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Section 1

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1—10.

1 Suppose that a, Z) and ¢ are unit vectors in three dimensional space.

What is the maximum value of @ - (Z) +¢)?

(A) 1 (B) v2 (C) V3 (D) 2
2 The velocity of a 2kg object at displacement z metres from the origin is given by v = 22
metres per second.
What is the force acting on the particle in Newtons when x = —27
(A) —32 (B) —16 (C) 16 (D) 32

3 On the complex plane, the points A, B and C' are represented by the complex numbers

—544i, 1 +1¢ and —1 — 37 respectively.

Which of the following best describes AABC?

(A) Equilateral triangle (B) Isosceles triangle

(C) Right-angled triangle (D) Scalene triangle

4 Which of the following statements is NOT always true?

(A) VeeN dyeN z+4+yeN (B) Ve N dyeN

(C) VxeC JyeC xz=y9° (D) VeeC dyeC
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A quadratic polynomial P(x) = ax?+ bz + ¢ has the roots z; and zy, where a is a positive
real number, whilst b and ¢ are non-zero complex numbers.

Let arg(z1) = a, arg(zz) = 8 and arg(z; + 22) = 7.

Which of the following is equal to arg(abc)?

(A) a+B+7y (B) aBy

(C) a+p+vy+m7 (D) apy+

A particle moves in simple harmonic motion between © = —2 and z = 2 and has an
acceleration equation of & = —x.

Which of the following best represents the graph of the particle’s velocity versus dis-
placement curve?

(A) vh (B) VA
2 2
-2 0 2 = -2 <> 2 =
-2
(C) VA (D) VA
2 2
—2
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Let ¢ = pi + qj + rk where 0 <p < ¢ <r and let b be a vector perpendicular to g.
Suppose that ¢ is a vector such that the angle between ¢ and b — ¢ is obtuse.
Which of the following could be ¢?

(A) —i—j—k B) i—j+k C) i—j—k (D) —i+j—k

Let a and 3 be any two non-real roots of the equation 2% = 1.
Which of the following is always true?

(A) Re(a?+8%) <0 (B) Re(a?+3%) >0
(C) Re(a?—-p532)<0 (D) Re(a?—p532)>0

4r — 1
dx?
A1

1
Which of the following is the value of / 1
o 4x

(C) T 2 (D) Z i

() -3 (B) : .

NS

Let P(z) = 2" cos O, +2""1cos B, 1+2""2cosl, o+ +2zcosb+cosby—2, where € R.

Which of the following is the smallest region on the complex plane that contains all
the roots of P(z)?

W) <y B <y (©E>s D) >
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Section 11

90 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

Your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) Use the Question 11 Writing Booklet

(a)  Evaluate / e® sec x tan® x dz.

(b) By considering the modulus-argument forms of 1 4 i and /3 — 4, find the exact

values of sin % and cos %

(¢c)  The line ¢; passes through the points A(7,6,2) and B(12,10,5). The line /5 passes
through the points C'(1,—4, —8) and D(11,4, —2).

(i) Show that ¢; and ¢, are parallel.

(i)  Find the vector equations of the line ¢, using parameter A and the line (o
using parameter p.

(iii) Let P be a point on f5. Find the length of the vector AP in terms of L.

(iv)  Hence, find the shortest distance between ¢; and (5.

(d)  The roots of P(z) = z* — 423 + 62® — 42 + 5 are all non-real and make up the
vertices of a square on the complex plane. Find the roots of P(z).

End of Question 11
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Question 12 (15 marks) Use the Question 12 Writing Booklet

(a) By considering an appropriate substitution, show that

s 1 a3
sin” x
dr =0
o Secx +tanz + cosw

(b) Let z be a complex number which satisfies

le*—1=1 and 0<Im(z)<

e

Sketch the curve which describes the above relation on the complex plane.

(¢) Let f(x) be a continuous and differentiable function over the interval [a, b], where

a # b.

(i) Consider the following statement.
If f(a) < f(b) then there exists a x¢ € [a,b] where f'(x¢) >0

By considering the contrapositive, explain why this statement is true.

(i)  Consider the following statement.
If f(a) < f(b) then f'(x) > 0 for all x € [a, b]

Show by counterexample that this statement is not always true.

Question 12 continues on page 7
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Question 12 (continued)

(d)

Two particles P; and P; are oscillating with equal amplitudes along parallel number
lines in simple harmonic motion. Let x; and x5 be the displacement of the particles
P, and P, respectively at time t. Their acceleration equations are

w2 . 972

T = —Zasl and Iy = —mafg.

Particle P; is initially at the midpoint between its centre of motion and its maxi-
mum displacement, whilst moving in the positive direction.

Particle P, is initially at the centre of its motion, whilst moving in the positive
direction.

(i) Find the time taken for P; to reach its maximum displacement for the fifth
time.

(i) ~ When P; reaches its maximum displacement for the fifth time, particle Py
also reaches its maximum displacement for the nth time.

Find the value of n.

(i) By considering the complex roots of the equation 2" — 1 = 0, show that the
4
solutions to 23 4+ 2% — 22 — 1 = 0 are 2cos 77T, 2008% and 2 cos 77T

(i)  Hence, show that

) (7T> 3\ . 5T _1
sin 1 sin 1 sin 1) =5

End of Question 12
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Question 13 (15 marks) Use the Question 13 Writing Booklet

(a)

Suppose that z; and z; both have a modulus of 1. Show that

An object of mass m is projected vertically upwards from the ground. At time ¢
the object has a velocity of v and a displacement of y relative to the ground. The
object is initially at the origin with a velocity of u.

The object is subjected to a gravitational force of magnitude mg and a resistance
force of magnitude mkv? where ¢ is the acceleration due to gravity and & is a posi-
tive constant. Let upwards be the positive direction for the equations of motion.

(1)

(iii)

(iv)

Explain why the object’s acceleration equation for both upwards and down-
wards motion can be written as

j=—g— kvlv|.
Let H be the maximum height of the object’s motion. Show that

2
H:iln g+ ku .
2k g

Let T, be the time taken for the object to reach its maximum height.

Show that
1 k
T,= ——tan ' [ uy /= |.

After reaching its maximum height, the object then falls back to its initial
position on the ground at a velocity of v,. Show that

2 9“2

Y9~ g+ ku?’

Let T; be the time taken for the object to fall from its maximum height
back to the ground. Show that

oo L Vg + ku? + uvk
d T, 77 .

Hence, show that T,; > T,.

End of Question 13
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Question 14 (15 marks) Use the Question 14 Writing Booklet

(a)  Suppose that ABCD is a square. Let M be the midpoint of BC' and X be the
intersection of BD and AM, as shown in the diagram below.

A B
x/ 4
-= ’ M
L
D C

(i) Let AB =w and AD = v. Show that AX = Y + FL
(i)  Hence, show that ‘ﬁ) =2 }ﬁ’

(iii) Let P be the midpoint of AB. By considering the vector equation of the
line in the direction of PC , show that X lies on PC.

(b) A cube with side length of 2 units has vertices A, B,C, D, E, F,G and H as shown
in the diagram below. Let M and N be the midpoints of BC' and EF respectively.

A B

F

N
E H

(i) Let AB = u, AD = v and AF = w. By expressing the sides in terms of u, v
and w, prove that AM HN is a rhombus.

(i)  Let P and @ be the midpoints of AB and EH respectively. Suppose that
PC intersects AM at point X and N H intersects F'Q) at Y.

211

Using the result(s) in part (a), show that ’ﬁ’ =—3

Question 14 continues on page 10
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Question 14 (continued)

1 n
(¢c) For integer n >0 and a > 0, let [, = / v dx.
0 THa
(i) Show that for integer n > 1
1
I, =——al,,
n

(iii)

Deduce that

n—1
- (_1)kak n 1
I, = — +(=1)"a" In 1+5
k=0
1 74
Hence, find the value of / dx.
o (x+1)(2x+1)

End of Question 14
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Question 15 (15 marks) Use the Question 15 Writing Booklet

(a)  Suppose that the point (0,0, —1) lies on the plane P in three dimensional space.
The position vector ¢ — k is perpendicular to this plane.

(1)

(i)

(iii)

By considering a general point P(x,y, z) on the plane P and an appropriate
dot product, show that the Cartesian equation of the plane is z — z = 1.

A cylinder with Cartesian equation x? + y? = 8 for all values of z intersects
with the plane P. The set of all points of intersection describes the curve
C in three dimensional space.

By considering the parametric coordinates of a circle, find the coordinates
of a general point Q(z(0),y(f), 2(f)) on C, in terms of parameter 6.

It can be shown that at a given point of contact R(z(0.),y(6.), 2(0.)), the
direction vector of the tangent line r; to the curve C is

rg=a'(0.)i + v (0c)j + 2 (6.)k. (Do NOT prove this)

Suppose that the line ¢ is tangent to the curve C with a point of contact of
(2,2,1). Find the vector equation of the line ¢.

(b)  An object is projected at the bottom of a frictionless inclined plane with an initial
speed of vy and an acute angle of 6 to the horizontal. The inclined plane has an
acute angle of o to the horizontal, where o < 6.

Let g be the acceleration due to gravity. The displacement vector of the object is

t2
r = wptcosBi+ (vot sinf — %) J- (Do NOT prove this)

Let T be the time taken for the object to land on the inclined plane. Show that

2 0
= ﬂ(tan@ — tan ).
g

Question 15 continues on page 12
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Question 15 (continued)

(¢) Object A is projected at the bottom of a frictionless inclined plane with an initial
speed of vy and an acute angle of 6 to the horizontal. The inclined plane has an
acute angle of a to the horizontal, where o < 6.

At the same time, another object B is launched uphill along the plane with an
initial speed of u.

Let ¢ and j be unit vectors parallel and perpendicular to the inclined plane re-
spectively, as shown in the diagram below. The only force action acting on both
objects is gravity with acceleration g.

Let r4 and rp be the displacement of the objects A and B respectively at time ¢.

(i) By finding the acceleration equation of A in terms of ¢ and «, show that
gt’sina | , gticosa\ .
r4a = | votcos(d —a) — — ! + | votsin(f — a) — — )

(i)  Find rp in terms of g,t, uo and a.

(iii)  Suppose that the two objects collide when object B reaches its maximum
displacement along the plane.

Use the result in part (b) to show that

1
tan(f — ) tana = 5

End of Question 15
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Question 16 (15 marks) Use the Question 16 Writing Booklet

(a)  For positive integer n and a;, € {0,1,2,3,4,5,6,7,8,9} with as, 1 # 0, let

2n—1 2n—1
Uop = E 10kak and Wop = E (—1)kak
k=0 k=0

Note that us, represents a 2n digit number with leading digit as,, 1 and final digit ay.

(i) Suppose that wy, is divisible by 11 for all positive integer n. Prove by
mathematical induction that wus, is also divisible by 11.

(i) A palindromic number is a number which is unchanged when it’s digits are
in reverse order. Using the result in part (i), deduce that all palindromic
numbers with an even number of digits is divisible by 11.

(b) Let f(x) be a continuous function where f(x) > 0 and f’(x) > 0 over the domain
[a,b]. Let F(x) be a function where F'(x) = f(z).

Show that

[f(a) = FO)][f (a) + F(b)].

Question 16 continues on page 14
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Question 16 (continued)

()

Suppose that ™ = b where p and ¢ are positive integers with no common factors

other than 1.

For integer n > 1, let

and

g(@) = f(z) + ) (=1)FfO (),

k=1

where f%)(z) is the 2kth derivative of f(z). For example, f)(x) is the second
derivative of f(x) and f(z) is the fourth derivative of f(z).

(i) Show that f(m —x) = f(x).

(i)  Explain why ¢(0) + g(7) is an integer.

d s
(iii) By evaluating . [¢'(z) sinz — g(x) cos ] show that / f(z)sinz dx is an
r 0

integer.

(iv)  Show that

,/Tn+1 n

0§/ f(z)sinzdr < b
0

n!

(v)  Suppose that n is sufficiently large such that there exists a positive integer
m where mp < m < n. Show that
(mp)" _ (mp)™ 1
< c—.
n! (m—=1! n

(vi)  Hence, deduce that 7 is irrational.

End of paper
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Section 1

Answers

1 D 6 B
2 A 7 B
3 C 8 A
4 D 9 B
53 C 10 D

Brief explanations

1

Let 6 be the angle between a and Z)—F ¢, then the dot product gives

~

a-(b+¢)=lallb+ ¢ cosd but |af =1

a
b+ ¢l cosf

From the triangle inequality, this is maximised if the unit vectors Z) and ¢ are parallel,
which means the maximum value is |b| + |¢|, which is 2 units.

Hence, the answer is (D).

When z = —2

Hence, the answer is (A).



Let a =—=544i,b=1+1i and ¢ = —1 — 3¢. The complex numbers representing E, BC
and C'A are b — a,c — b and a — ¢ respectively.

b—a=6-—3i
c—b=-2—4i
a—c=—-4+T7i

No pair of the vectors have equal length, so it remains to check whether there are any
right-angles. First note that b —a = 3(2 — i) and ¢ — b = —2(1 4 2i) so

i(b—a) = 3(1 + 2i)
3

=—5(c=10)

i R —_—
This means that there is a rotation of 5 between the vectors BA and BC.

Hence, the answer is (C).

(A) is always true as there will exist any natural number y to ensure that z + y is a
natural number.

x
(B) is always true as there will exist y = 1 to ensure that — is a natural number.
Y

(C) is always true as all complex numbers have a square root.

(D) is not always true, because for the case when = = 0 it is not possible to find any
complex number y to ensure xy = 1.

Hence, the answer is (D).

c
First note that z; + 20 = —— and z125 = —, so
a a

arg(abc) = arga + argb + argc  but since a is positive real number then arga = 0
=argb+argc

arg(—a(z1 + 22)) + arg(az;22)

= arg(—a) + arg(z; + 22) + arga + arg z; + arg 2o

=a+pf+v+m

Hence, the answer is (C).



6

Since the motion is between x = —2 and z = 2, then these are the displacement values
where v = 0. From the acceleration equation

5
dr \ 2 )

—%+c whenzx =2, v=0=c=2

=" 42

02
2

v? x?
2 2
2

On the v-z plane this is a circle with the origin as the centre and radius of 2 units. Note
that v can be both positive and negative.
Hence, the answer is (B).

If the angle between ¢ and b — ¢ is obtuse then its dot product is negative. Also, since a
and b are perpendicular then ¢ - b = 0. A necessary condition is then

a-(b—c)<0
a-b—a-c<0
a-c>0
For (A), if ¢ = —i — j — k this requires —p — ¢ —r > 0. However, this cannot occur given

O<p<qg<r.

For (C), if ¢ = 1 — J — k this requires p — ¢ —r > 0. However, this cannot occur
given p < q and —r < 0.

For (D), if ¢ = —i + j — k this requires —p + ¢ — r > 0. However, this cannot occur
given ¢ < r and —p < 0.

For (B), if ¢ = i — j + k this requires p — ¢ +r > 0. This is possible if r > ¢ —p
and still follows the condition 0 < p < g < r.

Hence, the answer is (B).



8

The possible non-real roots of 2 = 1 are

Zz=e€ 3,e 3,e3 €3

_j4m 2w 27 4am

=e"3,e "3 e e
27 27
v 1
=e¢ 3,3

This means that there are two distinct values for o? and $2. Evaluating their sum and
differences gives

Re(a? + %) = Re (e_i%ﬁ + ei%ﬁ)

27
=2 — <0
cos3
Re(a® — 47) Re (e 15 — %) =0
e(la” — = o o
Re (e¢i% — e 15 ) =0

Since Re(a? — 3%) = 0, but Re(a? + 8?) < 0 always, the answer is (A).

By completing the square

4ot — 4P 42+ 1 =2 (4o —da+ 1)+ 1
=222z — 1) +1
= (227 —2)? + 1

/1 dr — 1 y /1 dr — 1 g
xr = X
o dxt —4xd + 22+ 1 o (222 —x)2+1

= [tan™"(22” — x)]é

N

Hence, the answer is (B).



10 Let w be a root of P(z) and let
Q(2) = 2" cos B, + 2" ' cosbp_y + 2"%cosb,_y + -+ zcos by + cosby.
From the triangle inequality and using the fact that | cosf;| < 1 for k=0,1,2,...,n

1Q(w)] = |w" cos B, +w" ™ cos 1 +w" 2cosb, o+ -+ wcosb + cos by
< Jw"cos O + W™t cosO,_1| + |w" 2 cos Op_g| 4 - - + |wcosby| 4 | cos by
= |w]™] cos O] + |w|" ] cos On_1] + |w|" | co8 O o] + -+ + |w|| cos ;| + | cos O]
S F o " 4 el 1

1 — n+1
= 1= fwl™ but |w| >0
1 —
1
1wl

Since P(w) = 0 then Q(w) = 2 so a necessary condition is -
— |w

3 . . L
< — which contradicts the necessary condition.

1
From (A), if |w| < 3 then - <3

1
From (B), if |w| < =, then

5 < 2 which contradicts the necessary condition.

1
1 —w|
L 1
Also, note that the contradictions also occur at |w| = 3 and |w| = 5

1

1
This implies that the roots must sit in a region that satisfies both |w| > 3 and |w| > 3

1
Therefore, the smallest region from the choices that contains the roots is |z| > 3

Hence, the answer is (D).



Question 11

(a)  Using integration by parts
u=e“tanx = du = e*(tanz + sec’ z) dx
dv =secrtanx dr = v = secx

/er secxtan® x dv = e” sec x tan x — / e”sec z(tanz + sec’ ) dx

:exsecxtanx—/e“secxtanxdw—/exsechdx

Using integration by parts on / e’secrtanx dr
u=e"=du=e"dr
dv = secrtanx dr = v = secx

e seca:d:z:—/e“”secg’mda:

/e secxtan’zdr = e*secxtanx — e* secx +
=esecxrtanz — e*secx — e® secx sec x—l)d

=esecrtanz — e*secx — e” sec x tan® x dx

\\\

e*secz(tanx — 1)
2

/e” secztan®z dr =

(b) In modulus argument form

14i=+2e1
V3 —i=2¢"%
v T v
ince — — — = — th
Smce4 5 12ten
(1414)(V3—1i) = 2V/2¢'1
cosl—l—zsnﬂ—(l—i_Z)(\/g_Z)
12 12 22
V3 —i+iv3—i?
— e
VB 1+i(V3 1)
2v/2

Equating real and imaginary parts gives

7T_\/§+1 LT V3-1

COS —

= n =
12 2\ 12 2v/2




© @

(i)

(i)

Noting that AB is parallel to ¢; and CD is parallel to ¢

AB = OB - 04
= 12i + 105 + 5k — (7 + 65 + 2k)
=5i+4j+ 3k

CD=0D -0C
=11i +4j — 2k — (1 — 4j — 8k)
= 10¢ + 8j + 6k
— 2AB

Hence, /1 and /5 are parallel.

The vector equation of the line ¢; for some parameter X is
r= OA + \AB
= Ti+ 65 + 2k + \(5 + 45 + 3k)
The vector equation of the line ¢y for some parameter p is

r:O_C’:iruC’—D)
:1—42—815+u(101i+82+615)

Using the vector equation of f5 from part (ii)
AP =0P - 0A

= (1 +10p)i + (=4 +8u)j + (=8 + 6u)k — (7i + 65 + 2F)
= (=6 +10p)i + (=10 + 8u)j + (=10 + 6)k

52

‘AP’ = (=6 + 101)% + (—10 + 80)% + (—10 + 6p2)?
=36 — 1204 + 10042 + 100 — 1604 + 6442 + 100 — 1204 + 364>

‘ﬁ‘ — /20012 — 4004 + 236

Minimising distance between ¢; and (5 is equivalent to minimising L@ | or \ﬁ 2.

d |—|2
il ’AP — 4004 — 400
dp

& |
= |AP[ = 400> 0
dp

L2
Since ‘AP ) is concave up, then it has a minimum value at ;4 = 1. Since there

are no other turning points this is also the global minimum.

Hence, the minimum value of ‘/ﬁ) ‘ is 6 units.

8



Remark: The vector equation could be equivalently written as

r=i—4j = 8k + u(5i + 4] + 3k).

This gives ‘A_P)’ = /502 — 200p + 236, which is minimised when p = 2. This

gives the same minimum value of ’Zl_ﬁ ‘ of 6 units.

Since P(z) has real coefficients and the roots are all non-real then they must occur in
conjugate pairs. This means that the square formed by plotting the roots on the complex
plane is bisected by the real axis.

Let the roots be o, @, 3, and 5. Denote a = p + ig where p and ¢ are real numbers,
then @ = p — 1q. The distance between the roots a and @ on the complex plane is 2gq.
However, since the roots lie on a square, then the side length of the square must also be 2q.

The other roots can be derived in terms of p and ¢. In this case denote 3 = (p+ 2q) + iq
and 0 = (p+2q) — iq.

Taking the sum of the roots.

p+iq+p—iq+ (p+2q) +ig+ (p+2q) —iqg =4
dp+4q =14
ptqg=1

Taking the product of the roots and substitute ¢ =1 — p.

(p+iq)(p —iq)[(p + 2q) +iq][(p + 29) — iq] =
P* + ) +29)° + ¢
[(1—=9)*+¢*|[(1+ )% + ¢*]
1-9’0+*+P1 -+ A+ ) +q¢" =5
1=+ —q+(1+9 ] +¢" =5
1—2 4+ ¢ +2°0+P)+¢* =5

4q* =4

qg= =1

)
)
)

When g = —1=p=2,s0 o, @, f3, and  are 2 — 4,2 + i, —i and i respectively.
When g =1=p=0, so a,a, [, and 3 are i, —i,2 + i and 2 — i respectively.
Note that both cases give the same set of roots.

Hence, the roots of P(z) are i, —i,2 + ¢ and 2 — i.



Question 12

(a) Letu:g—xédu:—dx. Whenxz()thenu:gandwhenwzﬁthenu:—g.

vl

_u)
—u) +cos (5 — u) du

ISIER T

/7r sin® x p / sin” (
T = —
o secx +tanz + cosx T sec(%—u)—i—tan(

5 3
2 cos’ u
= - du
—z cosecu + cotu + sinwu

VI

cosu

Let f(u) = —— then
cosecu + cotu +sinu
cos?(—u
f(—u) = v
cosec(—u) + cot(—u) + sin(—u)
B cos® u
- —cosecu — cot u — sinu
= —f(u)
. ) ) 2 cos® u
Since f(u) is an odd function, then / —— du = 0, hence
—z cosecu + cotu + sinu

s 1 n3
sin”
dz = 0.
o Secx +tanx + cosw

(b) Let z =z + iy where x and y are real.

e =1 =1
"t —1] =1
le"cosy — 1+ ie"siny| =1
(e"cosy —1)* + (e"siny)® =1
e* cos?y — 2e"cosy + 1+ e*siny = 1
e* — 2e" cosy = 0
e’(e®* —2cosy) =0 bute” >0

2cosy = ¢e*
Note that the domain is the solution to —2 < e® < 2 which gives z < In 2.

T
Also, the condition 0 < Im(z) < — defines the range and ensures there is a unique

inverse trigonometric function so that the Cartesian equation is

S
Y = COoS (2)

When z =In2,y =0 and as v — —o0,y — 7.

10



Putting this information together gives the following sketch.

/

O In2

The contrapositive statement is
If there does not exist an xy € [a, b] where f'(z) > 0 then f(a) > f(b).
Another way to phrase this is
If f'(xg) <0 for all 2y € [a,b] then f(a) > f(b).
If f'(xo) <0 for all zy € [a,b] then f(z) is non-increasing in that domain. For
continuous and differentiable f(x) this means that f(a) cannot be less than f(b)
for a < b. Since the contrapositive must be true, then so is the original statement.

Consider f(z) = 2? in the domain [—2,3]. Since f(—2) =4 and f(3) = 9, then
f(=2) < f(3). However, f'(x) = 2z which is negative in the interval [—2,0).
This means that the statement is not always true.

. . . ™
From particle P;’s acceleration equation, n = 5

Since the centre is the origin, the displacement equation for some constants a
(defined as maximum displacement) and «; is

Tt
1 = aCOS <? + al)

. am 7t n
= — — S —
T 9 1mn 5 (05}
When t = 0,2, = g and #; > 0 which means

1 am
cosa1:§ and —751n0q>0

7r
This gives oy = —3 Hence, the displacement equation of P; is

B Tt w
T1 = @ CoS 2 3

11



When z; = a then

nt o7
cos| ——= | =1
(53)

t
% - % — 0,2, 47, 67,87, 10, . ..

The particle is at maximum displacement for the fifth time when

nt o7
oLy
2 3
. 50
3
: . . 3T
From particle P,’s acceleration equation, n = 250"

Since the centre is the origin, the displacement equation for some constants a
(defined as maximum displacement) and vy is

When ¢t = 0,2, = 0 and 25 > 0 which means

3am
cosay =0 and — —sinay >0
20
This gives ap = —g. Hence, the displacement equation of P; is

B 3nt 0w
Ty = @ COS 50 5
When z5 = a then

3rtw
cos| ——=] =1
(20 2)

3nt w
Sy~ 5 = 024, 6,87, 107, ..

37Tt_7r 57 97 137 177 21w
20 2727927 27 927 9277

3737323737377

Since P; reaches its maximum displacement for the fifth time when t = ?, this
coincides with the second occasion that P, reaches its maximum displacement.
Hence, n = 2.

12



Let w be a non-real root of z” = 1. For integer values of k& = £1,4+2, 43, the

2km . . 2km
root w has the general form w = cos — + ¢ sin —

1 2k
Let P(x) = 2® + 2% — 2z — 1. Using the fact that w + — = 2 cos TW
w

P(Qcoszk—ﬁ):P(w—i-l)
7 w
(o02) #(on ) 2 (o)
=|lw+—) +|(w+—] —2(w+—] -1
w w w
2

s (1 1 1, 1
=w +3w | — |+ | =5 |+ +w +2+—5-2w———1
w w? w3 w? w

. 11, 1
=wtwt—+—S+w+—5+1
w w w

W+t +w+1
3

-1
- Y T butw =1landw # 1 for non-real w
wiw—1)

=0

However, note that since cos(—x) = cosx then there are only just three distinct

2k
values of 2 cos Tﬂ

2 4 6
Hence, the solutions of 2% + 22 — 2x — 1 = 0 are 2 cos 77T, 2 cos 77? and 2 cos 77T

Taking the product of the roots

4 6
2(:0877T X 2(:0877T X 2COS77T =

27 47 o
COS — COS — COS — =

7 7 7

o fm 2w\ . (m 4w\ . [(m™ 6w
(5T )en (3 (3 )
. (3T . T\ . 5w
sin (ﬁ) sin (_ﬁ> sin (_E) =
(T )

13



Question 13

(a) Given that |z;] =1 and |2] =1

LHS = |1 4 21| + |1 + 2| + |1 + 21 22|
=14 21| + [T+ 22| + | = (1 + z120)]
> |1+ 21|+ |1+ 22— (1+2122)] by triangle inequality
= [T+ 2]+ [z[[1 = 2
=1+ 2]+ |1 — 2]
> |14+ 2 +1—2z]| Dby triangle inequality
=2
= RHS

(b) (i) In the upwards trajectory, the object has resistance in the downwards direction.
Given v > 0, it has the net force equation

mij = —mg — mkv?.

In the downwards trajectory, the object has resistance in the upwards direction.
Given v < 0, it has the net force equation

mij = —mg + mkv®.
This is equivalent to §j = —g — kv|v| which accounts for the different cases where

v>0and v <O0.

(ii) For the upwards trajectory, when y = 0, v = uw and when y = H, v = 0. The
acceleration equation is

j=—g—kv?
v;l—; = —(g + kv®)
H 0
/0 dy:—/u g—i—vka dv
Wl =~ 5 g + k)"
1 keu?
" ﬂ1<w2u)

14



(iii)  For the upwards trajectory, when ¢ = 0, v = u and when t = T,,, v = 0. The
acceleration equation is

i = —g — kv

dv

— = kv?
o (g + kv?)

Ty 0
/ g / dv
0 v 9 + kv?

(iv)  For the downwards trajectory, when y = H, v = 0 and when y = 0, v = v,. The
acceleration equation is

ij=—g+ kv®

d

vé——g—kklﬂ

0 Vg v

dy = — d
/H ! /0 g— kot

o 2
g Ly (9
2k g

1 g
H=—In|———
2k n(g—kvf)

Equate this with the result in part (ii)

1l g B 1l g+ ku?
2% g — kv,? T g

g g+t ku?
g — kvg? g
9* = g* + kgu® — kv,*(g + ku?)
V2 — gu?
b g+ ku?

Remark: Note that the net acceleration of downward trajectory ¢ < 0 which
implies g — kv? > 0.

15



(v)

The acceleration equation is
dv

For the downwards trajectory, when ¢t = T;,, v = 0 and when t = T, +Tg, v = v,.

dtz—g+kv
/:+dolt:—/ngg_dz;w2 note that ¢ — kv? > 0
TutTy Yo dv
e / (V5= VR o)
_ /”g VI—oVk+ygovk
‘ 2f N NI T
1
:_ﬁ (\/_#—v\/_—i_\/_—v\/E) v

- 2\/_ [ln<\/_+v\/_>

1

2\/_

1

n(vo - V)]

\/_""Ug\/_ \/__Ug\/—
\/__Ug\/_ \/__Ug\/_

(va - Vi)

= 1
2V kg "

kgu®
g+ ku?

But g—l{:vgzg—

g2

g — kv2

using the result from part (iv)

g + ku?

Also /g — vg\/_—\/_-|—

\/_
Vg + ku?

since v, < 0 in downward trajectory

_@(WM«E)

2

Vg + ku?

g(VarEe vuvE)’

(V30

(

\/ﬁ—vg\/E>2 _

=

g+ ku?

(Vo + ke +uvE)

9

(Va+ ke +uvE)

V9
Vg + ku?+uvk

9)2

Vkg

m(

Vot + u/E

V9

16



k
(vi) Letw= u\/j where k£ and g are positive constants, and u > 0
9

1 Vg + ku? +uvk 1 k
T,— T, = ——ta —
\/k;g NG g
1 ku? k k
=——1In 14+ —dus/—] —
kg g g g
1 1
——In(V1 2 — t
\/@ n( + w +w> \/@ an~'w
1 1
Let f( ):mln(\/1+w2+w)—mtan w
%4_1
f,(w): 1 % V14w _ 1 % 1 5
Vg Vi+w?+w kg 1+w
w4+ V1 4+ w? 1

T VRt A VIF R +w)  VEg(l+w?)

1 1 1
Vg (\/1+w2 B 1+w2)

1 (VI4w?-1
CVEg | T+w?

When w > 0 then w? > 0 = /1 +w? > 1, hence f'(w) > 0 for w > 0.

Since f(0) = 0 and f’(w) > 0 for w > 0, then it must be that f(w) > 0 for
w > 0. Hence, Ty — T,, > 0, or equivalently T; > T,,.

17



Question 14

(a)

(1)

Note that the defined position vectors are all relative to A. The equation of the
line through AM for some parameter A; is

7~”=)\1<A_B>+B—]\j>

1
=M\ (@+ 5@)

The equation of the line through BD for some parameter Ay is
r=AB+ A\ (EZ + Z@)
=u+ X (v—u)

The position of X is the point of intersection of these two lines, so

1
Ay <y+—y> =u+ X (v—u)

[\

A
/\1y—|—?1y =(1—-X)u+ v
Since u and v are perpendicular, the components can be equated.

Equating v components A =1— X=X =1—- )\
A
Equating v components ?1 = Ao

—1-X\
1

2
)\125 and )\225

Substitute into equation of line passing through AM to get position vector AX

2]
r=glutgv

-— 2 1
AX:§y—|—§y

e

Given that BD =v —u
BX = AX — AB
2 1

Zgy‘ng—y

BX| =%
3

XD :2‘5{"



(iii)  The equation of the line through PC for some parameter )3 is

! + A = +
—27! 3 2@ v
A3+ 1
= 32+ U+ A3v

If X lies on this line then there should exist a value of A3 where r = AX.

1 A 1 2 2 1
Note that if)\?,:g then 3 1 :§:>zj:§y+§y,
Hence, X lies on PC.
(b) (i) Find the vectors of each side in terms of u,v and w

AM = AB+ BM
1

Since, AM = NH and M H = AN then opposite sides are parallel. Also,

| = | B[+ |5
=5

| = fe
~5

Since opposite sides are parallel and adjacent sides are equal then AMHN is a
rhombus.

2

2 N
+ ‘CH

19



(i)  Let S and R be the midpoints of AD and DC respectively. Let Z be the inter-
section of AR and SC.

By symmetry of the cube, Z is directly positioned above Y, so ‘YZ ’ = 2.

A P B A P B
T X T
VA4 ,,/”’// it
X /
D 0o
‘ e
S'e » \[ l ,
Z T
Pl
» — G
D R C P
N %
E Q0 @ H

Using the result from (a)(ii) and symmetry of the square
R 1 —
BX| = |BD|
3
— 1 —
P7|= 5 |PD

From (a)(iii), the diagonal BD passes through X and Z so

‘XZ’ _ (BD( _ ‘BX‘ _ ‘D—Z‘

1 |—
:-)BD)
3
1 [—12  |—2
- 3|38 + |
_2V2
3
—_— 52 — 52 52
‘XY‘ :(XZ( +‘YZ‘
8
_ Sy
-+
)ﬂ’ :%ﬁ

20



(1)

(i)

Consider

[n+a[n 1 —

- =
[
7],

1
T n

. ]n

n—1

/1a:c
0

xr+a
nl
93+a v \wta)
T+ a

1
/ 2" tdx
0

0

1
- a[nfl
n

Applying the recurrence relations repeatedly

1
Inzﬁ_ajn—l
1 1
:——a( —CLIn_2>
n n—1
1 a 1
:E_ 1 CL2<T2—GL~L 3)
1 a a? 3 1
= — — — —al,_
n n—1+n—2 <n—3 ¢ 4)
1 a a? a? 4 1
= — — — —al,_
n n—1+n—2 n—3+a (n—4 ¢ 5>
B 1 a N CL2 CLS N +( 1>n—2an—2
n n—-1 n—-2 n-3 2
n—1 _1\k, Kk 1 d
:Z( )'e —i—(—l)”a"/ *
pr n—=k 0 THa
n—1
(_l)kak
=> (1) [z + a)ly
k=0
n—1
(=1)*a" a+1
= —1 1
g n—=k +(=1) n a
n—1
(—1)*a" 1
= —D""In |1+ -
20—k + (—1)"a"In + -

21
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(iii)

For some constants a and b, let

1 _a n b
(z+1)Q2r+1) z+1 2z+1
a2z +1)+b(z+1) =1

1
Whenx:—1:>a:—1andwhenx:—§:>622,hence

1 1 2

G D@t r+1 2wtl

1 4 14 1 4
2
/ ° dx:—/ * d:chr/ T dx
o (x+1)(2x+1) o v+1 0 2x+1

1 .4 1 .4
:/ xldx—/ < dx
01‘“"5 0.T+1

Using the result in part (ii)

o\
&
+| %
[y

8

Il
]

|
il R
| S
ol

SN—r

ES

+

|

—
S~—

S
VR
N | —
N——

S
=3
VR

—_

+
1= =
~_

Bl
o

R .
= Sl (%> + L In3
1—k 16
k=0
1 5. % % 1
Y e R |
(4 3Ty 1)t
Lt
12 16
- 3 (_1)k1k
dx = D*1%In 1+ =
/0x+1x ;04—k (=1 n<+1>
3
(—1)F
- In2
g "
k=0
B
“\17 3737 1)"™"
7
— L im2
TR

Hence

! z? 1 7
/ dt = — +—In3+ — —1n2
o (z+1)(2x+1) 12 16 12

2 ot s
T3 Tt
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Question 15

(a) (i) Let (z,y,z) be a general point on the plane. Since (0,0, —1) lies on the plane
and the position vector ¢ — k is perpendicular to the plane then

(k) ((x = 0)i+ (y— 0)j + (= + k) = 0
r—(z+1)=0
r—z=1

(i)  The parametric coordinates of 2% + y* = 8 are

2 =2v2cosf and y=2v2sind

Where the cylinder intersects with x — z = 1, gives the parametric coordinates
of z for C, so z = 2v/2siné — 1. Hence, the parametric coordinates of C are

(2\/5 cos0,2v/2sin 6, 2v/2sin 6 — 1)

(iii) At the point (2,2,1) on C, a value of € can be derived

2v/2cosh = 2
1
cosf) = —
V2

T

b=1

T
The direction vector at 6 = 1 is

rq = —2v/2sin i + 2v/2 cos 0j + 2v/2 cos Ok
= =21 +2j+2k
=2(—i+j+k)

Hence, the vector equation of the tangent is

for some parameters p and .

23



(b) Let (z,y.) be the point that the object lands on the inclined plane, which occurs when
t =T, where T' # 0. Substitute this into the displacement components.

z. = vol cosd

Ye = voT sinf — g_T2
tan o = e
Te
vl sin @ — g_T2
B vl cos 8

T
vpcosftana = vgsinf — g?

2
T= ﬂ(sinQ — cos ftan )
9

2 0
= w(tan@ — tan )
9

(c) (i) Resolving the gravitational acceleration vector in the i and j directions.

A

\

Qg cosa

\

3
_-gsina

The net acceleration on A is
4= —gsinai—gcosaj.

Resolving the initial velocity vector into the i and j components.

So when ¢ = 0 the i and j components of the velocity vector are vy cos(f — a)
and vy sin(f — «) respectively. Hence

74 = (—gtsina+wvycos(d — )i+ (—gtcosa + vysin(d — a)) j

When ¢ = 0, the displacement vector is 0i + 07 so

2 2

t° si t
A= (vot cos(f — a) — $> i+ <vot sin(6 — o) — #) J

24



(ii) Since object B moves parallel to the direction of 7, then its j component is always
zero. By similarly resolving the gravitational force, its acceleration vector is

I'p=—gsinai
When ¢ = 0, its initial velocity in the ¢ direction has magnitude ug, so
T = (—gtsina + up) i

When ¢t = 0, the displacement vector is 0 + 07 so

< gt%ina) ,
rp = Uot—T 2

(iii)  The maximum of rp occurs when 75 = 0i.

—gtsina +ug =0
Uo

= —
gsina

Equate this with 7" from part (b) when object A and object B collide.

2 0
Yo _ “Totos (tan @ — tan o)
gsina g

g = 2vg cos O sin a(tan § — tan «)

sinf  sina >

= 2vg cos fsin «
cosf cosa

) sin 6 cos o — sin v cos 0
= 2vg cos # sin «

cos v cos f
= 2y tan asin(f — )

When objects A and B collide, their displacements must be equal. So equating
the 7 components of 4 and rg gives
(6% .
vot cos(f — o) — ——— = upt — ———— noting t # 0

uy = vg cos(f — «)
Equating this with the earlier expression for ug gives
vg cos(f — a) = 2vp tan arsin(f — «)

tan(f — ) tan v = 5
Remark: Note that when object A hits the inclined plane, its 7 component
is zero. When applying this to solve for ¢, the same time of flight result as
part (b) is derived. The equations lead to similar results regardless of whether
the reference coordinates are horizontal /vertical or parallel/perpendicular to the
inclined plane.
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Question 16

(a) (i) When n = 1, it is given that ws is divisible by 11 so ag—a; = 11M where M € Z.

Consider  us = ag + 10ay
=11M + a; + 10ay
=11(M + ay)
=11N where N=M+a; € Z

The statement is true for n = 1.

Assume that the statement is true for n = k, that is for integer @),
oy, = 11Q).

Required to prove statement is true for n = k + 1, that is for integer S,
Uggyo = 1185,

It is given that wor = 11 P and wog,o = 11R for integers P and R, so

2k+1
Wok+2 = Z<_1)]aj
k=0
2k—1
11R = (=1)a; + ag, — agg+1
k=0

= 11P + ag, — ageq1
a2k — A2k+1 = 11(R - P)

Now consider
2k+1
U2k+2 = E 1()]@]'
k=0

2k—1
= Z 10jaj + 102’“@% + 102k+1a2k+1
k=0
=11Q + 10%*aq, + 102k+1a2k+1 by assumption
= 11Q + 10%*(ag; + 10agx11)
= 11Q + 10*(agps1 + 11(R — P) + 10ag441)
= 11Q + 11.10*(agpy + R — P)
= 11[Q + 10*(agry1 + R — P))]
=118 where S = Q 4+ 10*(agps1 + R— P) € Z

Since the statement is true for n = 1, then by induction it is true for all positive
integers n.
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(ii)  If ug, is palindromic number then ag = as,_1,a1 = asy_9,...,a,-1 = a,. This
implies that
Way, = (a9 — Q2p—1) + (—a1 + a®72) + (a2 — azp—3) + - + ((=1)" an_1 + (—=1)"ay)
=0

Since ws, is divisible by 11 then from part (i), us, is also divisible by 11. Hence,
all palindromic numbers with an even number of digits is divisible by 11.

(b) For z € [a,b], noting that f(x) > 0 and f'(z) >0

1 2
(\/f (z) — f,($)> >0

1
) =
()
Fie) =

f'(x) +
f@) f'(x) +

27



(ii)  Firstly, let ¢(z) = 2" for sufficiently large positive integer k. By considering the
multiple derivatives

q(l)(z) = kbl
¢ (z) = k(k — 1)z"2
¢ (z) = k(k —1)(k — 2)z*3
¢ V(@) =k(k-1)(k—-2)...3.22
¢ (z) =k(k—1)(k—2)...32.1
¢ (z) = 0.

This means that ¢tV (0), ¢®(0), ¢®(0), ..., ¢*=(0), ¢*+Y(0) all equal zero, which
implies that for some positive integer m, ¢"™(0) = 0 if m # k. The only non-zero
derivative at # = 0 is when m = k, which gives ¢*)(0) = k!.

Now the above result will be applied on the derivatives of f(z), which are in
g(x). First note that with f(0) = 0 then

n

g(0) = > (=1)F " (0).

k=1

Now z"(p — qx)™ can be written generally as a polynomial of degree 2n when the
binomial is expanded. Let the coefficient of 2* be ax, which are integers (since p
and ¢ are integers), then

f(ﬂ?) — xn(p; qx>n

1
_ _'(a2nx2n + aQn_len—l + a2n_2x2n—2 et CLnIL'n)
n!
First consider the individual f*)(0) terms in g(z) where 2k < n. Since all terms
in f(z) have integer powers of x of at least n, then f*)(0) = 0.

Secondly, consider the individual f@*(0) terms in g(x) where n < 2k < 2n.
Each of the individual terms of f(*)(0) will vanish at x = 0, except for one term
which will be constant and has a factor of n!. For example,

£E-2(0) = = (an-al2n — 2))
agn—2(2n —2)(2n —3)(2n —4)...(n+2)(n + 1)n!

n!
=ag,—2(2n —2)(2n —3)...(n+2)(n+1) which is an integer

Applying this similarly to each f%(0) term for n < 2k < 2n will return an
integer. Hence, it must be that g(0) is an integer.
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(iii)

Now consider g(m). From part (i),

f(m =) = f(x)
—fW(r —2) = fW()
fO(r —a) = f@(a)
—fO(m —2) = fO(a)

Hence, g(0) + g(m) is an integer.

d
T [¢'(z) sinx — g(x) cosz] = ¢"(x)sinz + ¢'(z) cosz — ¢'(z) cosz + g(x) sinx
T

= (¢"(x) + g(x)) sinz

But

£ER
O

= f(&) = fP>x) + D (@) = fOlr) +--- + (—1)”_1f(2”_2)(x) +(—1)" £ (1)
q"(z) = f(2)(x) — f(4)( ) + 6)( ) — 8)(x) 4+ (_1)n—1f(2n)(x) + (_1)nf(2n+2)(x)

Noting that f(z) has z*" as the term with the largest power

g"(x) + g(z) = f(a) + (=1)"f** 2 (2)  but [ (z) =0

= [(x)
Hence
dix [ (z)sinz — g(x) cosz| = f(x)sinz

s ‘ T d ) .
i f(z)smxdx:/o E[g(m)smx—g(:ﬁ)cosx] dx

= [¢'(x) sinz — g(x) cos z];

= g(m) + ¢(0)  which is an integer from part (ii)
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(iv)  For 0 <z <7 then

x < b
q
p—qr =0
= f(z)>0
f(x)sinzx >0 since sinz >0 for0<z<m
/ f(z)sinzdx >0
0
Also sinz < 1 for 0 <z <, so
f(z)sinz < f(x)
B x"(p—q:z:)”
N n!
- nl
f(x)sinxdxgﬂp dx
0 n!Jo
7Tn—i—lpn
- n!
T n+1,n
.'.OS/ f(z)sinzxdr < I
0 n!
(v)  Given that mp < m then
™ <m
< m+1
T <m+2

mp<m+(n—m-—1)
= (mp)"" <m(m+1)(m+2)...(m+ (n—m—1))
(mp)n—m _ m(m+1)(m+2)...(n—1) y (m—1)

n! n! (m —1)!
(-1
~ nl(m—1)!
- 1
~ n(m—1)!
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From the results in part (iv) and part (v)

™ m 1
0< / f(z)sinxdr < M - —
0 (m—1)! n
This inequality holds true for any integer n > 1. This means that it should hold
for large values of n.

m 1
However, note that as n — oo then % - — — 0. This means that is
m—1) n
moo]
possible for n to be sufficiently large such that M =< L
(m—1)! n

This means that there exists some values of n such that

0 S/ f(x)sinzxdr < 1.
0

™
This is a contradiction because / f(z)sinz dz is an integer from (iii).
0

The initial assumption that « is rational is false. Hence, 7 is irrational.

™

Remark: Since f(z)sinz > 0, it is only possible for / f(z)sinzdx = 0 if

0
f(z)sinz = 0 for all 0 < x < 7, which is obviously false so the left inequality
can be written as a strict inequality.
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