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General Instructions 

 Reading time – 5 minutes. 

 Working time – 2 hours. 

 Write using black or blue pen. 

Black pen is preferred. 

 Board-approved calculators  

may be used. 

 A reference sheet has been 

provided. 

 Show all necessary working in 

Questions 11 – 14. 

Total Marks – 70 

    Section I       Pages 1 – 6    

10 marks 

 Attempt Questions 1 – 10           

 Allow about 15 minutes for this section. 

 

    Section II      Pages 7 – 18 

60 marks 

 Attempt Questions 11 – 14 

 Allow about 1 hour 45 minutes for this section. 
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Shade your answers in the appropriate box in the Multiple Choice answer sheet provided. 

1 Which of the following equations best represents the graph below? 

 

 

 

 

 

 

 

(A)  1sin siny x . 

(B)  1sin siny x . 

(C) ln xy e . 

(D)  ln xy e . 

 

2 Let  P x  and  Q x  be polynomials with real coefficients. 

Which of the following statements is ALWAYS true? 

 

(A) If  P x  and  Q x  have the same set of roots, then    P x Q x . 

(B) If    0 0P Q , then  P x  and  Q x  have the same constant term. 

(C) If 
 

 

P x

Q x
 has a constant remainder, then  P x  and  Q x  have the same degree. 

(D) If  P x  is an even function and    P x xQ  , then  Q x  is an odd function.  

Total marks – 10                                                                        

Attempt Questions 1 – 10                                                       

All questions are of equal value 

y 

x 
O 



  

– 2 – 

 

 

3 Let  ,   and   be the real roots of the polynomial  P x , satisfying 

1

1 1 1



  
  



    

 

Which of the following statements is NOT always true? 

 

(A) The sum of the roots of  P x  has magnitude at least 3. 

(B) The sum of the squares of the roots of  P x  is at least 3. 

(C) One of the roots of  P x  is 1x  . 

(D) One of the roots of  P x  is the reciprocal of the other root. 

 

4 Consider the binomial expansion of  
n

ax b , where n is a positive integer and , 0a b  . 

The coefficient of 
nx  is the largest in the binomial expansion. 

 

Which of the following statements is true? 

 

(A) n
a

b
 . 

(B) n
a

b
 . 

(C) n
b

a
 . 

(D) n
b

a
 . 
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5 Let p be the probability of success in a trial. If the probability of having k successes in n 

trials is higher than the probability of having the same number of successes in 1n   trials, 

which of the following is true? 

 

(A) 
1

k
p

n



. 

(B) 
1

k
p

n



. 

(C) 
k

p
n

 . 

(D) 
k

p
n

 . 

 

6 Let P be a point that divides the interval AB externally in the ratio :m n , where the length 

of AP is larger than the length of BP. What ratio does the point B divide the interval PA 

internally? 

 

(A)  :n m n . 

(B)   :m n n . 

(C)  :m m n . 

(D)   :m n m . 
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7 Which of the following best represents the graph of 1

2
tan

1 1

x
y

x


 

  
  

? 

 

  

(D) (B) y 

x 

y 

x 
O O 

(A) (C) y 

x 

y 

x 
O O 
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8 Which of the following is the correct value of 

2

4

0

sin ?d



 




 

 

(A) 
3

16


. 

(B) 
3

8


. 

(C) 
3

4


. 

(D) 
3

2


. 

 

9 A particle moves in simple harmonic motion with amplitude 0.5  units, period   and 

centre of motion at 1x  .  

 

Which of the following is a possible displacement-time equation of the particle? 

 

(A)  cos 2 1x t  . 

(B) 
 sin

1
2

t
x   . 

(C) 
   sin cos

1
2

t t
x   . 

(D)  2 1
sin

2
x t  .  
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10 Consider the following velocity-time graph of a particle. 

 

 

 

 

 

 

 

Which of the following is a possible velocity-displacement graph of the same particle? 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

v 

t 
O 

(D) (B) v 

x 

v 

x 
O O 

(A) (C) v 

x 

v 

x 
O O 
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Answer each question in a SEPARATE writing booklet. Extra writing booklets are available. 

Question 11 (15 marks) Use a SEPARATE writing booklet. 

 

(a) A glucose solution enters the bloodstream at a constant rate r. The human body 

metabolises the glucose and removes it from the bloodstream at a rate proportional to 

the concentration at the time. The concentration satisfies the differential equation 

dC
r kC

dt
  , 

where k is positive. Let the initial concentration be 0C . 

 

(i) Show that the concentration at time t is     2 

0 kt

k

r kCr
C e

k

 
  

 
. 

 

(ii) Suppose 
0C

r

k
 . Describe how  C t  changes, as t gets large.  1 

 

(b) Use the substitution sin cosu x x   to find      3 

3

6

tan cot .x x dx










 

 

(c) Find the set of solutions to the inequality       3 

1

1

1xx

x



. 

 

Question 11 continues on page 8  

Total marks – 90                                                                        

Attempt Questions 11 – 16                                                       

All questions are of equal value 
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Question 11 (continued) 

 

(d)  

 

 

 

 

 

 

 

(e) Use mathematical induction to prove that       3 

2

1

1
1

n

k

n
k

  . 

for positive integer values of n. 

 

End of Question 11 

  

(i) Write down the general solution for   if tan  .    1 

 

(ii) Hence, or otherwise, show that if x and y are positive where   2 

 

1xy  , then 

 

1 1 1tan tan tan
1

x y
x y

xy
    

    
 

. 
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Question 12 (15 marks) Use a SEPARATE writing booklet. 

 

(a) An inverted cone with semi-vertical angle   holds some amount of water.   3 

 

 

 

 

 

 

 

 

The volume of the water decreases at a rate proportional to the exposed area.  

At time t, the radius of the exposed area is r and the depth of the water from  

the vertex is h. 

 

Show that the depth is decreasing at a constant rate. 

 

(b) Suppose 
2


     .        3 

 

Show that 

tan tan tan tan tan tan 1        . 

 

Question 12 continues on page 10 

 

  

 

h 

r 
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Question 12 (continued) 

 

(c) The diagram below shows ABC  where P, Q and R are the midpoints of   3 

AB, BC and AC respectively, shown in the diagram below.  

 

 

 

 

 

 

 

 

Let S be the foot of the perpendicular from A onto BC. 

Prove that PRQS  is a cyclic quadrilateral. 

 

Question 12 continues on page 11 

 

  

A 

B C 

P 

Q 

R 

S 
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Question 12 (continued) 

 

(d) A particle X with displacement function  x t  is said to be periodic with period T if 

   x t T x t   

The particle X moves in simple harmonic motion about the origin with period 
2

n


 and 

amplitude A. 

 

(i) Another particle Y has the displacement equation     3 

    
2

y t x t b  , 

where b is a constant. 

 

Find the acceleration equation of particle Y in terms of the  

displacement  y t  and the constants n, A and b. 

 

(ii) Deduce that if 0b  , then particle Y also moves in simple harmonic  1 

motion. 

 

(iii) Show that if 0b  , then particle Y is periodic, but does not move   2 

in simple harmonic motion. 

 

End of Question 12 

 

 

 

 

  



  

– 12 – 

 

 

Question 13 (15 marks) Use a SEPARATE writing booklet. 

 

(a) A particle is projected from a cliff of height h with a fixed initial acute   3 

angle  from the horizontal axis, with variable initial speed V.  

 

 

 

 

 

 

 

The particle lands on the ground at an acute angle   at most 45
 from the  

horizontal axis. 

 

Show that 2 2V gh . 

You may state, without proof, any relevant equations of motion. 

 

Question 13 continues on page 13 

 

  

R 

 

V 

h 

x 

y 

O 
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Question 13 (continued) 

 

(b) Let  22 ,P ap ap  and  22 ,Q aq aq  be two points on the parabola 
2 4x ay . The chord 

PQ subtends a right angle at the focus S, and the tangents at P and Q intersect at T.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Let the feet of the perpendiculars from T to the lines PS and QS be M and N 

respectively. 

 

(i) Find the coordinates of T.       2 

 

(ii) Find the equation of the chords PS and QS.     2 

 

(iii) Hence, or otherwise, prove that SNTM is a square.    3 

 

Question 13 continues on page 14 

  

S 

N 
M 

P 

Q 

T 

x 

y 

O 
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Question 13 (continued) 

 

(c) Consider a sequence of n identical dollar symbols and 1m   identical dots  1 

arranged in a row. The diagram below shows the case for when 12n    

and 5m  . 

$$ $$$ $$$$ $$ $
 

Explain why there are 
1n m

n

   
 
 

 ways of arranging the dollar symbols and dots. 

 

(d) Travis has n identical coins. He distributes the n coins amongst his m friends. 

 

(i) Use part (c) to explain why the number of ways that Travis may   2 

distribute the coins so that all his friends have at least one coin is  

1

1n

m





 
 
 

. 

 

(ii) Hence, or otherwise, simplify the sum      2 

1 1 1 1
...

1 0 2 1 3 2 1

m n m n m n m n

m m

              
              

           
. 

 

End of Question 13 
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Question 14 (15 marks) Use a SEPARATE writing booklet. 

 

(a) Consider the function 

 
    

1

1 2 ...
f x

x x x n


  
. 

It is possible to express  f x  as the sum 

 
1

n

k

kA
f x

x k




 , 

where kA  is some real number. 

 

(i) Show that          1 

 

   

1
1

1 ! !

k

kA
k n k





 

. 

 

(ii) Hence, or otherwise, simplify        2 

 

 
11 2 3 4

... 1
1 2 3 41 2 3 4

nn n n n n n

nn n n n n n


     

  

         
         
         

. 

 

Question 14 continues on page 16 
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Question 14 (continued) 

 

(b) Let  g x  be a smooth continuous function in the domain : ba x  , where 

   g a g b . 

 

(i) With the aid of a diagram, briefly explain why there exists   1 

0x x  in  such that  0 0g x  . 

 

(ii) Let  f x  be a smooth continuous function defined in .    1 

 

Define 

         
      

 
 

2

2

f b f a f a b a
g x f x f a x a f a x a

b a

    
       





  . 

Use (i) to show that there exists 
1x x  in  such that  1 0g x  . 

 

(iii) Hence, show that there exists 
2x x  in the interval 

1a x x     2 

such that 

       
 

 
2

2
2

b a
f b f a b a f a f x


    

 

Question 14 continues on page 17 
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Question 14 (continued) 

 

(c) Let  f x  be any smooth continuous function defined over the interval : ba x  , 

with a real root x   in  and   0f   . 

 

Define  
 

 

f x
A x x

f x
 


. 

Let 
1x , 

2x , 
3x , … be a sequence of numbers defined by the recurrence  

  1k kA x x  , 

where 1, 2, 3, ...k  , with starting point 
0x . 

 

(i) Use the result in (b) (iii) to show that there exists kx   in   2 

such that 

 
 

2

1
2

k

k

k

x
x A 





  . 

 

(ii) Hence show that if 0 1x    and   2kA     for all   2 

0, 1, 2, 3, ...k  , then 
1kx    as k  . 

 

 

Question 14 continues on page 18 
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Question 14 (continued) 

 

(d) Let   1 lnf x x  , which has x e  as a solution. Newton’s Method is used to 

approximate e using the starting point 
0 2.71x  . 

 

(i) Let  A x be defined as in part (c).      1 

 

Show that if 2 3x  , then  

 
1

3 2

1
A x  . 

 

(ii) Use part (c) to find how many applications of Newton’s Method   3 

are needed to obtain an approximation of e that is guaranteed to  

be correct to at least 2016 decimal places. 

 

End of Exam 
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Section I

1. D

2. B

3. A

4. B

5. C

6. A

7. B

8. C

9. D

10. B

Working/Justification

Question 1

Note that the graph has an unrestricted domain and range.

y = sin(sin−1 x) has a restricted domain −1 ≤ x ≤ 1

y = sin−1(sinx) has a restricted range −π
2
≤ y ≤ π

2

y = elnx has a restricted domain x > 0

y = ln(ex) has an unrestricted domain and range

So the answer is (D)

Question 2

Option (A) is not always true because it may be possible that P (x) = kQ(x) for constant k 6= 0 yet
P (x) and Q(x) have the same set of roots

Option (C) is not always true because if P (x) = A(x)Q(x) + c for some constant c and some polyno-
mial A(x) then A(x)Q(x) should have the same degree as P (x). This does not imply that Q(x) has the
same degree as P (x).

Option is (D) is not always true because Q(x) is the primitive of an even function P (x) plus a con-
stant, which is not necessarily an odd function.

Option (B) is always true because P (0) generates the constant term of the polynomial P (x) and sim-
ilarly Q(0) generates the constant term of the polynomial Q(x). If P (0) = Q(0) then the constant terms
of the polynomials P (x) and Q(x) must be equal.

Hence the answer is (B)

1



Question 3

Since αβγ = 1 then α + β + γ = αβ + βγ + αγ. If we let α + β + γ = s then the cubic polynomial
P (x) has the form P (x) = x3 − sx2 + sx− 1, which by substitution has a root at x = 1.

Since one of the roots is 1 then the other two roots must be reciprocals of each other in order for αβγ = 1
to hold. Thus, the roots are α, 1

α
and 1.

When considering the sum of the squares of the roots, we note that α2 + 1
α2 is at least 2 (this can be

shown by noting that the lowest value of

(
α− 1

α

)2

is zero). Thus, the sum of the squares of the roots

must be at least 3.

The sum of the roots may have a magnitude less than 3. For example, if the roots are −2,−1
2

and 1

then the conditions are satisfied but sum of the roots has magnitude 3
2
. Note that this can be shown more

formally by considering the discriminant of the quadratic factor after P (x) is divided by (x− 1).

Hence the statement that is not always true is (A)

Question 4

The coefficient of xn is an. If it is the largest coefficient then it must be greater than or equal to the
coefficient of xn−1 which is nan−1b. Solving the inequality

an ≥ nan−1b

n ≤ a

b
hence the answer is (B)

Question 5

The probability of having k successes in n trials is
(
n
k

)
pk(1 − p)1−k. The probability of having k suc-

cesses in n− 1 trials is
(
n−1
k

)
pk(1− p)n−k−1. Solving the inequality(

n

k

)
pk(1− p)n−k >

(
n− 1

k

)
pk(1− p)n−k−1

n!

k!(n− k)!
(1− p) > (n− 1)!

k!(n− k − 1)!

p <
k

n
hence the answer is (C)

2



Question 6

If P divides the interval AB externally in the ratio m : n then
PA

PB
=
m

n
.

The ratio at which B divides the interval PA is therefore
PB

AB
=

n

m− n
.

Hence the answer is (A),

Question 7

First note that as x → ∞,
x

1 +
√

1 + x2
→ 1. This means that y → π

4
. Also, note that when x > 0

then y > 0 and when x < 0 then y < 0. Hence the answer is (B).

Question 8

∫ 2π

0

sin4 x dx =

∫ 2π

0

sin2 x(1− cos2 x) dx but sin 2x = 2 sin x cosx

=

∫ 2π

0

(
sin2 x− 1

4
sin2 2x

)
dx but cos 2θ = 1− 2 sin2 θ

=

∫ 2π

0

(
1

2
(1− cos 2x)− 1

8
(1− cos 4x)

)
dx

=

∣∣∣∣12(x− 1

2
sin 2x)− 1

8
(x− 1

4
sin 4x)

∣∣∣∣2π
0

=
3π

4
hence the answer is (C)

3



Question 9

x = cos(2t) + 1 has period π and centre x = 1, but amplitude 1.

x = 1
2

sin(t) + 1 has amplitude 1
2

and centre x = 1, but period 2π.

x = 1
2

sin(t) cos(t) + 1 can be rewritten as x = 1
4

sin(2t) + 1 which has period π and centre x = 1,

but amplitude 1
4
.

x = sin2(t) + 1
2

can be rewritten as x = −1
2

cos(2t) + 1 which has period π, centre x = 1 and ampli-

tude 1
2
.

Hence the answer is (D).

Question 10

From the sketch note the velocity is linear over time, so the acceleration must be constant over time.

This means that d
dx

(
v2

2

)
must be a constant.

For this to be possible, v2

2
must be a linear function with respect to displacement. This can only oc-

cur if the velocity is a square root function with respect to displacement. The square root function has a
vertical gradient at the origin.

Hence the answer is (B).

4



Section II

Question 11

(a)

(i) Start with the concentration equation

C =
r

k
−
(
r − kC0

k

)
e−kt

dC

dt
= (r − kC0)e

−kt but C =
r

k
−
(
r − kC0

k

)
e−kt ⇒ (r − kC0)e

−kt = k
( r
k
− C

)

= k
( r
k
− C

)
= r − kC

(ii) If C0 <
r

k
and k > 0 then r − kC0 > 0. This means that

dC

dt
> 0 when t = 0. Since C behaves

according to an exponential function then
dC

dt
> 0 for all t. This means that as t gets large, the concen-

tration C increases and approaches
r

k
from below.

(b) When u = sinx− cosx then du = (cosx+ sinx) dx

When x =
π

3
then u =

√
3− 1

2

When x =
π

6
then u =

1−
√

3

2

Also note that

u2 = sin2 x− 2 sinx cosx+ cos2 x

sinx cosx =
1− u2

2

5



∫ π
3

π
6

(√
tanx+

√
cotx

)
dx =

∫ π
3

π
6

(√
sinx√
cosx

+

√
cosx√
sinx

)
dx

=

∫ π
3

π
6

(
sinx+ cosx√

sinx cosx

)
dx

=
√

2

∫ √
3−1
2

1−
√
3

2

du√
1− u2

=
√

2[sin−1 u]

√
3−1
2

1−
√
3

2

=
√

2

(
sin−1

(√
3− 1

2

)
− sin−1

(
1−
√

3

2

))
but sin−1(−x) = − sin−1 x

= 2
√

2 sin−1

(√
3− 1

2

)

(c) First rearrange the inequality as follows, noting it is only valid for the domain 0 ≤ x < 1 and x ≥ 1

√
x >

|x− 1|√
x− 1

×
√
x+ 1√
x+ 1

√
x >
|x− 1|(

√
x+ 1)

x− 1

Case 1: x > 1

|x− 1| = x− 1 so the inequality reduces to
√
x >
√
x+ 1

This is a false statement hence there are no solutions in the domain x > 1

Case 2: 0 ≤ x < 1

|x− 1| = 1− x so the inequality reduces to
√
x > −

√
x− 1

√
x > −1

2

This statement holds for all x in the domain 0 ≤ x < 1 so the final solution is 0 ≤ x < 1

6



(d)

(i) The general solution is θ = nπ + tan−1 α for integer n

(ii) Let a = tan−1 x and b = tan−1 y then

tan(a+ b) =
tan a+ tan b

1− tan a tan b

a+ b = nπ + tan−1
(
x+ y

1− xy

)
for integer n

tan−1 x+ tan−1 y = nπ + tan−1
(
x+ y

1− xy

)

However, note that since xy > 1, x > 0 and y > 0 then
x+ y

1− xy
< 0 so −π

2
< tan−1

(
x+ y

1− xy

)
< 0.

Also, since x > 0 and y > 0 then 0 < tan−1 x <
π

2
and 0 < tan−1 y <

π

2
. So

0 < tan−1 x+ tan−1 y < π

0 < tan−1 x+ tan−1 y − tan−1
(
x+ y

1− xy

)
<

3π

2

0 < nπ <
3π

2

The only integer value of n which satisfies this inequality is n = 1 hence

tan−1 x+ tan−1 y = π + tan−1
(
x+ y

1− xy

)
For x > 0, y > 0 and xy > 1.

(e) When n = 1

LHS = 1 +
1

2

=
3

2

RHS = 2

Since LHS < RHS the statement is true for n = 1
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Assume the statement is true for n = m
2m∑
k=1

1

k
< m+ 1

Required to prove the statement is true for n = m+ 1

2m+1∑
k=1

1

k
< m+ 2

LHS =
2m+1∑
k=1

1

k

=
2m∑
k=1

1

k
+

1

2m + 1
+

1

2m + 2
+ ...+

1

2m + 2m

< m+ 1 +
1

2m + 1
+

1

2m + 2
+ ...+

1

2m + 2m
by assumption

< m+ 1 +
1

2m
+

1

2m
+ ...+

1

2m︸ ︷︷ ︸
2m terms

= m+ 1 +
2m

2m

= m+ 2

= RHS

Since the statement is true for n = 1 then by induction the statement is true for all positive integer values
of n.
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Question 12

(a) Let k be the constant of proportionality.

V =
1

3
πr2h but tan θ =

r

h

=
1

3
πh3 tan2 θ

dV

dh
= πh2 tan2 θ

but
dV

dt
= −kπr2

= −kπh2 tan2 θ

dh

dt
=
dh

dV

dV

dt

=
1

πh2 tan2 θ
×−kπh2 tan2 θ

= −k

Hence the depth is decreasing at a constant rate.

(b) Since α + β + γ =
π

2
then γ =

π

2
− (α + β)

LHS = tanα tan β + tan β tan γ + tanα tan γ

= tanα tan β + tan γ(tanα + tan β)

= tanα tan β + tan
(π

2
− (α + β)

)
(tanα + tan β)

= tanα tan β +
tanα + tan β

tan (α + β)

9



= tanα tan β + (tanα + tan β)× 1− tanα tan β

tanα + tan β

= tanα tan β + 1− tanα tan β

= 1

= RHS

∴ tanα tan β + tan β tan γ + tanα tan γ = 1

(c)

Since AS⊥BC then ∠BSA is a right angle

This means that the points A,B and S are concyclic where AB is the diameter of the circle enclosing
the points.

But P is the midpoint of AB so P must be the centre of this circle.

⇒ PS = PB (equal radii)

∴ ∆PBS is isosceles (two sides equal)

⇒ ∠PBS = ∠PSB (equal angles opposite equal sides)

but P,Q and R are the midpoints of AB,BC and AC so

PR ‖ BC (ratio of intercepts of parallel lines)

Similarly QR ‖ PB

∴ PRQB is a parallelogram (opposite sides parallel)

∠PRQ = ∠PBQ (opposite angles of parallelogram)

⇒ ∠PSB = ∠PRQ

∴ PRQS is a cyclic quadrilateral (external angle equals opposite interior angle)
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(d)

(i) Using the chain rule

dy

dt
=
dy

dx
× dx

dt

= 2(x− b)dx
dt

d2y

dt2
=

d

dt
(2(x− b))dx

dt
+ 2(x− b)d

2x

dt2
by the product rule

= 2

(
dx

dt

)2

+ 2(x− b)d
2x

dt2

But X moves in simple harmonic motion about the origin with period 2π
n

and amplitude A so(
dx

dt

)2

= n2(A2 − x2) and
d2x

dt2
= −n2x.

Substitute this into the expression

d2y

dt2
= 2n2(A2 − x2)− 2n2x(x− b)

= −2n2(2x2 − bx− A2)

But y = (x− b)2 so x = b±√y hence x2 = b2 + y ± 2b
√
y, so

d2y

dt2
= −2n2(b2 + 2y + 3b

√
y − A2) OR

d2y

dt2
= −2n2(b2 + 2y − 3b

√
y − A2)

(ii) If b = 0, the acceleration equation reduces to

d2y

dt2
= −2n2(2y − A2)

= −4n2

(
y − A2

2

)

Since the acceleration equation has the general form
d2y

dt2
= −k(y − B) for constants B and k > 0, then

the particle Y moves in simple harmonic motion.
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(iii) If b 6= 0, there exists different powers of y in the acceleration equation so it cannot be expressed in the

general form
d2y

dt2
= −k(y−B) for constants k > 0 and B, hence does not move in simple harmonic motion.

However, particle X is periodic with period 2π
n

so x
(
t+ 2π

n

)
= x(t). Note that

y

(
t+

2π

n

)
=

(
x

(
t+

2π

n

)
− b
)2

= (x(t)− b)2

= y(t)

Hence, although Y is periodic, it does not move in simple harmonic motion.
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Question 13

(a) The equations of motion are

ÿ = −g

ẏ = −gt+ V sin θ

y = −1

2
gt2 + V t sin θ + h

ẍ = 0

ẋ = V cos θ

x = V t cos θ

When y = 0 then gt2 − 2V t sin θ − 2h = 0, hence

t =
2V sin θ ±

√
4v2 sin2 θ + 8gh

2g

=
V sin θ +

√
V 2 sin2 θ + 2gh

g
since t > 0

gt− V sin θ =

√
V 2 sin2 θ + 2gh

But since 0 < α ≤ π
4

when the particle hits the ground then

0 < tanα ≤ 1 where tanα =

∣∣∣∣ ẏẋ
∣∣∣∣

0 <

∣∣∣∣−gt+ V sin θ

V cos θ

∣∣∣∣ ≤ 1

0 <

√
V 2 sin2 θ + 2gh

V cos θ
≤ 1

0 < V 2 sin2 θ + 2gh ≤ V 2 cos2 θ

V 2(cos2 θ − sin2 θ) ≥ 2gh

V 2 cos 2θ ≥ 2gh but cos 2θ ≤ 1 so V 2 ≥ V 2 cos 2θ

∴ V 2 ≥ 2gh
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(b)

(i) From the chain rule

dy

dx
=
dy

dp
× dp

dx

=
2ap

2a

= p

The equation of the tangent at P is

y − ap2 = p(x− 2ap)

y = px− ap2

Similarly the equation of the tangent at Q is y = qx− aq2.

Equating the y values to solve for T

px− ap2 = qx− aq2

x(p− q) = a(p− q)(p+ q)

x = a(p+ q) since p 6= q

Subtitute this back into the equation of the tangent

y = ap(p+ q)− ap2

= apq

Hence the coordinates of T are (a(p+ q), apq)

(ii) The gradient of PS is

mPS =
ap2 − a
2ap− 0

=
p2 − 1

2p

14



The equation of the chord PS is

y =

(
p2 − 1

2p

)
x+ a

(p2 − 1)x− 2py + 2ap = 0

Similarly, the equation of the chord QS is (q2 − 1)x− 2qy + 2aq = 0

(iii) First note that ∠QSP = 90◦ so ∠MSN = 90◦ by vertically opposite angles.

Also, ∠TMS = ∠TNS = 90◦ by definition.

Hence SNTM is a rectangle. To prove it is a square, two adjacent sides need to be proved as equal.
By perpendicular distance

TM =
|(p2 − 1)(a(p+ q))− 2p(apq) + 2ap|√

(p2 − 1)2 + 4p2

=
a|p3 + p2q − p− q − 2p2q + 2p|√

p4 − 2p2 + 1 + 4p2

=
a|p3 − p2q + p− q|√

p4 + 2p2 + 1

=
a|p2(p− q) + (p− q)|√

(p2 + 1)2

=
a|(p− q)(p2 + 1)|

p2 + 1

= a|p− q|

Note that from the first line, if p and q are interchanged, the expression becomes the length of TN . Hence,
TN = a|q − p|. But since |p− q| = |q − p| then TM = TN . Therefore, SNTM is a square.

(c)

Of the n+m− 1 positions, choose n to be dollar symbols. The remaining m− 1 must be dots. There are(
n+m−1

n

)
ways of arranging the dollar symbols and dots.
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(d)

(i) The number of ways of distributing the coins is analogous to using the dots as dividers between
friends where each $ refers to one coin.

In order to have all friends to have at least one coin, the dividers cannot sit on the start and end points of
the sequence or be adjacent to each other.

For n coins, one can think of the sequence as having n + 1 gaps between each coin for which m − 1
dots must be chosen to place within those available gaps. This ensures the the dots cannot be adjacent to
each other.

Since the two gaps at the start and end points of the sequence are not available then there n− 1 gaps to
distribute the m− 1 dots which has a total of

(
n−1
m−1

)
combinations.

Another way to think of it is to suppose that each friend receives exactly one coin at first (there is
only one way of doing so). This leaves n − m coins to distribute amongst the friends using the same

divider approach but without restriction. The number of ways of arranging is therefore
(
(n−m)+m−1

n−m

)
which

simplifies to
(
n−1
n−m

)
and is equivalent to

(
n−1
m−1

)
(ii) There are

(
m
k

)
ways of choosing k friends.

The number of ways of distributing coins to these k friends (where k < m) so that at least one received a
coin is

(
n−1
k−1

)
. Hence

m∑
k=1

(
m

k

)(
n− 1

k − 1

)
is the total number of ways of distributing the coins to the friends, where it is possible that some of them
may not have received any coins at all.

This is equivalent to the scenario in (c) of simply distributing the coins to m friends (which includes
all cases) allowing for some to get zero coins hence(

m

1

)(
n− 1

0

)
+

(
m

2

)(
n− 1

1

)
+

(
m

3

)(
n− 1

2

)
+ ...+

(
m

m

)(
n− 1

m− 1

)
=

(
n+m− 1

n

)
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Question 14

(a)

(i) Consider a particular term when k = m

1

(x+ 1)...(x+ (m− 1))(x+m)(x+ (m+ 1))...(x+ n)
=

A1

x+ 1
+ ...+

Am
x+m

+ ...+
An
x+ n

Multiply both sides by x+m

1

(x+ 1)...(x+ (m− 1))(x+ (m+ 1))...(x+ n)
=
A1(x+m)

x+ 1
+ ...+ Am + ...+

An(x+m)

x+ n

let x = −m Am =
1

(−m+ 1)...(−1)× (1)...(−m+ n)︸ ︷︷ ︸
(n−m)!

=
1

(−1)m−1 (m− 1)...(1)︸ ︷︷ ︸
(m−1)!

×(n−m)!

=
(−1)m−1

(m− 1)!(n−m)!

Hence for all k, Ak =
(−1)k−1

(k − 1)!(n− k)!

(ii) Let x = n

1

(n+ 1)(n+ 2)...(n+ n)
=

n∑
k=1

1

n+ k
× (−1)k−1

(k − 1)!(n− k)!

1

(n+ 1)(n+ 2)...(n+ n)
× n!

n!
=

n∑
k=1

1

n+ k
× (−1)k−1

(k − 1)!(n− k)!
× k

k

n!

(2n)!
=

n∑
k=1

k

n+ k
× (−1)k−1

k!(n− k)!
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n!

(2n)!
× n! =

n∑
k=1

k

n+ k
× (−1)k−1

k!(n− k)!
× n!

1(
2n
n

) =
n∑
k=1

(
n

k

)
(−1)k−1k

n+ k

∴

(
n

1

)
1

n+ 1
−
(
n

2

)
2

n+ 2
+

(
n

3

)
3

n+ 3
− ...+ (−1)n−1

(
n

n

)
n

n+ n
=

1(
2n

n

)

(b)

(i) If g(a) = g(b) and g(x) is a smooth continuous function then g′(a) and g′(b) cannot be both pos-
itive or both negative. If they were the same sign and g′(x) 6= 0 anywhere in the domain, then this
suggests the function is monotonic increasing or decreasing which makes it impossible to obtain g(a) = g(b).

There are two main cases where condition g(a) = g(b) is possible.

Case 1: g′(a) and g′(b) are opposite sign (i.e. one is positive and the other is negative) in which case there
must exist some x = x0 in the domain such that g′(x0) = 0 for the change in sign of the derivative to be
possible.

Case 2: At least one of g′(a) and g′(b) is zero in which case x0 = a or x0 = b which trivially satisfies the
required condition.

Hence there exists an x = x0 in D such that g′(x0) = 0

(ii) Consider g(a) and g(b)

g(a) = f(a)− [f(a) + (a− a)f ′(a)]− f(b)− [f(a) + f ′(a)(b− a)]

(b− a)2
(a− a)2

= 0
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g(b) = f(b)− [f(a) + (b− a)f ′(a)]− f(b)− [f(a) + f ′(a)(b− a)]

(b− a)2
(b− a)2

= f(b)− [f(a) + (b− a)f ′(a)]− f(b) + [f(a) + f ′(a)(b− a)]

= 0

Since g(a) = g(b) then from (i), there exists an x = x1 in D such that g′(x1) = 0

(iii) Consider g′(a)

g′(x) = f ′(x)− f ′(a)− f(b)− [f(a) + f ′(a)(b− a)]

(b− a)2
× 2(x− a)

g′(a) = f ′(a)− f ′(a)− f(b)− [f(a) + f ′(a)(b− a)]

(b− a)2
× 2(a− a)

= 0

Recall that g′(x1) = 0 from part (ii). Since g′(a) = g′(x1) then from (i), there exists an x = x2, where
a ≤ x2 ≤ x1, such that g′′(x2) = 0

g′′(x) = f ′′(x)− 2× f(b)− [f(a) + f ′(a)(b− a)]

(b− a)2

g′′(x2) = f ′′(x2)− 2× f(b)− [f(a) + f ′(a)(b− a)]

(b− a)2
but g′′(x2) = 0

(b− a)2

2
f ′′(x2) = f(b)− [f(a) + f ′(a)(b− a)]

∴ f(b) = f(a) + (b− a)f ′(a) +
(b− a)2

2
f ′′(x2)

Note: The relation still holds if a ≥ b with the only difference being that x1 ≤ x2 ≤ a instead.
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(c)

(i) First note that

A(x) = x− f(x)

f ′(x)

A′(x) = 1− [f ′(x)]2 − f(x)× f ′′(x)

[f ′(x)]2

=
f(x)f ′′(x)

[f ′(x)]2

From part (b)(iii), let f(x) = A(x), a = α and b = xk. There exists a βk in D such that

A(xk) = A(α) + (xk − α)A′(α) +
(xk − α)2

2
A′′(βk) but A′(α) =

f(α)f ′′(α)

[f ′(α)]2
= 0

xk+1 = A(α) +
(xk − α)2

2
A′′(βk) but A(α) = α− f(α)

f ′(α)
= α

xk+1 = α +
(xk − α)2

2
A′′(βk)

∴ |xk+1 − α| =
(xk − α)2

2
|A′′(βk)| noting that

(xk − α)2

2
≥ 0

(ii) From the previous part

|xk+1 − α| = (xk − α)2 ×
∣∣∣∣A′′(βk)2

∣∣∣∣
=

(
(xk−1 − α)2

∣∣∣∣A′′(βk−1)2

∣∣∣∣)2

×
∣∣∣∣A′′(βk)2

∣∣∣∣
=

(
(xk−2 − α)2

∣∣∣∣A′′(βk−2)2

∣∣∣∣)4

×
∣∣∣∣A′′(βk−1)2

∣∣∣∣2 × ∣∣∣∣A′′(βk)2

∣∣∣∣
=

(
(xk−3 − α)2

∣∣∣∣A′′(βk−3)2

∣∣∣∣)8

×
∣∣∣∣A′′(βk−2)2

∣∣∣∣4 × ∣∣∣∣A′′(βk−1)2

∣∣∣∣2 × ∣∣∣∣A′′(βk)2

∣∣∣∣
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......

=

(
(x0 − α)2

∣∣∣∣A′′(β0)2

∣∣∣∣)2k

×
∣∣∣∣A′′(β1)2

∣∣∣∣2k−1

× ...×
∣∣∣∣A′′(βk)2

∣∣∣∣
= (x0 − α)2

k+1 ×
∣∣∣∣A′′(β0)2

∣∣∣∣2k × ∣∣∣∣A′′(β1)2

∣∣∣∣2k−1

× ...×
∣∣∣∣A′′(βk)2

∣∣∣∣
Aside: First note that since 0 ≤ |x0 − α| < 1 then (x0 − α)2

k+1 → 0 as k →∞

Also, since |A′′(βk)| < 2 for all k then the other products will approach zero when k →∞.

This means that |xk+1 − α| → 0 which is equivalent to xk+1 → α when k →∞

Aside: To see this a bit more formally, observe that

0 ≤
∣∣∣∣A′′(β0)2

∣∣∣∣2k × ∣∣∣∣A′′(β1)2

∣∣∣∣2k−1

× ...×
∣∣∣∣A′′(βk)2

∣∣∣∣ ≤
[

max

{∣∣∣∣A′′(β0)2

∣∣∣∣2k , ∣∣∣∣A′′(β1)2

∣∣∣∣2k−1

, ...,

∣∣∣∣A′′(βk)2

∣∣∣∣
}]k+1

But since |A′′(βk)| < 2 for all k then max

{∣∣∣∣A′′(β0)2

∣∣∣∣2k , ∣∣∣∣A′′(β1)2

∣∣∣∣2k−1

, ...,

∣∣∣∣A′′(βk)2

∣∣∣∣
}
< 1 so the right hand

side of the inequality approaches zero when k →∞.

∴

∣∣∣∣A′′(β0)2

∣∣∣∣2k × ∣∣∣∣A′′(β1)2

∣∣∣∣2k−1

× ...×
∣∣∣∣A′′(βk)2

∣∣∣∣→ 0 as k →∞

(d)

(i) From the definition of A(x)

A′(x) =
f(x)f ′′(x)

[f ′(x)]2

=
(1− lnx)× 1

x2(
− 1
x

)2
= 1− lnx
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A′′(x) = −1

x

|A′′(x)| = 1

x

Since 2 < x < 3 then

1

3
<

1

x
<

1

2

or equivalently

1

3
< |A′′(x)| < 1

2

(ii) Since |A′′(x)| < 2 and |x0 − e| < 1 then from (c)(ii), each successive application of Newton’s method
will give a result that will ultimately converge to the actual root.

For ease, rewrite the first approximation x0 as

x0 = 2× 100 + 7× 10−1 + 1× 10−2

The true root x = e can be similarly written as

e = 2× 100 + 7× 10−1 + 1× 10−2 + 8× 10−3 + 2× 10−4 + 8× 10−5 + ...

Therefore
|x0 − e| = 8× 10−3 + 2× 10−4 + 8× 10−5 + ...

The initial approximation of 2.71 is correct to the true root to 2 decimal places because the error term
has significant figures at the third decimal place.

Since
1

6
<

∣∣∣∣A′′(x)

2

∣∣∣∣ < 1

4
then it is not certain (without doing the actual numerical computations) whether

the factor

∣∣∣∣A′′(βk)2

∣∣∣∣ alone will affect the number of decimal places.

For example, take 0.008 multipled by 0.2 which gives 0.0016 and the answer remains significant to 3
decimal places compared to 0.008. Only multiplying by a number less than or equal to 0.1 guarantees a
shift in the number of decimal places.

This means that

(
A′′(x)

2

)2

< 0.1 will change the number of decimal places upon multiplication.
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Using the result in (c), note that after k + 1 applications of Newton’s method

|xk+1 − e| = (x0 − e)2
k+1 ×

∣∣∣∣A′′(β0)2

∣∣∣∣2k × ...× ∣∣∣∣A′′(βk−1)2

∣∣∣∣2 × ∣∣∣∣A′′(βk)2

∣∣∣∣
= (8× 10−3 + 2× 10−4 + 8× 10−5 + ...)2

k+1 ×

[(
A′′(β0)

2

)2
]2k−1

× ...×

[(
A′′(βk−1)

2

)2
]1
×
∣∣∣∣A′′(βk)2

∣∣∣∣
< (10× 10−3 + 10× 10−4 + 10× 10−5 + ...)2

k+1 × (10−1)2
k−1 × ...× (10−1)1 ×

∣∣∣∣A′′(βk)2

∣∣∣∣
= (10−2 + 10−3 + 10−4 + ...)2

k+1 × (10−1)1+2+4+...+2k−1 ×
∣∣∣∣A′′(βk)2

∣∣∣∣
= (10−2 + 10−3 + 10−4 + ...)2

k+1 × (10−1)2
k−1 ×

∣∣∣∣A′′(βk)2

∣∣∣∣
If the upper bound is expanded in full, the largest term is where the decimal place begins to have significant

figures. Recall that

∣∣∣∣A′′(βk)2

∣∣∣∣ has no known impact on the decimal places. The largest term is therefore

some integer (between 0 and 9) multiplied by 10−(2×2
k+1+2k−1).

Thus, in order to guarantee the approximation is correct to 2016 decimal places, the error term must
have significant figures at the 2017th or greater decimal place. Considering the powers of 10 in the bound
for the error of the (k + 1)th application of Newton’s method above, this means that

2× 2k+1 + 2k − 1 ≥ 2017

2k ≥ 2018

5

k + 1 >
ln
(
2018
5

)
ln 2

+ 1

The right hand side of the inequality is approximately 9.66. Thus, it requires at least 10 applications of
Newton’s method to guarantee the approximation to be correct to 2016 decimal places.
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