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Section 1

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1—10.

1 1 1
Which of the following is a unit vector that is perpendicular to Z@' + 3 J+ Sk?

L
2. 1. 2 2. 1. 2

A 2 L2 g 2, L. 2,

(A) i+gi—5h (B) 3¢~ g~ 3k
2. 1. 2 2. 1. 2
2. 1. 2 oy 2, _ 1.2,

(C) 3i+35— 35k (D) 3i—55 -3k

Which of the following best represents the shaded region on the complex plane below?

Im(z2)
A y:
- NOT TO SCALE
Oai/’//// - Re(2)
(A) % <arg(z) < g (B) % < arg(z) < %ﬂ
S SRR

Let X be binomial distributed random variable representing the number of successes after
n trials. Consider the statement

Vk € [0,n],36 € (0,1) : P(X < k) > 6.

Which of the following is a negation of this statement?

(A) Vo€ (0,1),3k €[0,n]: P(X <k)<$é
(B) Vke[0,n],30 € (0,1): P(X <k) <0
(C) Vo€ (0,1),3ke[0,n]: P(X <k)>0
(D) VE€[0,n],30 € (0,1): P(X <k) >
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4 Three forces of magnitudes Fi, Fy and F3 act on a resting particle P on the same plane
as shown in the diagram below.

St F2

Fy

wly

F
NOT TO SCALE
The particle continues to remain at rest. What is the ratio F : Fy : F3?
(A) 3:1:1 (B) 1:3:3
(C) v3:3:3 (D) 3:v3:3

5  Let w be a non-real root of the equation z° = 1.

1 1 1 1 1
Whatisthevalueof1+—+—2—|——3—|——4—|——5?
W w w w w

(A) -1 (B) 0
(C) 1 (D) 2
6 An object of mass m is attached to a vertical spring hanging from a ceiling. The object

has a displacement of y from the origin, with downwards defined as the positive direction.
When the spring is fully stretched and then released, the object is subject to a force
of magnitude mky from the spring itself (where k is a positive constant) as well as grav-
itational force mg (where g is the acceleration due to gravity).

The net force on the object is such that it moves in simple harmonic motion.

What is the centre of this simple harmonic motion?

g g
(A) z (B) %
(C) gk (D) —gk
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10

On the complex plane, the position vector 07 is represented by the complex number z.

Which of the following best describes a transformation on OZ to obtain the position
vector represented by i3%?

(A) Reflect OZ about the x-axis, then rotate anticlockwise by an angle of g about the origin.
(B) Reflect OZ about the y-axis, then rotate anticlockwise by an angle of g about the origin.

. 3
(C) Rotate OZ anticlockwise by an angle of g about the origin.

(D) Reflect OZ about the 2-axis, then reflect about the y-axis.

Object A is projected upwards from the ground with an initial speed of u. At the same
time, object B is released from rest from height h above the ground. Both objects are
subjected to gravity and air resistance proportional to the object’s own velocity.

It can be shown that the general equation for the velocity of the object over time is
v = ae* + b for some constants a, b and k, where the direction of motion is defined as the

positive direction.

Which of the following statements is correct?

(A) a<0,b>0,k>0 for object A and a > 0,b <0,k > 0 for object B
(B) a<0,b>0,k <0 for object A and a > 0,b < 0,k < 0 for object B
(C) a>0,b<0,k>0 for object A and a < 0,b > 0,k > 0 for object B
(D) a>0,b<0,k <0 for object A and a < 0,b > 0,k < 0 for object B

Suppose that z is any complex number which lies on the unit circle in the complex plane.
Which of the following inequalities is always true?

(A) 0<[28-3]<2 (B) 1<[28-31<3

(C) 2<[°-3| <4 (D) 3<[2®=3| <5

Which of the following integrals has the largest value?

T 2
(A) / cos’ xdx (B) / e~ dr
0 _

2

(C) /_ 1 tan~' z dz (D) /:de
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Section 11

90 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

Your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) Use the Question 11 Writing Booklet

(a)  Use the substitution sin# = sinz — cosz to evaluate 4

/2 cos T d
.
o (14 +/sin2z)?
(b) Let z be a complex number such that |z + i|z|| = |z — 2i|z||. Sketch the locus of z. 2

(¢c) A trolley of mass m is initially at rest partway up a frictionless slope at an angle 2
of 0 to the horizontal. A student attempts to pull the trolley up the slope with a
force of ma for some constant a. Let v and x be the trolley’s speed and distance
respectively at time ¢ along the slope relative to its initial position.

Show that v? = 2z|a — gsin |, where g is the acceleration due to gravity.

(d) Let f(z) be a continuous function for all real x.

a

(i) Show that flx)dx = 2/ f(z)dzx, for every a > 0, if and only if f(x) 4
—a 0

is an even function.

(i)  Suppose that / flz)dx = 2/ f(z) dx for some fixed a > 0. 1
—a 0

Show that f(x) is not necessarily an even function.

(e) It can be shown that, for any three positive numbers a, b and ¢, that 2
a+b+c>3vabe. (Do NOT prove this)

Use this result to show that
VI+y+vVz >y +yz+az

where z,y and z are positive numbers such that x +y + 2z = 3.

End of Question 11
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Question 12 (15 marks) Use the Question 12 Writing Booklet

(a) Let a and b be non-zero integers.

(i) Prove that if @ is even then a is even.

(ii)  Suppose that (a — b)* 4+ a® = (a + b)*. Prove that both a and b are even.

et _ o0
(b)  Using the result sinf = —
1

cosec o« = cosec 2« + cosec 3«

, find the solutions to

for the domain —7m < o < 7.

(¢) Letn= ai+bj+ck be a vector that is perpendicular to a plane P for some constants
a,b and c. Suppose that R(z,y, z) is any point on P with position vector r.

(i) If d is the shortest distance of the plane P from the origin, use the rela-
tionship between the vectors n and 7 to show that there exists a particular
position vector r, which has components that satisfy

g lax + by + cz|

(i)  Consider the equations of two distinct planes for some constants a,b and ¢
ar + by +cz =my
ar + by + cz = my

where m; and mqy are distinct non-zero constants.

Explain why the two planes are parallel to each other.

(iii)  Hence, express the shortest distance between the two parallel planes in part
(ii) in terms of a, b, ¢, m; and my, with consideration of different cases.

1
(d) Let Iy = / 2¥(1 — )" % dx for integers n and k, where 0 < k < n.
0

k
i how that [, = ——— ;.
(1) Show at Ig n—k}—l—lkl
1
n+1

1
(i)  Hence show that / <Z) 2*(1— )" dr =
0

End of Question 12
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Question 13 (15 marks) Use the Question 13 Writing Booklet

(a) (i) Express as a sum of partial fractions over R.

1+ 424

(i)  Hence, show that for some constant ¢

8 222 + 2 1
/ dr =In (%) +2tan (2 +1) +2tan ' (22 — 1) +c.

(b)  An object of mass m moves horizontally in the positive direction with an initial
speed of u. At time t, the object has a velocity of v and is subjected to two
resistance forces of magnitudes mk and 4mkv*, where k is a positive constant. The
object decelerates until it comes to rest.

(i) Using the result in part (a)(ii), find the time taken for the object to come
to rest in terms of £ and w.

(i)  Hence, find the maximum possible time that the object can take to come
to rest as the initial speed is increased. Justify that this is a maximum.

(¢c)  Suppose that x + iy is a non-real root of the polynomial
P(2) = az* +ibz® + c2* +idz + e
where a, b, c,d, e,x and y are real numbers.

By considering P(iz), or otherwise, show that —z + iy is also a root.

2t in 2t
(@) Letr— (CO; ) i+ (SH; > j+ (sint) k, for some parameter t.

As t varies, r traces a curve in three-dimensional space.

(i) All points on the curve lie on the surface of a particular sphere with a radius
of 1. Find the centre of this sphere.

(i)  All points on the curve also lie on the surface of a cylinder centered about
the z-axis. Find the radius of this cylinder.

End of Question 13
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Question 14 (15 marks) Use the Question 14 Writing Booklet

(a) Two particles A and B move according to the following acceleration equations for
some constants b and n, where n > 0.
. 2
Ta=-n"(xqg—0)

Ci’B = —7’L2£L‘B

Initially, particle A has a displacement of b and velocity of n, whilst particle B has
a displacement of 1 at rest.

(i)  Show by integration that 2% = n?(1 — (x4 — b)?).
(i)  Hence, or otherwise, find x4 and zp in terms of b, n and t.

(iii)  Find the range of values of b such that particles A and B never collide.

(b) The complex numbers z,2% and Az, where A > 1, make an equilateral triangle on
the complex plane. If |z| = v/2, show that
145

A= .
2

(¢c) Suppose that f(z) is a continuous function for all real x with a unique inverse
function f~!(z).

(i) Consider the following statement.

All solutions to the equation f(x) = f~!(z) must satisfy f(z) = .

Provide one counterexample to show that the statement is not always true.

(i)  Now suppose that f(z) is an increasing function. Prove that the statement
in part (i) is true.

(iii)  Hence, find all real solutions of the equation

2 2m —1=a+1.

End of Question 14
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Question 15 (15 marks) Use the Question 15 Writing Booklet

(a)  The vector equation of line ¢, is r =

2
+ A | 1] for some parameter .
1

DN W

Suppose that the line ¢y passes through the point (1,1,1) and is perpendicular
to the line /4.

2

Show that ¢, is parallel to the position vector | 1

(b) (i)

(i)

-5

Show that sinx < z, for x > 0.

Hence, show that cos(sinx) > sin(cosx) for all real x.

(¢) Two identical objects A and B, each of mass m, were simultaneously launched from
the ground with an initial speed of u and an angle of 6 to the horizontal. Let g be
the acceleration due to gravity.

Suppose that at time ¢, object A was subjected to air resistance of magnitudes
mkx' 4 and mky 4 in its horizontal and vertical components respectively, where k is
a positive constant, 4 and 34 are the horizontal and vertical components of object
A’s speed respectively.

Object B was not subjected to any air resistance.

(i)

By integrating the relevant acceleration equations, show that the displace-
ments equations for object A relative to the launch position are

0
Ty = UCZS (1 —e* and Ya =

(g9 + kusin9)
12

t
1— 7k‘t_g_'
(I—e™) -7

Hence, show that object B reaches its maximum height before object A hits

the ground, but only after object A has reached its maximum height first.

End of Question 15
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Question 16 (15 marks) Use the Question 16 Writing Booklet

(a)

(b)

Prove that v/3 is irrational.

Let P(x) = 2* — 82° + 622 — 82 + 1 and n be any non-negative integer.

(1)

Use the substitution y = z + 27!, to express P(x) = 0 as a quadratic
equation in terms of y.

Hence, express P(z) as a product of real quadratic polynomials, in terms of .

Find the exact value of the non-real root a with positive imaginary part,
and show it has a modulus of 1.

Let T, = w?" be the general term of a sequence, for some root of unity w.
For example, Ty = w, Ty = w®, Ty = w5,

Explain why there are only a finite number of possible values for T;,.

It can be shown that Re(a?") can be written in the form a,, — b,v/3 where
a, and b,, are positive integers. (Do NOT prove this)

Find expressions for a,,; and b, in terms of a, and b,.
Using mathematical induction, prove that a,, .1 > a, and b, >b,, for n > 0.

By using the previous part and part (a), show that the sequence S, = a?"
never repeats.

Hence, explain why the following statement is FALSE.

If v is a non-real root of any monic polynomial P(x) with integer coef-
ficients, and all non-real roots of P(z) have modulus 1, then « is always a
root of unity.

End of paper
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Section 1

Answers

1 C 6 A
2 A 7 B
3 A 8 B
4 D 9 C
5 C 10 B

Brief explanations

1

1
First notice that options (A) and (B) each have length of 5 22 4+ 12 + 22, which is not a

unit length so the answer cannot be (A) or (B).
1
Options (C) and (D) each have length of 3 22 4 12 + 22 which is a unit length.

Consider the dot product with (D).

1 1 1 2 1 2 1 1
Lo Ly (2 L 2N L ooy Yoo
<4Z+2‘~7+2k) (33 37 3]5) p U+ 2 2k) -5 (2= - 2K)
1
-~ (2-2-4
15 )
#0
Consider the dot product with (C).
1. 1. 1 2. 1. 2 1. . 1, .
(ZZ+§Q+§/§)'<§@+§J—§@)—Z(@+22+2/§)-§<22+2—2/~{3)
1
=—(242—-4
52+ )
=0

Hence, the answer is (C).

The answer cannot be (C) or (D) because Re(z) and Im(z) can satisfy the inequality with
negative values. The answer cannot be (B) because the upper bound extends into the
second quadrant. The answer is (A) because the bounds remain in the first quadrant.

2



The statement reads

"For every k € [0,n] there exists a § € (0,1) such that P(X < k) > ¢".

To negate this statement, there needs to be at least one k where there can never be any
d € (0,1) such that P(X < k) > 0. In other words, for every d € (0,1) there is at least
one k where P(X < k) <§. Hence, the answer is (A).

Resolve the force vectors of magnitude F» and Fj in the directions parallel and perpen-
dicular Fj.

A

Since the particle remains at rest after the application of the forces then the net forces of
the components must be zero, so

ngin%—nginz —0

6
F2 :F3
FQCOSE—FFgCOSZ—Fl =0
6 6
2F2COS% =F
1
F2 — EFI
1
;= —F
3 73 1
. ) 1 1 )
The ratio Fy : F5 : F3is 1 : — : —, or equivalently 3 : V3 /3.
NERRVE
Hence, the answer is (D).
From the geometric series
1 11 1 (H)-1 .
1+_+E+_3+J+E %_1 but w® =1
_i-
= % —
=1

Hence, the answer is (C).



Since the net force on the object leads to simple harmonic motion, the force from the
spring must be directed opposite to that of the gravitational force. Since downwards is
defined as the positive direction, the net force is expressed as

my = mg — mky

i+

Since k > 0, the above acceleration equation is consistent with simple harmonic motion
with centre % Hence, the answer is (A).

Let z = x + 1y then
i*Z = —i(x — iy)
= -y —1x
Considering each of the options:

e (A) is achieved by i(z — iy), or equivalently y + iz

e (B) is achieved by i(—z + iy), or equivalently —y — ix
e (Q) is achieved by i*(x + iy), or equivalently y — iz

e (D) is achieved with —z — iy

Hence, the answer is (B).

The forces acting on A and B have magnitudes mg and mcv for some positive constant c,
noting that m, ¢ and v may be different between A and B. With the direction of motion
defined as the positive direction, the net force on A is

MmATA = —MAg — MACAVA
dvy g
—— = —cy va+ =+

dt A ( A CA)

MATp = Mpy — MBCRUR

dvg (. 9
dt_ B B Cp

These two differential equations are exponential decay equations on the velocity, with
general solution v = a + be* where k < 0.

For object B, this is

For object A, this implies a = _9 < 0 and for object B, it implies a = 9 > 0.
CaA CB

For object A, when ¢ = 0 then v = u, which implies v = a +b > 0. Since a < 0,
then b > 0 to ensure u > 0.

For object B, when t = 0 then v = 0, which implies a + b = 0. Since a > 0, then
b < 0 to ensure a + b = 0.

Hence, the answer is (B).



9 Since z lies on the unit circle then |z| = 1. From the triangle inequality
2% = 3] < |2+ | = 3]
= |2 +3
=4
Also  [2® = 3| +| =28 > |2® — 3 - 2f
2% = 3]+ |2 > | - 3]
|2® — 3] >2

Hence, the answer is (C).

10  For options (A) and (C), note that graph of y = cos” x has point symmetry about x = g

and y = tan~! 2 has point symmetry about the origin.

A

1\
: V3

-1 _

INE]

B
3
v
8
@
N I
v
8

B

1

This means that / cos’ xdr = 0 and / tan 'z dr < 0, so (A) is larger than (C).
0 —V3
Option (B) has a known approximate value since it is derived from the area under a

normal curve, that is
2
1
/ e 2% dz ~ 0.95
) 2

2
/ e 2% dr ~ 2.38
-2

Option (D) cannot be easily determined exactly but we only need to know whether it is
above or below option (B) (which is greater than options (A) and (C)). The integral can
be approximated using an upper rectangle and a lower triangle.

<

1 e
The graph of y = VInx is concave down, so 5(6 -1)< / Vinzxdr <e—1.
1

Since the exact area is less than e — 1 & 1.718, it must be less than 2.38 (the approximate
value of option (B)). Hence, the answer is (B).



Question 11

(a)

Let sinf = sinz — cosx = cos df = (cosx + sinx) dz.
When 2 = 0 then § = —g and when z = g then 6 = g

Note that

sin? @ = sin? x + cos® & — 2sin  cos x

sin 2z = cos® 6

Vsin2x = cosf  noting that cosf > 0 for 6 € [—g, g]

/2 COs T d /72r cosx—i—sinx—sinxd
T = T
o (14 +/sin2x)? 0 (1 + v/sin 2x)?

_/2 cosf d@—/ sin x I
)z (1 +cos0)? o (14 +/sin2z)?

[VE]

2
For the first term, let t = tang = df = —— dt.
1+ t2
T s
When 6 = —5 then ¢ = —1 and when 6 = 5 then ¢t = 1.
For the second term, let u = g —xr = du = —dx.

WhenxzothenQZgandwhenx:gthené’:().

Applying these substitutions and noting that u is a dummy variable

1 0 : s
2 cos T . 1442 2 sin (5 — u)
/ ] \/TQd:r—/ 1—t22X1+t2dt+/ﬂ ' du
o (1++/sin2z) -1 (1+ {7%) 5 (14 4/sin2 (2 —u))?

:/1 1—t2dt_/2 COS U g
1 2 o (14 /sin(m — 2u))?
3 COS

/_1(1_t)dt_ o (1++sin2z)

dx
2

2/2 CcoS T dr —
0o (14 +/sin2z)?

Wl WIN NI~ N

./2 CcoS T dr —
“Jo (1+ Vsin2z)?



(b) Let z =z + iy and substitute into the locus equation.

|z +i|z|| = |z — 2i|z||

|2+ iy + i1 + 2| = |& + iy — 222 + 12
x2+<y+m)2:x2+(y—2 x2+y2>2
Y A A TIVECR R el e

2ysz2+y2 note that y > 0
Vo (VaZ - 2y) =0

One solution is \/x2 + y? = 0, which is only satisfied by the origin. The other solution is

Vat4+y?—2y=0

22 4yt = Ay
(z —yV3)(z+yv3) =0
y::I:i but y > 0

The sketch of this locus is below.

Alternative method:

Let z = re? for —m < @ < 7 and substitute into the locus equation

|2 +ilz|| = |z — 2]
re® +ir| = |re?® — 2ir|
rle® 4 i| = r|e® — 2|

r(le” +i| — | —2i]) =0



One solution is » = 0, which is only satisfied by the origin. The other solution is

e 4| — e —2i| =0
e 4 i[2 = | — 242
cos? 0 + (sinf + 1)® = cos® § + (sin — 2)?
(sin® +1)* — (sinf — 2)* =0
3(2sinf —1) =0

1
sinf = —
2
m™ bm
0=—,—
6" 6
. . s o
This means that the locus of z is z = 0, Arg(z) = i Arg(z) = 5
This is equivalent to the Cartesian equation y = m and so leads to the same sketch as

V3

the other solution.

The two main forces acting on the trolley are the gravitational force and the pulling force
from the student up the slope. There is also a normal force, which will be defined to have
magnitude N perpendicular to the slope (see remark).

N
mOJ

6 mg

The net force can be directed up the slope or down the slope. This depends on whether the
pulling force from the student is enough to overcome the gravity on the slope. Since this
is unknown, then absolute values must be considered to ensure the addition/subtraction
of the component forces is consistent with the direction of the net force.

Resolving the gravitational force parallel to the slope gives
mi = |ma — mg cos /|
d [ v? )
— | = | =|a—gcosf| note the RHS is a constant
dz \ 2
v* =2z)a —gcosh|+¢c whenz=0v=0=c=0

v? = 2z|a — gcosd)|

Remark: Note that the normal force is not mentioned in the question, but technically
does exist and opposes the respective component of the gravitational force. There is no
penalty if the normal force is not mentioned, since it is not needed for the main part of
the question. It is only provided here for completeness.



(d) (i) Firstly showing that if f(x) is an even function then / flz)dx = 2/ f(z)dx
—a 0
Let u = —x = du = —dx.

When z = —a then v = a and when 2 = 0 then v = 0.

/_Zf(af)da::/_Oaf(m)der/oaf(x)dx
—/aof(—u)du+/0af($)dx

= /a f(—u)du+ /a f(z)dz  but f(z) is an even function
0 0

= / f(u) du + / f(z)dx  but uis a dummy variable
0 0

:2/0af(a:)dx

Secondly showing if / f(z)de = 2/ f(z)dx then f(x) is an even function.

Let F(x / f(u) du, noting that F'(z) = f(x). For every a > 0

Since this is true for every a > 0 then —F(—z) = F(x) for x > 0. Differentiating
both sides of this equality gives f(—x) = f(z) for x > 0, which implies reflection
about the y-axis. Hence, f(x) is an even function.

(i) A counterexample is f(x) = sinz with a = 27. Note that

27 2
/ sinxdx:2/ sin x dx
—27 0

but f(xz) = sinz is in fact an odd function.

The result in part (i) only holds if it is true for every a > 0. If the result
only holds for a particular choice of a, then it cannot be concluded that f(x) is
an even function.



(e)  Using the given result, let a = 22,0 = \/r and ¢ = \/z
22+ o+ o > 3y 22 o x
2+ 2z > 3z
Applying this similarly to y and z gives

y*+2y > 3y
22—1-2\/2232

Summing the results gives

2 +y* + 22+ 2(VT + Y+ V2)
2V + Y+ V=)

r4+y+2)

AVARLY,

3
3
3
2
xy

SNVT VY VEZ

+yz +xz

10

(
(x+y+2)— (22 + >+ 22)
(x+y+2)—(x+y+2)7*+2@y+yz+12)
(ry+yz+zz) sincex+y+z=3



Question 12

(a) (i) Suppose that a® is even and a is odd then a = 2M + 1 for some integer M, so
a’ = (2M +1)°
= 8M? + 3(2M)* +3(2M) + 1
= 2(4M?> + 6M* + 3M) + 1

This suggests that a® is odd and contradicts the original assertion that a3 is even.
Hence, it must be that a is even.

(i)  Expanding the equality out gives
(a—0)*+a®= (a+0)?
a® — 3a®b + 3ab* — b + a® = a® + 3a*b + 3ab® + V?
a® = 2(3a%b + b°)

This suggests that a® is even, which implies that a must be even from part (i).
Let a = 2N where N is some integer. Substitute this into the above result.

8N? = 2(12N?b + b*)
b = 4N?*(N — 3b)

This suggests that b* is even, which implies that b must be even from part (i).
Hence, a and b must both be even.

21
(b)  Since cosec 0 = ——— then applying this on cosec a = cosec 2a + cosec 3o gives
el _ e—Z
2¢ B 21 . 21
el _ p—ia  plia _ p—2ia | p3ia _ p—3ia
1 n 1 B 1
(eia _ e—ioe)(eia + e—ia) (eia _ e—ia)(€2ioc + 14+ 6—21'04) - ela _ p—ia
1 1

. — + — A 1
ela 4 eg—ia 621a+1+6—21a

622’0( + 1 +e—2ia +6io< +e—icx (eia +€—ia>(62ia + 1 +6—2ia)

63ia . 62ia + eia — 14+ 6—1'& o 6—2ioz + 6—3ioc =0
eﬁia o 657La + e47Loz o 632'01 + 627;01 o eia +1=0
_ta\T 1
L —0
—elv — 1
(eia)7 -1
e = DT for integer k
2k + 1
Equating the arguments of both sides gives a = # for integer k.
. o ™ 3m  om
Since the domain is —7 < o < 7 then a = i?, i7, iT'

Note that 47 is not a solution as it leads to a zero denominator in the original equation.

11



(iii)

There is a particular position vector 7 that is perpendicular to the plane such that
7| gives the shortest distance to the plane. Since n is also a vector perpendicular
to the plane then if r and n point in the same direction then

-1 =|r||n|cos0 but [r| =d
ar + by + cz
vVaz 4+ b2+ 2

If r and n point in opposite directions then

.
I

r-n=|r|lnfcosT  but|r|=d
P axr + by + cz
lax + by + cz|

Hence, d =

VaZ +02+c2

Consider any two points on the plane with equation ax + by + cz = m;. Let these
points (z1,y1, 21) and (22, ys, 22) be represented by the position vectors ry and ry
respectively.
axry + by + czy = my
azrs + bys + czo = my
a(xy — x9) + b(yr — y2) + (21 — 22) =0

n-(r1—1r2) =0 where p = ai+bj+ ck

This suggests that n is perpendicular to the plane.
The above similarly applies to the other plane with equation ax + by + cz = m..

Since n is perpendicular to both planes, then the two planes must be parallel
by co-interior angles.

Let d; and ds be the shortest distances to the origin for the planes with equations
axr + by + cz = my and ax + by + cz = my respectively. This means that

dy = |ma | |ma]
va? +b? +c? Va2 +b* +
One way to obtain the distance between two parallel planes can be determined
using their perpendicular distances to the origin. There are two cases to consider.

and d2 =

Case 1 - the origin is between the parallel planes
[ma| + |mo

Vaz 02+ 2

The distance between the parallel planes is d; 4 ds, or equivalently

Case 2 - the origin is not between the parallel planes
[ma| = [ma]

VETRETE

The distance between the parallel planes is |d; —ds|, or equivalently

12



Q?k+1

(d) (i) Letu=(1—2)""*=du=—(n—k)(1—2)"*tdrand dv = 2" dz = v = R

ZhH(1 — g)nk L Al
1. = k+1 1— n—k—ld
‘ [ k+1 L+ k+1/0 v (1—7) o

n—=k

= 1
k41 F

: k
Replace k with k£ — 1 then ]k = n——kj—|—1]k_1'

(i)  Using the result from part (i)

k
n—k+11k_1

k " k—1 I,
n—k+1 n—k+2

k " k—1 " k—2 I,
n—k+1 n—k+2 n—k+3

I =

B kx(k—1)x(k—2)x---x2 7
T m—k+D)xn—k+2)x(n—k+3)x--x(n—1)"
B Ex(k—1)x(k—2)x---x2x1 7
T n—k+D)xn—k+2)x(n—k+3)x--x(n—1)xn"

Note that

m—k+1)x(n—k+2)x(n—k+3)x---x(n—1)xn

=nxn—-1)xn—-2)---x(n—k+1)x "

Also

Iy = /01(1 ) da
]

Hence




Question 13

(a) (i) First note that

1+ 42* = 1+ 42® + 420" — 427
= (227 +1)? — 422
= (22° +2v + 1)(22* — 2z + 1)

Note that in either quadratic factor the discriminant is negative so it is irreducible
in R. So the partial fraction decomposition for some constants a, b, c and d is
8 B axr +b n cx +d
1442t 222+4+22+1 2222241
8 = (ar +b)(22* — 2 + 1) + (cx + d)(22* + 22 + 1)

Equate the coefficients of 23 and the constant term, which lead to

at+c=0 (1)
b+d=38 (2)
Substitute x = £1, which lead to
a+b+5c+5d=38 (3)
—ba+5b—c+d=38 (4)

From (1) and (2), substitute a = —c and b = 8 — d into equation (3).

—c+8—d+5c+5d=28
4de+4d =0
c+d=0

From (1) and (2), substitute a = —c and b = 8 — d into equation (4).

5c+40—5d—c+d=38
4c — 4d = —32
c—d=-8

Since ¢ + d = 0, this implies that ¢ = —4 and d = 4. Substitute these back into
(1) and (2), gives a = 4 and b = 4. Hence

8 4r + 4 —4x +4

1+424 2224220 +1 222 —22+1°

14



(b)

(i)

(1)

Using the result in part (i)

8
/1+4x4dw
4dr +4 —4x + 4
dx
(2x2—|—2x+1 2x2—2x—|—1>
:/( 4o + 2 —4x + 2 N 2 N 2 )dm
202 +2x + 1 2x2—2x+1 202 +2x+1 222 —-2x+1
:/( 4r + 2 4o — 2 n 1 n 1 )dm
202 +2r+1 222 — 2z +1 2?+r+5 -zt
:/< Ay +2 r—2 1 . 1 >dm
202 + 2z +1 222 — 2z +1 (z+3°+1  (e-1)°+1
T % 1

=In(22* + 22 + 1)

3 202 +2x + 1
N 202 — 21 + 1

1
—In(22% — 224+ 1) + T tan~* T )
2 2
)

) +2tan"' (22 4+ 1) + 2tan ' (22 — 1) + ¢

From the net force equation and using the result from part (a)(ii)

d
m—vz—mk—4mkv4

dt

dv

— = —k(1 + 4*

It ( + 4v

)

. 1/ dv
k) 1+ 4t

t——i In
- 8k

When t = 0,v =u so

©T 8k

202 —2v+1

1 2u? +2u+ 1
2u?z —2u+1

202 + 2 1
v )+2tan1(2v+1)+2tan1(2fu—1)1 +c

) +2tan" ' (2u + 1) + 2tan" ' (2u — 1)]

The object comes to rest when v = 0, so the time it takes is

1
t=——[In1+2tan"'1+2tan"'(=1)] 4+ ¢

8k

8k

1 2u? +2u+1
— |nl==="-
22 —2u+1

) + 2tan"'(2u + 1) + 2tan~' (2u — 1)1

15




(i)  Note that part (i) can be re-expressed in the form of ¢ as a function of w.

From part (a)(ii)

1{ (2u2—|—2u—|—1
t n{———

T8k 2u? —2u+1
dt 1
du k(14 4ut)

) +2tan" ' (2u + 1) + 2tan" ' (2u — 1)
>0 givenk >0

This means that as u increases, the time taken for the particle to come to rest
from the two resistance forces also increases (i.e. there is no stationary point).
Hence, the maximum possible time that the object can take to come to rest
occurs when v — oo. This implies that

20 +2u+1 242+ %
2u2—2u+1_2—%—|—$

i

tan"'(2u + 1) —

tan ' (2u — 1) —

— NNy

T
~ (In1 -
t—>8k(n + 7+ ) P

This means that the maximum possible time that the object can take to come to

rest is i (technically an infinitesimal amount below that value).

(¢) Given P(z) = az* + ibz® + ¢z® + idz + e then

P(iz) = a(iz)* +ib(iz)® + c(iz)® +id(iz) + e
=azt +b2° —c2* —dz+e
If x + 1y is a root of P(z) then i(z + iy), or equivalently —y + ix, is a root of P(iz).

However, P(iz) has real coefficients so that means that —y + iz, or equivalently —y — iz,
is also a root of P(iz).
Y — iz

If —y — iz is a root of P(iz) then —2 " or equivalently —x + iy, is a root of P(z2).
i

16



(d) (i) Let the centre of the sphere have coordinates (a, b, ¢) and be represented by the
position vector ¢y. Since the sphere has radius 1 then for all ¢

’f—§0|:1
cos 2t 2 sin 2t 2
—al| + —b) 4 (sint —¢)’ =1
2 2
29t in? 2t
cos —acos2t+a2+sm — bsin2t + b* +sin’t — 2csint + 2 =1
3
a2+b2—|—02—acos2t—bsin2t—2csint—|—sin2t:Z
. . .. . T o 3w .
Since this relation is true for all ¢, then substitute ¢t = 0, 131 which leads to
2 2 2 3
a+b"+c —a= (5)
1
a2+62+02—b—0\/§:1 (6)
1
a2+b2—|—c2—|—a—2c:—A—l (7)
1
a2+62+02+b—6\/§:1 (8)

Taking (6) — (8), gives b = 0.
Taking (5) + (7) gives
2(a®> +b* +c*) —2c =

A+ +E—c=

=~ — N -

Equate this with (8) gives ¢ = ¢y/2 which implies ¢ = 0.
1
Taking these results with (5) — (7) gives a = —5

1
Hence, the centre of the sphere is (—5, 0, 0).

cos 2t sin 2t
(ii)  If the the axis of the cylinder is the z-axis then for a given point , ,sint |,

its distance from the corresponding point on the z-axis, (0,0, sint) must be the
radius of the cylinder, which will be denoted as r.

2t ? in 2t ?
(COZ —0) +(SH; —0) + (sint — sin)® = r?

cos?2t  sin®2t
4 4

<

DO | —

r noting that r > 0

17



Question 14

(@) (i)

(i)

From the acceleration equation of A

i’A:—HQ(xA—b)

d (i3 5

— (zA) = = —b

d:L’A(2> n(xA )
] 2 2b2 2
%:—n2(%—be>+c WhenmA:b,iA:nﬁc:—nT+%
i = —n?(2% — 2bxy + 0> — 1)

=n*(1— (24— b)%)

From the acceleration equation, the general displacement equation for particle A
with centre x4 = bis x4 = b+ aacos(nt + ay) for constants a4 and ay.

The extremities of the simple harmonic motion occur when 4 = 0, which implies
ra=b—1and x4 = b+ 1 from part (i). This suggests that as, = 1.

When t = 0,24 = b, which implies cosay =0 or ay = g
s
Hence, x4 = b+ cos <nt + 5)

Particle B has a similar period to particle A, but is centred about the origin
according to the acceleration equation.

Since the particle has a displacement of 1 at rest, then the amplitude of par-
ticle B’s motion must be 1.

This means that the displacement equation for particle B can be reduced to
xrp = cos (nt + ap).

When t =0, g = 1, which implies cosag =1 or ag = 0.

Hence, 5 = cos(nt).

For the particles to not collide, |x4 — x| > 0 at all times.
|ta — x| = |b+ cos (nt + g) - COS(TLt)‘
= |b — sin(nt) — cos(nt)]
=|b—V2 (sin(nt) oS % — cos(nt) sin %) ‘
= b—ﬂsin(nt—l—%)’

As ¢ varies, v/2sin (nt + %) has a range of [—\/5, \/ﬂ . To guarantee no collision,
the constant b must exceed that range. Hence, |b| > v/2.

18



If z,2? and Az are in an equilateral triangle then

Also, given A > 1

|22 — 2| = |22 — Az
|2llz = 1] = |z[[z = Al
[z =1 = [z = Al
|22 — 2| = [Az — 2|
|2llz =1 = [2]]A = 1]
lz—1]=X-1

This implies that 1, A and z make an equilateral triangle on the complex plane.

E

0 1

Since |z| = v/2 then by the cosine rule

(V2P = (A=1)" + M = 20(A - 1) Cosg

M-A-1=0
1+
A= 2\/5 but A > 1
1
A= LEV5
2
A counterexample is f(z) = —z. The inverse function is f~!(x) = —x. This only

satisfies f(z) =z at x = 0, but f(z) = f~!(x) elsewhere.

The solution to f(x) = f~1(x) is found at the point of intersection of y = f(z)
and y = ().

Suppose that a solution (zg,yo) lies above the line y = z, that is yo > xo.
If f(z) is increasing then this means that f(yo) > f(x).

However, yo = f(xo) and yo = f~!(z0), or equivalently zy = f(y0). Substi-
tuting this into the inequality gives xy > 1y, which is a contradiction.

A similar argument applies for the case where a solution (xg, o) lies below the
line y = z, that is yg < x¢.

This means that yy = x, so the solutions of f(z) = f~!(x) must satisfy f(z) = z.

19



(i)

3+ 1

Let f(z) = , then its inverse is the solution to
y 41
Tr =
2

y=v2x—1

341
This means that the solutions to v/2x — 1 = Tt can be found by solving for
341
a ;_ =z, or equivalently z® — 2z + 1 = 0.

By inspection, x = 1 is a solution to this cubic polynomial. Let the other roots
be o and . By sum and product of the roots

atfB+1=0
a+p=-1
af(l) =-1
af = -1

The other two roots are the solutions of z2 +x — 1 = 0.

-1++5

Hence, the solutions to the equation are x = 1, 5

20



Question 15

(a) Let 1o be the position vector of the point of intersection between ¢; and ¢5. This corre-
sponds to a particular value of A, which needs to be solved for.

Consider the illustration below.

NOT TO SCALE

Since (3,2,6) is a point on ¢; (when A = 0) then the vector 1o — (37 + 2j + 6F) is
perpendicular to the vector ro — (i +j + k), so

[ro— (3i+2j +6k)] - [ro— (i + 5+ k)] =0
A2i+j+Ekl[ro—(@E+7+k)]=0
2+ + K] [(B+2N)i+ 2+ N)j+ (6+Nk—(GE+j+k)]=0
20 +j+Ek - [(2+20)i+ (1+A)j+ (5+NE[ =0
224+20)+(1+N)+(B+N) =0
10+6X=0

N D

3

This means that

ro— (@4 +k)=2+20)i+ 1+ N)j+ B+ Nk

__ 42 10
3t T3l T
= —=(20+j — 5k)

Note that ro — (2 +J+ k) is parallel to /5 and is a scalar multiple of 2i +J — 5k.

2
Hence, /5 must also be parallel to the position vector | 1
-5

Remark: Unlike in two-dimensions, there are actually infinitely many different direction
vectors that can be perpendicular to ¢; in three dimensional space, but not parallel to /.
Simply showing the dot product is zero is not sufficient enough to specify the particular
direction vector for /5.
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Let f(z) =sinz — x for x > 0, then
f'(x) =cosz—1<0

Since f(x) is non-increasing then its maximum value occurs in the minimum
value of the domain, which is z = 0. Hence for x > 0

f(z) < £(0)
sinr —x <0

c.sinz <z

First note that since the trigonometric functions have a period of 27 then consid-
ering a selected domain, say x € (—m, 7], is sufficient to understand the properties
across all real z.

However, since cos z is an even function and sin x is an odd function

cos(sin(—x)) = cos(—sin )
= cos(sin x)

also  sin(cos(—x)) = sin(cos x)

This suggests symmetry between the positive and negative domain for either side
of the inequality, which means the focus can be further narrowed to the domain
x € [0, 7] to understand the properties across all real .

Since cosz is an even function and —1 < sinz < 1 then cos(sinz) > 0 for
all real x. Also, —1 < cosz < 0 in the domain = € (%,ﬂ, which suggests that
sin(cosz) < 0 in this domain. This implies that sin(cosz) < 0 < cos(sinz) for
T € (g,ﬂ.

For the domain z € (O, %), using the result in part (i)

sine < x

. . . . . ™
cos(sinz) > cosz  since cosz is a decreasing function for z € (O, 5)

However, since cosxz > 0 in this domain (i.e. a positive real number) then re-
placing x with cosz on the result of part (i) gives sin(cosz) < cosz. Hence,
sin(cos ) < cosx < cos(sinz) in the domain z € (0, 3).

The remaining parts are the values exactly at z = 0, 7.

When z = 0, the inequality holds because sin1 < 1.

When z = 7, the inequality holds because cos1 > 0.

Since the inequality holds for x € [0,7] then by symmetry and periodicity
cos(sinz) > sin(cos z) also holds for all real .
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(c) (i) From the net force on the horizontal component

miA:—mk:'BA
dx 4
A ke
dt -
Inty=—kt+c whent=0,24 =ucosf = c=In(ucosb)
#4 = ucosfe

ucosf _,, ucos 6
xA:—Te +¢ whent=0,24=0=c= ’
xA:UC:SQ(l—ekt)

From the net force on the vertical component

mija = —mg — mkiya
dya :
_— = — kj

o (9 + kga)

1 1
t= —Eln(g—l—ky'A) +c¢  whent=0,94 =usinf = c= %ln(g+kusin0)

1 g+ kya
t=——In| ———
k g+ kusinf

(g + kusin0)

N
i t kusin g
yA—_(ngk#n)ekt_%Jrc Whent—O,yA_OjC_ngk—gsm
+ kusin @ _ t
yA:u(l—ekt)_g_

k? k

(ii)  For the vertical component of object B

Yp=—yg
yp=—gt+c whent=0,yp =usint = c=usinf
yp = —gt +usinf

Let tg be the time take for object B to reach maximum height, which occurs
_ u sin 6
when yg =0so tg =

. Substitute this into the equations of ¢4 and y4.

g
. + kusin) _
yA: (g k )e ktg_%
- % [(1 4 ktp) e e —1]
g+ kusind _ gt
1= RO oy 0

=3 [(1+ ktp)(1— e ¥B) — ktg]

[1— (14 ktp)e *>]

k2

23



Let f(z)=1—(1+x)e ",
() = (14 2)e — e

=zre

Stationary points occur at f'(z) = 0 which gives x = 0. Since f'(z) > 0 for 2 > 0
and f'(x) < 0 for z < 0, there is a minimum turning point at x = 0. Since f(z)
is continuous for all real x and there are no other stationary points then this also
where the absolute minimum occurs. Hence

fx) = £(0)
I1-(14+xz)e >0

Note that in particular, if = is non-zero then 1 — (1 + z)e™* > 0.

Let * = ktp, noting that £ > 0 and tg > 0 the above inequality suggests
that when object B is at its maximum height

e y,4 > 0 which means object A has yet to hit the ground

e 4 < 0 which means object A is on the downwards trajectory (i.e. already
past its maximum height)
Alternative method:

First derive the time to maximum height for object B in the same way as above
u sin 6

to get tp =

Let t4 be the time taken for object A to reach maximum height, which occurs
when 34 = 0.

(g+husing) .. g
MgraEe A
ko k
o—kta _ 9 but £ — 4 sin 6
g+ kusinf g
1
1+ ktp

1
tA = E 111(1 + ktB)
Let ts be the time taken for object A to reach the ground, which occurs when
ya =0
(g9 + kusinf)

t
12 (1 — e ke) — gTG =0
e Mo =1 — —gktG. but tp = usinf
g+ kusiné
e_ktG _ 1 N ktG
1+ ktp
1+ k(tg —ta)
1+ ktp
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However, since object A reaches its maximum height before it hits the ground
ta > ta = e Fe < e7*a Noting that £ > 0 and tz > 0

1+ k(tg —ta) _ 1
1+ ktp 1+ ktp
k(tB — ng) <0

Sotp <tg

Consider the function f(z) =z —In(1 + )

) 1
O
" o 1

Stationary points occur at f'(x) = 0 which gives = 0 and f”(0) = 1 > 0, which
suggests that a minimum turning point occurs at z = 0. Since f(x) is continuous
for all real z and there are no other stationary points then this also where the
absolute minimum occurs. Hence

/()

> f(0)
r—In(l+2z)>0
Note that in particular, if = is non-zero then x — In(1 + ) > 0.
Let x = ktp, noting that £ > 0 and tg > 0 the above inequality suggests

1
ktg > In(1+ ktg) butty = P In(1+ ktp)
St >ta

Putting the inequalities together gives t4 < tp < tg. This implies that the time

taken for object B to reach its maximum height occurs after object A has reached
its maximum height but before object A hits the ground.
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Question 16

(a)

Suppose that /3 = b where p and ¢ are integers with no common factors.
q

p
z°
p2:3q2

This suggests that p? is divisible by 3. If p was not divisible by 3 then p? would not be
divisible by 3. Hence, p is divisible by 3. That is, p = 3M for some integer M.

IM? = 3¢*
3M? = q2

This suggests that ¢? is divisible by 3. If ¢ was not divisible by 3 then ¢?> would not be
divisible by 3. Hence, ¢ is divisible by 3. That is, ¢ = 3N for some integer N.

However, this implies that p and ¢ have a common factor of 3 which contradicts the
initial assertion that v/3 = b where p and ¢ are integers with no common factors.
q

Hence, V/3 is irrational.
Alternative method:

Suppose that v/3 = b where p and ¢ are integers.
q

V3-—1
V3=Vix o

&

V3 -1

P _374
T
_3q-p
pP—q

a

This suggests that v/3 can also be written in the form 7 where a = 3¢g—pand b =p—q.
. 3 .

Since v/3 > B then 2p > 3¢ = 3¢ — p < p, or equivalently a < p.

Since v/3 < 2 then p < 2¢ = p — ¢ < ¢, or equivalently b < ¢.

a
This suggests that it is always possible to construct a new quotient — from an exist-

ing quotient B, where the numerator and denominator have each decreased (i.e. a < p

and b < q).
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a c
Consequently, it is possible to construct another quotient from 7 say 7 where the

numerator and denominator have each decreased (i.e. ¢ < a and d < b).

Applying this logic sequentially, then there must be an infinite number of quotients
possible for v/3 where the numerator and denominator continue to decrease relative to

the original specification of b
q

However, since v/3 < 3 then p < 3¢, or equivalently a > 0.
Similarly, since v/3 > 1 then p > ¢, or equivalently b > 0.

This suggests that the numerator and denominator will always be positive. There are
only a finite number of positive integers below p and similarly only a finite number of

positive integers below ¢. This is a contradiction, so the original assumption that v/3 = b
q
is false.

Hence, v/3 is irrational.

(i) Since x = 0 is not a root of P(z) then P(x) = 0 <= 2 2P(z) = 0.
v 32 -8 +6—-8x '+ =0

2?42+ -8+ ) +4=0
v —8y+4=0

(i)  Using the result in part (i)
Y’ =8y +4=0
y* — 8y +16 =12
(y—4)° = (2v3)°
(y—4—2v3)(y—4+2V3) =0
(z+2 ' —4—2V3)(z+2 ' —44+2V3) =0
(22— (4+2V3)z+1)(2? — (4 —2V3)z+1) =0

P(z) = (2 — (4+2V3)x + 1) (2> — (4 —2v3)z + 1)
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(iii)

(iv)

For the quadratic factor 2 — (4 + 2v/3)x + 1, the discriminant is

A=402+V3)?2 -4
A(T+4V3) —4
4(6 +4v/3) > 0

This suggests that the roots are real, so the non-real root cannot come from this
quadratic factor.

For the other quadratic factor 22 — (4 — 2v/3)x + 1, the discriminant is
A=4(2-3)% -4

AT —4V3) — 4

4(6 —4v/3) <0

This suggests that the roots are non-real, so their exact values are

x_4—2\/§:|:2\/6—4\/§
B 2

=2 - V34+1/6-4V3
=2-V3+i\/4V3 -6

Since « is defined as the non-real root with the positive imaginary part and the
quadratic polynomial has real coefficients, then its roots are

a=2—3+i\/4V/3 -6
a=2—V3—i\/4V3 -6

This means that the product of the roots aa@ = 1 = |a|* = 1. Hence, |a| = 1.

If wis an m'™ root of unity, where m is a positive integer, then it satisfies the

equation z™ = 1. When the roots are plotted on the complex plane, they lie on
the unit circle and their arguments are multiples of %

When w is raised to any integer power, its argument is still a multiple of %’T
by De-Moivre’s theorem, which implies that it would coincide with one of the
existing roots of unity.

This consequently implies that any powers of an m™ root of unity will have
at most m distinct values. Therefore, the possible set of values of T, is finite.
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Let o = x,, + iy,, where x,,vy, € R
Oé2n+1 _ <a2n)2
=22 —y2 +2ix,y, but from part (i), o] =1 =22 +32 =1
=222 — 1+ 2iz,yn
Re(a® ) =222 —1  but Re(a®") = a, — b,V/3
pi1 — bn+1\/§ =2(a, — bn\/§)2 -1
=202 + 6% — 1 — 4a,b,V3

Hence, a, 1 = 2a2 + 602 — 1 and b, = 4a,b,,.

Alternative method:
Let a®" = cosf + isin f noting that |a| = 1.
a2"+1 _ (azn)z
= cos 20 + isin 20
Re(a?"") = cos 20
=2cos’f—1 but Re(a?") = a, — b,V/3
Uns1 — bp1V/3 = 2(an — bn\/§)2 —1
=202 4 6b2 — 1 — da,b,v/3

Hence, a, 1 = 2a2 + 602 — 1 and b, = 4a,b,,.

When n = 0, Re(a?”) = 2 — /3, which implies that ay = 2 and by = 1.
Also,

Re(o?) =2(2—v3)? -1
—13-8V3

This implies that a; = 13 and b; = 8. Since a; > ag and by > by then the
statement is true for n = 0.

Assume the statement is true for some positive integer n = k.
Ap41 > Qf and bk+1 > by,
Required to prove that the statement is true for n = k 4 1.

Apg2 > Qg and b2 > bry1
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(vii)

(viii)

Using the results in part (v)

brio = dagi1bry1  but agyy > 1 since it is a positive integer
> 4bp11
> b1

Qo = 2aj,1 + 60, — 1

= aiﬂ + aiH + 6bi+1 -1

For the first term, use the fact that a1 > 1 = aiﬂ > ap41, Since agyp is a
positive integer.

For the remaining terms, use the fact that axy; > 1 and bgyy > 1 since ayiq
and by are positive integers.

This implies that agio > agi1 +6 > agiq.

Since the statement is true for n = 0, then by mathematical induction it is
true for all integers n > 0.

Assume that there exists specific integers m and n where m > n > 0 such that
the sequence repeats, giving S,,, = S,,. This means that their real parts must also
be equal, that is

Um —bm\/§: an—bn\/g

Ay, — Gy
3—_m n
V3 by, — by

From part (vi), a,, > a, and b,, > b, so the numerator and denominator are
both positive, making it a well-defined rational number.

However, this is a contradiction to part (a) where v/3 is an irrational number.
Hence, such a value of m cannot exist and so the real part of the sequence .S,
and consequently S, itself, can never repeat.

Consider the specific case of P(z) = x* — 823 + 62° — 8 + 1 which is monic,
has integer coefficients and non-real roots with modulus of 1. If a were a root
of unity, then from part (iv), the sequence T}, = o*" has only finitely many values.

This implies that there exists some pair of distinct integers m and n where
T = T,,. However, from part (vii) such a pair of distinct integers is not possible,
which gives a contradiction. Hence, the initial assertion that « is a root of unity
must be false.

This counterexample for P(z) = z* — 823 + 622 — 8z + 1 proves the more general
statement on any monic polynomial P(z) with integer coefficients, is false.
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