Gm1
-T2 T T2
 G(my+mg)
=
GM
d [r?
Usine i — % (T
(iii) sing 7 = ( 5 >
72 GM ) ) . GM
— = — 4+c¢ when r=ry, r=i1,—21=0=>c=—
2 T 7o

11
72 =2GM (---)
r To

1 1
7= —\/QGM (— — —) since r is decreasing over time so 7 < 0

12



(iv)  Use the substitution § = sin™! , /| — = r = rgsin? 0 = dr = 2rgsind cos  df
To

i _ ¢2GM (- 1)
dt
\/ QGM rog— T
[ To
Vaoem rg— T dr

. 2
To 7o sin” 0 .
— ——— X2 0 cos 0 db
\ 2GM/\/ ro(1—sin?g)  OPHYCo8

But the range implied by the substitution for 0 < r < ryis 0 < 6 < 7 so
sin @ and cos 6 are all positive. Hence

/ sin ¢ )
QGM p—r X 2rqg sin 6 cos 6 df

_ Toy/To
- V2GM
NG
V2GM

- % (-smze e) +C

(—2sin®0) df

(cos20 — 1) db

When ¢t — 0% and r — 7y then § — 77 so C' = royTo

Ton/To To
= — 20 — 0
~ VRGN (2 s ) 2GM

(s
Noan

X

<
vl

55%

X
b |

— —1—5811129 9)

(v)  Since sinz < x for > 0 then sin 26 < 20 for 0 < § < 7 as defined in part
(iv). This implies that

<%( 2><20 e)

. WTU\/%
 W2GM

-7ew ()
GM \ 2
The upper bound of ¢ suggests that this system of P, and P, moving towards

3
each other cannot be sustained beyond time ¢ = \/% (%) ’ (in fact, they
collide at that time).
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(b)  From the geometric series

%:1+(1+x)+(1+$)2+'-'+(1+$)n_1

= (14 z)" —1—x[1+ 1+x)+ (1+x)2—|—...+(1+x)"_1]

= z(1+ z)k~

When z > 0 then

(1+z)t>1
=r(l+a2) >

When —1 < 2z <0 then

(1+z)' <1
=2(l+2)f >0

Hence
I+a)'=1>2> =
k=1
(14 2)">1+nx
(c) (i) Let z = CLZH — 1 and replace n with n + 1 on the result in part (b)
a n+1 a
(n+1) Z1_1_(71_1_1)(%1_1)
Qp Qp,
S (1) x T B e " —(n+1)
n+1 1+ To+ ...+,

n(xy + o + ... + &) + NTp4y B

l’1+£L’2—|——|—$n
NTnp4+1

Q31+£C2+—|—l'n
In—i—l

Qn

14



1
(i)  Forn =1, LHS = z; and RHS = (%) =1y .. Statement true for n =1
n==~k

Assume the statement is true for

T —|—[E2—|——|—5L‘k)k

T1To...Tr < ( 3

Required to prove the statement is true for n = k + 1

Ty +xo+ ...+ $k+1>k+1

T1T9...T <
122 k+1_( L1

LHS = z129...257 11

< (x1+m2+...+mk

k
> ZTri1 by assumption

k
<m1+x2—|—...—|—xk)k ay
= Th+1 X —
k Qg
_ Tkl o aytt
Qg
a k1
< ( kH) x af* from part (i)
Qg
k1
= aph
. $1+$2+...+$k+1 k1
B kE+1
= RHS

Hence the statement is true by induction for positive integers n.
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Question 14

(a)

(1)

(i)

From the relationship between the axes and the eccentricity, noting that
e > 1 for the hyperbola

3a* = a*(e* — 1)
e =4

c.e=2

Since e = 2 then the coordinates of S are (2a,0) and the equation of the
directrix is x = 3.

The coordinates of X are (—a,0), this means that the midpoint of XS
lies on the directrix. Hence, X and S are in fact reflections of each other
about the positive directrix.

Since P’ and P are also reflections of each other about the positive di-
rectrix then X P’ = SP.

Also, CP = CP’ and XC = SC due to equal radii.

- ASCP=AXCP (SSS)

Let M be a point on the directrix where it is the midpoint of PP’. Since P’
is a reflection of P about the positive directrix then PM is perpendicular
to the directrix. Using the locus definition of the hyperbola and the result
in part (i)

PS
2 —9
PM
PS=2PM but PP'=2PM
= PS = PP

PC' is common
P'C = PC (equal radii)
S.APCP = ASCP (SSS)

This means that AXCP', AP'CP and APCS are all congruent, which
implies /ZXCP' = /P'CP = ZPCS. But

£SCX = LPCX'+ LPCP' + ZSCP
S /SCX =3 x LPCP'

16



(i)

(iii)

1 1
Let y = — = o = — and substitute into the polynomial equation
T Y

()Y () o

dy* + e + by +ay —1=0

Q|+

1

Hence equation with the roots —, —, —

By
b

det +ea® + b +axr—1=0

1
If n is a root of P(z) then — is a root of the equation in (i) so
n

1\* 1\° 1\° 1
d<—> —|—c(—> —|—b(—) —l—a(—)—lz()
n n n n
But since the coefficients are all positive integers and n is also a positive
integer then
1\* 1\° 1\’
d<—) +c(_) +b<—) -0
n n n
1\* 1\° 1\’ 1 1
d(—) +c<—) +b(—) —I—a(—) —1>a(—> -1
n n n n n
a

n>a

Since n is a positive integer root and P(z) has integer coefficients then n
must be a divisor of the constant term —d. Since d is a positive integer
then

v

1

S 3 31

IAINA

d buta>d
= a

This contradicts the inequality in part (ii) and n cannot satisfy both in-
equalities at the same time. Hence, the initial assumption that P(x) has a
positive integer root cannot be be true.

17



Alternative solution:

Since a > b > ¢ > d then

i(3) () () o () <o)+ () o () +(2)

a 1 1 1
n non n
a 1—#

- ()
a 1

<E(1—%)

=>=n—1<a
=>n<a+1

This inequality and the previous inequality imply that n is an integer lying
between two consecutive integers. This is a contradiction, so this means the
initial assumption that P(x) has a positive integer root cannot be be true.

(c) (i) Writing the sums in full

2n—1

Z ko1 L 2 L 3 . 4 2n — 2 2n —1
kzll—wk_l—w 2—w? 1—-w 1—wt Tl1—w?2 1wl
"i % _ 2 4 6 8 . 2-d 2 — 2
kzll—w%_l—w? I—wt 1—-wf 1—ws 7 1—wt 122
2n—1 n—1
k 2k
HenCGRHS:;l—wk_gl—w%
1 n 3 > n 2n—1
l—w 1—-w? 1-uw 1 —wnt
= LHS

18



(ii)
2k

Consider the general term of the second sum, which can be written as

2k

2k

1

1—w

— wk) (1 + wk)
E(1 — Wk

+ 1+ wh)

k

(
(1— wh) (1 + wh)

k

1 + wk
Hence

2n—1

-3

2n—1

>

k=1

n—1

-2

k
1 —wk

2k
1 — w2k

k

2n—1

:Zl
k=n

k

(iii)

2n—1

k n

1 —wk

_wk_z

n+1

1 —wk

n—1

n—1

k
1+ wk

-2

k=1

1 —wk

k
1+ wk

k=1

Writing the first sum out in full and noting that w" = —1

n—+2 2n—1

D

k=n

1—wk 1—wn

n

1__(Un+1

n+1

T

2n —1

1__(Un+2

n+ 2

1—i—wo+
n+k
1+ wk

n—1

k=0
n—1

2

k=0

n—1

2

k=0
n—1

2

k=0
n—1

2

k=0

n+k
1+ wk

n+k
1+ wk

1+ wk

n
1+ wk

Hence, using the result from (i)

1 1

n|l—w

3 T 2n —1
1—wd 71— w2l

19
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n+k—=k

1 1 1
=1+ + ot

Trw? T Tt

n—1

2.

k=1

n—1

2

k=0

U
1+ wk

0
1+ wo

k
1+ wk

14w 1+4+w? 1+ wnt



Question 15

(a)  Consider the fact that
b+ ¢ = (b+c)(b* — be + c?)
= (b+c)((b+c)* — 3bc)
But since a, b and c are the sides of a triangle then b + ¢ > a so

b’ + ¢ > a(a® — 3bc)
= a® + b + & + 3abe > 2a®

_V&+E+§+wm
' 2

>a

(b) (i) Forn > 2

3

jus

1 4 9
tan” x dx + / tan""“ xz dx
0

n

tan™ "2 z sec? z dx

J
i 2 2
:/ tan" " z(tan”x + 1) dx
0
J

(i)  Using the result in (i), note that

1 1
Q+Q—UNHQ+UﬁJw:g—§+1
13
Is+ Iy = —
6 1+ 1o 5
13 i
]6:——/ de‘
15
_13 ™
15 4

20



(c) Let 6 be the acute angle as shown below in the sector

—r| —w w o |r

~_ |

T

The area of the sector in the first quadrant subtending the angle 6 at the centre is
%7’26. The area of the right-angled triangle below it is %wh. By symmmetry across
the four quadrants, the shaded area is given by

1 1
=4 rf0 4 =
A X <2r 0+2wh>
= 2120 + 2wh

But tan 6 = ¥, or equivalently 6 = tan~! (%) and w? 4+ h? = 7?2 hence

_ 2 2 -1 (W
A =2(w” 4+ h7) tan (h)+2hw

21



(d) (i) Viewing the slice from the front, it can be seen that s is the distance from
the centre of the slice to the centre of the sphere.

Y
g

Chy

The distances h and w are defined similar to part (c¢). By Pythagoras’
theorem, the length of the hypotenuse shown in the diagram to the centre

of sphere is v/s2 + w?. Since the radius of the sphere is 1 then
(Vs2 +w?)? +h* =1

SR+ +uwt=1

(i)  The circular cross-section of the cylinder intersects circular cross-section of
the sphere when viewed from above.

Y
S

Since the radius of the cylinder is % and w is half the width of the slice

then by Pythagoras’ theorem in the cylindrical cross section
1\? ]
s — = we = —
2 4

22



(iii) Making w the subject from part (ii), noting that w > 0

1 1\*
w? =~ —(s—=
4 2
1 1
:Z_Sz_FS—ZL
=s(1—3s)
w=1/s(1—25)

Making h the subject from part (i), noting that h > 0

Rr=1—s* —w?
=1—-5*—s(1—s)
=1-s

Y

From part (c), the area of the slice is given by

_ 2 2 -1 (W
A =2(w” + h7) tan <h>+2hw

:20—s%mn4< }%:@)+Qx\ﬂ—sx s(1 — s)

=2(1 — s?)tan"' /5 + 2¢/5(1 — s)

(iv) Let § =tan™'y/s = s = tan*6 = ds = 2 tanfsec? 6 db.
VVhens:OthenﬁzOaundwhens:1then9:1—r

1
V:/ Ads
0

z 1

:4/ 9(1—tan49)tan6’se029d0+2/ Vs(1—s)ds
0 0

=4I +2J

where

z 1
I= / O(tanf — tan® f) sec*0df and J = / Vs(1 —s)ds
0 0

Evaluating J first

J

[ ws-sva
[233 2]
3

4

15
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Using integration by parts on [

2 6 y T 2 6
I [9 (tan 0  tan 9)] _/ (tan 0  tan (9) a0
2 6 ), S 2 6

1 [% 1 (%
:l——/ (86029—1)d9+—/ tan® 6 do
0 6 Jo

INE]

12 2
T 1 = 1/13 = .
T [tan6 — 0]; + G (1—5 - Z) from (b)(ii)

T~ 1 = 13 =

Hence
T 32 4
v X(G 90>+ “ 15
2(3m —4)

= ————~  cubic units
9
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Question 16

(a)

(i) A circular cross section can be drawn along the surface of the smaller sphere
such that S; and P, are tangents to this circle which intersect at F,. Since
tangents to an external point are equal in length then PyP, = F,S;.

(i)  Using a similar argument to part (i), PyP> = PyS,. This means that
POP1+POP2:P051+P052

However, PyP, + PyP, = P, P, which is a fixed length independent of the
position of Py because it is the distance between the fixed circles %7 and %,
along the cone.

This means that FPyS; + FPySy is a constant. Since S; and Sy are fixed
points, then the locus of F, is precisely the flat ellipse with foci S; and S,.

(i) The angles of AABC can be found as follows.

LZACB = a+ [ (exterior angle of triangle)
LZABC = a — f (cone is right so angle to the horizontal is «)
/ZBAC =7 —2a (angle sum of triangle)

Using the sine rule and noting that BC is the major axis of the ellipse so
it has length 2a

AB BC

sin /ACB _ sin/BAC

AB — 2asin(a + B)

sin(m — 2a)
_ 2asin(a+ B)
B sin 2cv

(i)  Using the sine rule again

AC BC

sin ZABC - sin ZBAC

AC — 2asin(a — ()

sin(m — 2a)
_ 2a sin(a — ()

sin 2

25



(iii)

(iv)

Note that the radii are perpendicular to the tangent at the points of contact.
The area of AABC' can be found using the radii so

Area:%xrxABjL%xprC’—l—%xrxAO
However, the area of AABC' can also be expressed as
Area = % x AB x AC x sin(m — 2a)
Equating the two expressions for the area gives

1 1
5><r><(AB+BC’+AC’):§><AC><AC’><sin2a

B AC x ABsin2«a
 AB+ BC + AC

ST

Let O be the centre of the circle inscribed in AABC and D be the point of
contact of the circle to AC.

A

0S, = 0D (equal radii)
OC' is common
S1C = DC  (tangents from an external point are equal)
2. A0S C = A0DC (SS9)
= Z0CD = Z0CS; (corresponding angles of congruent triangles)

;»40051:0‘"55

tam a—+f o
a 2 )OS,

CS| =rcot (a ;— 5)
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But from part (a), it was shown that the smaller sphere touching the sides
of the cone touches a focus of the ellipse. This means that circle touching
the sides of AABC touches BC' at a focus of the ellipse, which is S;. Hence

CS; = BC — BS;
= 2a — (a + ae)

= a— ae

Equating the two expressions for C'S;

a—ae:rcot<
ezl—fcot (a—i—ﬂ)
a 2

Starting with the results from (i) and (ii)

a+ﬂ>
2

4a? sin(a + B) sin(a — B)
sin 2«
4a?(sin® o cos? B — sin? 3 cos? a)

AC x ABsin2a =

2sin «v cos 3
2a2(sin? a(1 — sin® 8) — sin? B(1 — sin? a))

sin v cos «
_ 2a%(sin® a — sin® 3)
B sin o cos «
2a?(sin @ + sin ) (sin o — sin 3)
B sin acos
AB 4+ BC + AC — 2asir'1(a+ﬂ) + 9+ 2asir'1(a )
sin 2cv sin 2av
2a(sin 2a + sin(a + 8) + sin(a — 5))
B sin 2cv

2a(2sin a cos o + 2 sin a cos f3)

2sin o . cos o
_ 2asina(cosa + cos 3)

Sin o cos o

27



Substitute this into the result in (iii)

_ AC x ABsin2a
"TABY BCt AC
_a(sina + sin B)(sin a — sin 3)

sin a(cos a + cos f3)
sin v 4 sin 3 " sina — sin 3

SHE

cosa + cos sin «

2sin ath Ccos o—F
2 2 sina — sin 3
X
a+p a—pf sin «
2 cos CoS
2 2

. (a—;—ﬁ) " sin a — sin 3

sin «

Substitute this into the expression in (iv)

ezl—zcot (OH—ﬁ)

a 2
Q sin v — sin Q
=1-—tan +5 X - ﬁxcot Lﬁ
2 sin o 2
_1 sina — sin 3
a sin o
_ sina —sina + sin 3
a sin av
__sinf
 sina

Since the game ends with either student A or student B winning then
P(A wins) + P(B wins) = 1

Since the game is perfectly symmetric then P(A wins) = P(B wins) so
P(A wins) = 1.

2

If the first toss is a heads then student A is ahead of student B by one head.
Consider the two cases going forward.

Case 1 - Second toss is a heads
One way for student A to win is for the third toss to also be heads (which

gives HH as the next two outcomes). The probability that the second and
third toss is heads is % X %, or equivalently i.
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(i)

If the third toss was tails instead, this 'cancels out’ the second toss of heads
and student A is back to being ahead of student B by one head. The prob-
ability of student A eventually winning after that is p by definition. Hence,
the probability of student A to win after tossing HT as the next two out-
comes is % X % X p, or equivalently ;11 X P.

Putting the two possibilities together, the probability that student A even-
tually wins if the first two tosses was heads is %‘ + i X .

Case 2 - Second toss is a tails

This ’cancels out’ the first toss of heads and student A is back to being
tied with student B as if the game was to reset. The probability of student
A eventually winning is 1 as explained in part (i).

Hence, the probability that student A eventually wins after tossing T as
the next outcome is % X %, or equivalently i.

Putting all two cases together, the probability that student A wins the
game after the first toss was a heads is given by

IR
p=g5+gxp

Let ¢ be the probability that student B wins if the first toss was a tails. By
symmetry of the game, ¢ must also satisfy the condition in (ii)

IR
¢=5+5x4

This gives ¢ = %

The event that student A wins instead of student B, if the first toss was a
tails is the complementary event. This has the probability of %
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