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@ Beware! Heed warning. ME12-2 applies concepts and techniques involving vectors
and projectiles to solve problems

@ Mathematics Extension 1 content.
MEX12-6 uses mechanics to model and solve practical prob-

@ Mathematics Extension 2 content. lems

@ Literacy: note new word/phrase. Syllabus SUthPiCS

R the set of real numbers ME-V1 Introduction to Vectors

V for all MEX-M1 Applications of Calculus to Mechanics

Gentle reminder

f e For a thorough understanding of the topic, every question in this handout is to\
be completed!

e Additional questions from Cambridge MATHS Year 12 FExtension 1
(Pender, Sadler, Ward, Dorofaeff, & Shea, 2019) or CambridgeMATHS Year
12 Extension 2 (Sadler & Ward, 2019) will be completed at the discretion of
your teacher.

\ e Remember to copy the question into your exercise book! J
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30.1
30.2

30.3

30.4

30.5

Motion in one dimension, in terms of time.

Derive and use the equations of motion of a particle travelling in a straight line with both constant
and variable acceleration

Consider and solve problems involving motion in a straight line with both constant and non-constant
i v@ and 4 11)2 for acceleration
dt’ dzx dx \ 2 '
Describe mathematically the motion of particles in situations other than projectile motion and simple

harmonic motion

acceleration and derive and use the expressions

Derive v? = g(z) and the equations for velocity and displacement in terms of time when given
% = f(z) and initial conditions, and describe the resulting motion.




......... 11 ..... VeIocnty ln terms Of dlsplacement ...... .......... ......... ......... .......... ......... ......... ......... ..........
' - & Fill in the spaces - : : : : : : : ; ; : ;

e Velocity/acceleration in prior work dependent entirely on

v—>T
O x is always dependent on :
................ le. v —> t
o Consequently, velocity that is dependenton s |

also dependent on
Chain diagram:

| : e To find displacement-time equation from velocity-displacement function,
IR foet gather similar variables and use

ment

“40 km / h sehool zones” ve1001ty dependent on: dlsplaeement as Well
as: tlme - : - - :

o S



https://schoolsnsw.sharepoint.com/:b:/s/N1XHSGBP/mathematics/EUuvmpVnvp1IgAYLWPVcYEsB7tEkotN9gWyQf5Mkpt3uEQ?e=uk3xU6

......... .......... ........... 111 ..... DISplacement by lntegratlon (Separatlon Of VarlableS) 44444 ......... ......... ......... ..........
.......................... 5 ..7\9 Example 1 | | | | |
| : : - If the velocity of a particle is given by v = /4x + 25, where x is the displacement :

------- -------- ““““““ ~| from the origin and initially, the particle is at the origin. Find and expression for oo -------

Answer: z = (2t +5)2 — 4 ,v=(2t+5)

(a)  x in terms of t.

......... , ......... . (b) v 1I1 teI‘IIlS Oft ...... ..........

7 %2':9 Exar;1ple 2

A particle’s velocity in metres per second is given by v = 2(1 4 3z). Initially, the
particle is at the origin.

(a)  Find an expression for the position of the particle at any time ¢ seconds.

(b)  Hence find expressions for the velocity and acceleration in terms of time.

""""" """"" """"" “I (¢)  Show that the acceleration Z of the particle at any position x is given by
U P S F=1201+432) L e
--------- --------- (d)  Where is the particle at rest, and what is its acceleration at that position? »»»»»»»»»»




............... 0 NELOCIY INTERMS OF DISPLACRMENT
......... .......... 5‘“‘“'{ip"E):('a'mp'l'eS””? ......... VRN SO I e e, R UE RN SO I SR s i, e = e
[2004 CSSA Ext 1 Trial Q7] A particle is moving in a straight line. At time ¢ : :
EEN b seconds it has displacement z metres to the right of a fixed point O and velocity v = = =
| : metres per second is given by :
e o o o S . e
.................. The particle starts % metres to the right of O.
i) @) Show that & (lntans) ! LR
......... .. ....... 1 OW a —_— n anx f— T L
| : dz sin x cos x ‘

.................. (ii)  Hence show that the displacement of the particle is given by 3
___________________ z=tan”! (¢)
| : (iii) Find the limiting position of the particle and sketch the graph of x 2 | |
......... ........ against t. S T S SO A SR

Answer: © — 5

o S




........ .......... \EoExamplell ......... e e, ST SRR SR s s s e ..........
| : : : [2006 CSSA Ext 1 Trial Q6] A particle is moving in a straight line. At time ¢ :
seconds it has displacement x metres from a fixed point O on the line and velocity v

E : § - | metres per second given by
s e e - (2 — )
| : : : U=
2
The particle starts 1 metre to the right of O. Answer: v = 2 '
2 /s -

R - ] how th 1 1
| § § § (i)  Show t at—a:(Q—a:) iL‘+2—£L‘

""""" """"" """"" | (ii)) Find an expression for z in terms of ¢. 3

o S




12 ACCELERATION IN TERMS OF DISPLACEMENT

1.2 Acceleration in terms of displacement

1.2.1 Chain rule

d (1
e Evaluate o <§y2>. Note the differentiall

i

&= Theorem 1

If velocity is defined in terms of displacement, i.e. v — x, then
A
T (QU )

Proof — potentially to be reproduced in examinations.

E=1° Steps

If v — z, then evaluate % <%v2>:
d (1
Lo — (§U2) DT TR
2. =
3. T TUUURRR
4. =
5. =

e Verify with chain diagram. Fill in differentials:

NORMANHURST BOYS’ HIGH SCHOOL



......... .......... .......... 1.2 2 Acceleratlon by dlﬂ'erentlatlon"g .......... ......... ......... ......... ......... ......... ......... ..........
SO0R OO O O 5 ..7\9 Example 5 IR .
| : : : (c.f. Example2)) A particle’s velocity in metres per second is given by v = 2(1 + 3z). :

ST TR R - Show that the acceleration of the particle in terms of x is & = 12(1 +3z). . FRRRE
......... .......... ............. r&b xample6 ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

[1996 3U HSC Q5] A particle is moving along the x axis. Its velocity v at position

x is given by
v=v10x — 22

Find the acceleration of the particle when = = 4. Answer: ¥ =1

o S




ACCELERATION IN TERMS OF DISPLACEMENT

t = 0. The velocity of the particle is described by
v =V2ze " rz>0.1

where z is the displacement of the particle from the origin.

(i)  Show that the particle has acceleration given by
a=e 2 (1 — 41:2) z > 0.1

(ii))  Hence find the fastest speed attained by the particle

(i) Show that 7', the time taken to travel from z = 1 to x = 2, can be

expressed as
T / Ly
= ——e" dx
1 \/2$

(iv)  Use the trapezoidal rule with 3 function values to obtain an approxi-
mate value for 7.

o Example 7

[1997 3U HSC Q5] A particle moves along the x axis, starting at = 0.1 at time

o S
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16 : : : : : : : : : : ACCELERATION IN TERMS OF DISPLACEMENT

o Bxample 8

[2008 Independent Ext 1 Trial Q6] A particle is moving in a straight line. At
time ¢ seconds it has displacement x metres from a fixed point O on the line, velocity
v ms~ ! given by v = 2 — x and acceleration a ms~2. Initially the particle is 4 metres

to the left of O.

o . (i)  Find an expression for a in terms of x. 1
(ii)  Use integration to show that z = 2 — 6e". 2

.............. (i) Find the exact time taken by the particle to travel 4 metres from its 1

.................. starting point.

| : (iv)  Sketch the graph of = against ¢ showing the intercepts on the axes and 2 | A :

......... ........ the equations Of any asymptotes ......... ......... ..........

Answer: =z —2,t=1n3

o S




‘ACCELERATION IN TERMS OF DISPLACEMENT : : : : : : : : : C17

g Byample @

[2003 CSSA Ext 1 Trial Q3] A particle is moving in a straight line. At time ¢
seconds it has displacement x metres (where 0 < 2 < %) from a fixed point O on the
line, velocity v ms~! given by v = cos? z and acceleration @ ms—2. The particle starts

at O.
_______________________________ (i) Find expressions for a in terms of 2 and for x in terms of . 2
(ii)  Sketch the graph of x against ¢. 1 :
............................ (ili) Describe the motion of the particle from its initial position to its lim- 2

iting position. -

o S




............... 8 ... .. .. ACCELERATION IN TERMS OF DISPLACEMENT . . . .

123 Velocity by integration

7@ Tﬁeorefn 2

Ny 1
—? = /:'idx
2

d (1
If7=— (51}2), by integrating both sides w.r.t. z,

__IF[%Q Important.note

@ Constant of integration will be found from initial conditions supplied.

To continue further to find * — ¢, beware of potential negative sign when
taking square roots.

EEES \"Sp Eiampfe 10

The acceleration of a particle moving along the x axis is given by

. T=9(z—-2)

| where z is the displacement in metres from the origin after ¢ seconds. The particle

is initially 4 metres to the left of O and moving towards the origin at 18 ms~1.

(a)  Find the velocity of the particle in terms of .

- (b)  Find the displacement of the particle in terms of time.

(¢c)  Find the velocity and acceleration when t = 1.

Answer: (a) v=—3(x —2) (b) x =2 —6e73 (c) * = 1873, T = —bde~3




N - ACCELERATION IN TERMS OF DISPLACEMENT - . . . = . . ST VOO RO UL N I 19

......... .......... ............ \“So;'Exan;rlple“il“““é ......... SR S i SRR SR s i, e e, e

[2001 Ext 1 HSC Q7] A particle moves in a straight line so that its acceleration is
given by

ST A e R o
ar "

where v is its velocity and z is its displacement from the origin. Initially, the particle | _________
is at the origin and has velocity v = 1. 2

| (i) Show that v? = (z —1)2.

2 | -

t
(i) By finding an expression for i otherwise, find x as a function of 2 | L
X :

Answer: 2 =1 —et [ e

o S




20 : : : : : : : : : : ACCELERATION IN TERMS OF DISPLACEMENT

o Byample 12

A particle is moving along the x axis, starting from a position 2 metres to the right
of the origin (that is, z = 2 when ¢ = 0) with an initial velocity of 5ms™' and an
acceleration given by

Ei':2$3+2]} ......... ......... ..........
; ......... ; ....... (ii) E;}l()‘ﬂf 1;}12Lt .i7 — :l:2 _+_ ]_. :z .; ......... ; ......... g ..........

(ii)  Hence find an expression for x in terms of ¢. 3

Answer: x = tan (t + tan—1 2)

o S




ACCELERATIONINTERMSOFDISPLACEMENT ................................................................................................ 21 ................
\ioExample13 ......... e SR e e, SR i, i, i, s ..........
[2003 Ext 1 HSC Q6] The acceleration of a particle P is given by the equation :
d*x
................................... — =8z (2°+4
dt2 ( )

where x metres is the displacement of P from a fixed point O after ¢ seconds.

Initially the particle is at O and has velocity 8 ms™!

(i)  Show that the speed at any position z is given by 2 (2? + 4) ms™1.

(ii))  Hence find the time taken for the particle to travel 2 metres from O.

= T
Answer: t = T

in the positive direction.

o S




N 22 i L SN R R ACCELERATION IN TERMS OF DISPLACEMENT - = ©

........ .......... L {:9"E)i'a'mp'fe‘1'4"5"""““5"""""3 ......... e e, ESUUR OO UUE SURE SOOOE SO SR s i, e = e
[2008 CSSA Ext 1 Q4] The acceleration of a particle P, moving in a straight line,
- S is given by # = 2x — 3 where x metres is the displacement from the origin O. Initially | = - S

the particle is at O and its velocity v is 2 metres per second.

(i)  Show that the velocity of the particle is v? = 22 — 6z + 4.

2. .
10 LR S S B

S o (ii))  Calculate the velocity and acceleration of P at = 1 and briefly de-
scribe the motion of P after it moves from x = 1. 5 : :

o S




.. ACCELERATION IN TERMS OF DISPLACEMENT . . o 23

\EoExamplels .....................

_____________________________ [1998 3U HSC Q6] The acceleration a ms~2 of a particle P moving in a straight

- line is given by

__________________________________ a=3(1-27
where x metres is the displacement of the particle to the right of the origin. Initially

--------------------------------- the particle is at the origin and is moving with a velocity of 4 ms™?.
(i)  Show that the velocity v ms™' of the particle is given by 2

f : : : 112:16+6$—2.’173

SN e S 1 (i)  Will the particle ever return to the origin? Justify your answer. 2 [

o S




24 SUMMARY OF ONE DIMENSIONAL MOTION

1.3 Summary of one dimensional motion

de T—ot Displacement
—— = [ dt

/ v(z) /
@ Separation of variables @ @ %(m)

V——>T— — >t v—>¢ Velocity

@;v2:/adaz @jp(;vz> @@/adt @@%(U)

U——>T— — >t a—>t Acceleration

~_ -

Replace t with z

Figure 1.1: Relationship between displacement, velocity, acceleration and its derivatives/primitives
w.r.t t and x

_m Further exercises (Legacy Textbooks)

Ex 3E (Pender, Sadler, Shea, & Ward, 2000)
o Q36 e Q10-23

7|:T_T Further exercises

Ex 6A (Sadler & Ward, 2019)
e QL5 e Q10-16, 19
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30.6  Derive equations for displacement, velocity and acceleration in terms of time, given that a motion

is simple harmonic and describe the motion modelled by these equations
"""""""""""""""""" 30.7 Prove that motion is simple harmonic when given an equation of motion for acceleration, velocity
or displacement and describe the resulting motion

"""""""""""""""""" 30.8  Sketch graphs of z,  and Z as functions of ¢t and interpret and describe features of the motion.

30.9 Prove that motion is simple harmonic when given graphs of motion for acceleration, velocity or
-------------------- - displacement and determine equations for the motion and describe the resulting motion

30.10 Use relevant formulae and graphs to solve problems involving simple harmonic motion

.............................. AN W
.............................. 21Intro UCtIOﬂ
i — & Definition -

Simple harmonic motion is modelled by a single (simple) sinusoid (harmonic).

Physically, the restoring force is directly proportional to (and directed against) the | ... ...

displacement from the 0 , Le.

F=-n? (centred about z = 0)
s 2 _
.................................. Z=-n"_ (centred about x = )
................................. where
e z is the displacement of the particle e 7 is the acceleration of the particle
e woisthe

SR SRR e 2..1“1 ..... Physmal phenomena modelled by SHM ......... B SRR Lo i P SR B

Ignorlng frlctlon air reswtance etc

W

T

)

-



: : : : : : : : | Why science teachers
R L T Lo L shouldnotbegiven
: : : : : playground duty.

° Point moving along unit circle and relationship to sinusoids

. Simple Harmonic Motion - Diagrams

o S



https://www.geogebra.org/m/zg62sxx4
https://www.geogebra.org/m/PS999ZYk

e 2__1“2 ..... Observatlons,......g 444444444 _________ ......... e,

° At the extremltles T = :I:a

, . . . B VelOCIty T S S o ACCG]erathnlS e s s els e ele s e s e e ge s sle e sle s ee s
m'Mmm'w‘W'M";“Atmt'ﬁé‘“c“e'r'it'r'é'éf}r’ié't'iéii“:bm:m()' ..................................... e
............................................ -—VelOCItyIS——Accelefatlonls

......................................... 2;__ostel)s
................................ Differential equation defining simple harmonic motion:
¥ =—nc
: K N . d 1 . .
; : : 1 1. Use — | =v? | = 7 to integrate:
......... .......... .......... . d"L’ 2 ..................
............................. 1,
 —
2 ..........................
.02:

2. At the extremities, x = a and v = 0:




.............. Steps
leferentlal equation for velocity in terms of displacement:
o (e )
................ 1. Take appropriate square root:
v =

2.  Rewrite velocity as differential and separate variables:

3. Use positive square root (first case), and integrate:

4.  Use negative square root (second case), and integrate: R SR o

o Use 1n1t1al condltlons to determlne Wthh square root is used.

........ ........... O‘Choose approprlate SHIUSOId and negatlve Slgns Such 'that ‘thE""“"."‘é.‘“‘;"' .... ;;;; ,,,,,,,, R ......... ..........
| is thus mlmmlsed and becomes an acute angle




............................ SHMINTERMSOFTIME29
.................................................. xZOx:x:O
Ixi = P P : x: "/Ij = [ P S
| | |
.................................................. S S B S S S SRR N SN SO RN SURN SRR
Extremlty Centre of motlon Extremlty
............................ 2..3“‘..S,H.M.lnf.terms of time .

é\p Example 16

“““““““ “| [Ex 3D Q2] (Iﬂindﬁrjjjﬂ, IZDD_d) A particle is moving in simple harmonic motion
- with period 4 seconds and centre at the origin, and starts from rest 12 cm on the
oo positive side of the origin.

(a)  Find z as a function of ¢

(b)  Differentiate to find v and Z as functions of ¢, and show that Z = —n?z.

R "I (¢) How long is it between visits to the origin?

o S




E— <

A particle is moving in simple harmonic motion according to the equation
s
x =24 4cos (2t+§)

Find the centre, period, amplitude and extremes of the motion.
What is the initial phase, and where is the particle at ¢t = 0?7
(c)  Find the first time when the particle is at:

1. the centre of motion, iii.  the maximum displacement

ii. the origin, iv.  the minimum displacement

s ™ 5w

Answer: (a) ¢ = 2, extremities 2 = 6 or —2, a = 4. (b) Initial phase %, z =4 (c) i. {5 ii. § iil. F iv. §

12

™

E e U U U U O O AR O T O

..........................................................................................................................................................................................................................

7;\\ Laws/Results

Differential equation defining simple harmonic motion with centre of motion

T = C:




§SHM IN TERMS OF TIME 31

[2020 Ext 2 HSC Sample Q15] A particle is moving in a straight line according
to the equation x = 5 + 6 cos 2t + 8 sin 2¢, where z is the displacement in metres and
t is the time in seconds.

i.  Prove that the particle is moving in simple harmonic motion by showing 2 _
that z satisfies an equation of the fo | S

_________________________________ & =—n*(z—c)

ii. ~ When is the displacement of the particle zero for the first time? 3

Answer: t = % (QT" —tan—1 %) ~ 1.511

: ......... : .......... : .......... : ;..mlm..pOrtant.:hote: ......... : ......... :. ......... : .......... :.: ......... : ......... : .......... : .......... : ......... : ......... : ......... o
RN - | (R) Free revision for (=) Topic 26 - (x1) Further Trigonometric Identities 2 | .-

o S



https://schoolsnsw.sharepoint.com/:b:/s/N1XHSGBP/mathematics/EfviO48mXphDs8euOXPMG2IBpYwFyd5lIJ2t0L9pEfUadA?e=f3s4Ti

............... 32 SHM N TERMS OF TIME

........ .......... L \tp 'E);('a'mp'l:e‘ 19
- [1998 3U HSC Q3]
(b)  Express sin 4t + v/3 cos4t in the form Rsin(4¢ + a), where «a is in radians.

S S (¢c) A particle moves in a straight line and its position at time ¢ is given
by SR
......... ....... 1’:1+Sin4t+\/§COS4t ......... ......... ..........

i. Prove that the particle is undergoing simple harmonic motion 2
about x = 1.

ii. Find the amplitude of the motion. 1

N

| ; iii. ~ When does the particle first reach maximum speed after time ; ; ;
........ ........ t _ 0? ........ ........ .........

Answer: i. Proof ii. a = 2 iii. t = %

o S




§SHM IN TERMS OF TIME 33

\ioExampleﬂ) ........................................................................................................................................

[1999 3U HSC Q6] A particle moves in a straight line and its displacement x metres
............................... from the origin after ¢ seconds is given by
......... .......... .......... . x:COS23t t>0 ...... ..........
......... M ......... , l When IS the particle ﬁrst at T = %? 1 .................
e - | ii. In what direction is the particle travelling when it is first at z = 37 1 -
| | | i Express the acceleration of the particle in terms of z. 2 |

iv. Hence, or otherwise, show that the particle is undergoing simple har- 1 :
.................................. monic motion.

v.  State the period of the motion. 1 '
............................... e () e () () e ) () B P

o S




34 SHM IN TERMS dF TIME:

e o Byample 2L

A weight on a spring is moving in simple harmonic motion with a period of 2?” seconds.
A laser observation at a certain instant shows it to be 15 cm below the origin, moving

________________ upwards at 60 cm/s. Answer: (a) 7 =3V4Tsin(5t —a) (b) t~0.179 s (c) t ~0.987s |~
(a)  Find the displacement x of the weight above the origin as a function of the | : :
"""""""""" time ¢ after the laser observation. Use the form x = asin(nt — «).
_______ (b)  Find how long the weight takes to reach the origin (three significant figures). -~ =~ -~
(c) @ Find when the weight returns to where it was first observed. Use the , ,
EERE feid sin A = sin B approach to solve the trigonometric equation. SERUIRE e SRR




§SHM IN TERMS OF TIME " 35

g Byample @2

Two particles A and B move in simple harmonic motion in a straight line with the
same amplitude and period about the origin. Initially, particle A is at the origin and
moving towards B with a speed of 13ms™!, while particle B is 2m from O, moving
with a speed of 5ms—! away from O.

--------- »»»»»»»»» (a) By choosing a suitable mathematical model for the motion of particle - »»»»»»»»»»

13
A, show that the amplitude is 5 metres, and the period of the motion

LT
1s — seconds.

5
(b)  Show that particle A is 6 metres from O when particle B is at rest for
the first time.

......... .......... .......... 'Furtherexercises ......... .......... 4444444444 ......... ......... .......... .......... 444444444 ......... ..........

... BxéB (Sadler & Ward R019) -

e All questions




2..4 “““ S’HM m terms of chsplacement‘“é' ......... ......... ......... ........ ........ ........ ......... ........ .........

......... ........... ‘Questlons generally rely On ......... ......... .......... .......... ......... ......... .......... .......... ......... ......... ......... ..........

.............................................

..................................... x:O :‘xzo

R R ER PR RRE PR |x,l: ....... I~:0 ..................................... | xl:'. ...........
1 — 1

............................. Extremlty ..Ce_r_ltre. Ofmotlon Extremlty

........ ‘{“bExample23 ........ ,,,,,,, ....... .......... ,,,,,,,,, ......... ,,,,,,,, ........ ......... ........ ........ ........ .........

The speed of a particle moving along the z axis is given by v? = 24 + 8x — 222.

(a)  Find the acceleration of the particle.

(b)  Explain why the motion of the particle is simple harmonic and find its ampli- :
................. tude.

(c)  Find the displacement of the particle in terms of time ¢ given that initially it | : 5
"""""""""" started to move from the centre of its motion towards the right.
________ ...... Answer: (a) ¥ = —2(z — 2) (b) Explain (¢) x = 4sin (\/Qt) +2 L

....................................................................................................................................................................................................................
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o Byample 24

[2009 Ext 1 HSC Q5] The equation of motion for a particle moving in simple
harmonic motion is given by

: : d21' 2 : : :
ST P — = —n‘x Gt B FRRRE

dt?
where n is a positive constant, x is the displacement of the particle and ¢ is time.

i.  Show that the square of the velocity of the particle is given by 3

v? = n? (a2 = x2)

0
where v = 7 and a is the amplitude of the motion.

ii.  Find the maximum speed of the particle. 1
"""""""""" iii. Find the maximum acceleration of the particle. 1 e
______________ iv. The particle is initially at the origin. Write down a formula for x as a 2 | e

function of ¢, and hence find the first time that the particle’s speed is
half its maximum speed.

Answer: (i) Proof (ii) [v] ., = an (iii) [&] a0 = an? (iv) t = 2=
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o Byample 25

[2000 3U HSC Q4] (2 marks) A particle is moving in simple harmonic motion

about a fixed point O. Its amplitude is 3 cm and its period is 47 seconds.

Find its speed at the point O. Answer: 2 ms~!

2

......... ......... \ﬂljoExampIeZG .......... e R oo oo e e . o ......... ......... ..........
SR b [2008 Ext 1 HSC Q5] (3 marks) A particle is moving in simple harmonic motion in |- ... ST S

a straight line. Its maximum speed is 2ms~! and its maximum acceleration is 6 ms=2.

Find the amplitude and the period of the motion. Answer: a =2, T =21

o S
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g Byample @7

[Ex 6C Q17] A particle is moving according to

Tz = 4cos3t — 6sin 3t

(a)  Prove that the acceleration is proportional to the displacement but oppositely
directed, and hence that the motion is simple harmonic.

......... ......... (b)  Find the period, amplitude and maximum speed of the particle, and find the
| 3 : : acceleration when the particle is halfway between its mean position and one of
its extreme positions.

o S




o Byample 2B

[2001 Ext 1 HSC Q4] (5 marks) A particle, whose displacement is z, moves in

simple harmonic motion.

Find = as a function of t if 7 = —4x and if t = 3, & = —6+v/3 when ¢ = 0.

Answer: = = 6 cos (2t + %)

o S




SHM IN TERMS OF DISPLACEMENT:

[1999 NEAP 3U Trial Q4] A particle moves in a straight line and at time ¢ seconds,
its velocity, v metres per second, is related to its displacement, z metres, by

v? = 108 + 362 — 922

"""""""""""""""""" i. By deriving an expression for acceleration, show that the motion is |
simple harmonic.

................................. i Find the period of the motion. g [

................................ 111 Flnd the amphtude Of the motion' 1

_______________________________ iv. For what value of = does the particle have maximum speed? 2 0




......... .......... e \r\:D Example 30
| : [2011 CSSA Ext 1 Trial Q5] The velocity, v metres per second, of a particle moving
in simple harmonic motion along the x axis is given by v? = 8 — 2z — 22, where z is
in metres.

i Between which two points is the particle oscillating? 2
""""" """" ii.  Find the centre of the motion. 1 |
................. iii. Find the maximum speed. 1
iv. Find an expression for the acceleration of the particle in terms of x. 1 : : :

Answer: i. z = —4,2i.z2=—1iil.v=3iv.2=—-1—=2x

o S
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........ .......... ......... ""“"‘§"‘{:of"Exarﬁple”iil”""‘f ........ e SR e e, SR i, i, i, s ..........
| : : : [2015 Ext 1 HSC Q13] A particle is moving along the z axis in simple harmonic :
""""""""""""""""""""" motion. The displacement of the particle is x metres and its velocity is v ms™!. The | =
| g g - parabola below shows v? as a function of x. g
EEEEL R R REEEEREE fe e 2 ...... KRR
: : : : v :
................................ L il
.................................. .
3 7
................................ i, For what value(s) of z is the particle at rest? 1 |
......... ......... 11. What is the maximum Speed of the particle? 1 o ..........
iii. The velocity v of the particle is given by the equation 3
v* =n?(a® — (z —¢)?)
where a, ¢ and n are positive constants.
What are the values of a, ¢ and n?




46 : : : : : : : : : : : ‘SHM IN TERMS OF DISPLACEMENT

o Byample 32

The velocity v metres per second, of a particle moving along the z axis is given by

v? = 28 4+ 241 — 42

| _ (a)  Show that the particle is moving in simple harmonic motion, and write down : :
......... ....... the centre and period of motion. ......... ......... ..........

(b)  Between what two points it the particle oscillating? Hence state the amplitude
of the motion.

......... ........ (c) Initially, the particle is at its furthest point to the right. Draw a graph of the <<<<<<<<< --------- »»»»»»»»»»
: : displacement of the particle against time over the two complete oscillations. 5 5 :

""""" """" (d)  Write down an expression for the displacement of the particle, x metres, in
| : terms of time t.

| : (e) ~ When is the particle at the origin for the first time? Give your answer to the | ' ;
SO . nearest 0.1 second. T L R
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U Further exercises

| o Gewadm® -

e Q1-19




Part II

- dimensions

...... Vectorsandmechanicsintwo ......... ......... ..........

o S



= Léearnizng Gbal(s)é

30.11 Solve problems involving displacement, force and velocity involving vector concepts in two dimensions

General steps for solving problems

e Draw vector diagram of velocity /forces.
e Relate the problem to Topic 15 - @ Introduction to Vectors work.

— Vector addition/subtraction
— Magnitude/unit vector

— Dot product/projection

......... .......... .......... 31 44444 R ..... ieWO Vectors ........ ......... ......... .......... ......... ......... .......... ......... 444444444

444444444 .......... 4444444444 3..1”1 ..... Cornponentsofavector 444444 .......... .......... ......... ......... 4444444444 .......... ......... 444444444 ......... ..........

o o Example 33

[2007 VCE Specialist Mathematics Paper 2 Q16] A force of magnitude 18
newtons acts on a body at an angle of 150° in the anticlockwise direction to the
vector 1.

A vector representation of this force could be:

(A) 9v3i+9j (C) -9v3i+9j (E) 9v3i—-9j
(B) —9i+9v3j (D) —9i-9v3j



https://schoolsnsw.sharepoint.com/:b:/s/N1XHSGBP/mathematics/ERyvpzeeQSdLlBhswt6Ns38BXs8i3rwuNp_L_0Y2T5mK0g?e=XgyA4r

o i\ Laws/ Results

Comparison of one and two dimensional displacement/velocity/acceleration

e Displacement:

(from earlier work) Two dimensional Vector based

x(t) = z(0)i+y(t) ]

One dimensional

= 1@

e Velocity:

One dimensional

v =) w(t) = . = &)1+ ()]
- ()
i(t)
e Acceleration:
One dimensional Two dimensional
a= = f"(t) a(t) = Oi+§)]

I lfﬁ? Important note

Cartesian path of a particle r(t) = z(t) i+ y(?) j:

e Reworded from Topic 3 - @ Further work with Functions as a pair
of

e Express y in terms of x only.

# Imbortaht note
Speed of a particle

e One dimensional: the magnitude of the

e Two dimensional: the magnitude of the
(found via Pythagoras’ Theorem):

Speed =



https://schoolsnsw.sharepoint.com/:b:/s/N1XHSGBP/mathematics/ERDBa1bo8wRJgHCNI8SzEdgB3YfLF06UzGDLQww2RRYj3w?e=7uavwX

. DISPLACEMENT AND VELOCITY AS2D VECTORS . . sl
§°Example34 .....................
________ - - 3 [2010 VCE Specialist Mathematics Paper 1 Q8] The path of a particle is given

| by r(t) =tsin(t)i— tcos(t) j, t > 0. The particle leaves the origin at ¢t = 0 and then | .
..................... | spirals outwards.
, (a)  Show that the second time that the particle crosses the x axis after 1 5

: : : : ™

E ......... ;. ......... :....; leaving the Origin OCCuI‘S Whent: 7' .................

""""" """"" (b)  Find the speed of the particle when t = 37% 3

""""" """"" """"" "I (¢) Let @ be the acute angle at which the path of the particle crosses the 1 """""

3T

e - [ S . o

Answer: (a) Show (b) /1 + % (c) ?’77'

o S




52 : : : : : : : : : . DISPLACEMENT AND VELOCITY AS 2D VECTORS

o Bxample 35

[2012 VCE Specialist Mathematics Paper 1 Q9] The position of a particle at
time t is given by

_ 0= (T 1 (WETT )y 420 s

(a)  Find the velocity of the particle at time ¢. 1
................. 2
(b)  Find the speed of the particle at time ¢ = 1 in the form a—, where a, 2
| : C
......... ........ b and c are positive integers. ...............................
| ? d 1 3
......... ........ (C) ShOW that a,t time t _ 1, _y _ + \/_‘ 2 ...............................
e dv 1-v3
""""" """" (d) Find the angle in terms of 7, between the vector —\/§1+i and the 2 U

vector r(t) at time ¢ = 0.

t24+2 Vt2+2

Answer: (o) v = (2= —2t) i+ (2 —+2) 1 (b) 5 (@) Show (@) T3

o S




......... .......... ......... """“‘g'gx,"tawsyResdltS""‘f ........ e SR e e, SR i, i, i, s ..........
| : : | Two particles collide when their =~ and position coordinates are :

......... o o o \ 9Examp|e36 ....................
S S .| [2015 VCE Specialist Mathematics Paper 2 Q18] The position vectors of two | .

moving particles are given by

= (24+4%) i+ (3t+2)j and 1p(t) =6ti+ (4+1)]

................................ where ¢ > 0,
.................................. The particles ol colliicks e
(A) 3i+35] (C) 3i+45] (E) 5i+6j |
(B) 6i+5] (D) 0.5i+j
...mi:urtherexer(:lse.s ..................................................................................................................................

........ ......... Ex 13.1 (Fitzpatrick & Aus, IZQIQ -------- ~~~~~~~~~

e All questions
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Newton’s Laws of Motion:

1.

When viewed in an inertial reference frame,
an object either remains at rest or continues
to move at a constant velocity, unless acted
upon by an external force.

The vector sum of forces Y F on an object is
equal to the mass m of that object, multiplied
by the acceleration vector a of the object.

F =ma (3.1)

(units: kg ms—2, Newtons)

When one body exerts a force on a second
body, the second body simultaneously exerts
a force equal in magnitude and opposite in
direction on the first body.

> Definition 2

Forces in equilibrium < object is

Fy

150°

150°\60°

[2006 VCE Specialist Mathematics Paper 1 Q20]

F5 and F3, act on a particle which is in equilibriunﬂ as shown in the above diagram,
then

Fy

%sum of forces is zero

If three co-planar forces, Fi,

F, = F, = 3F,
(B) F=F=V3R
(C) Fi=F=13R

&

Fy=F=—F

3
V3
B) RA=F=-F
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........ .......... ......... ""‘““é"\“:oé‘Exarﬁple“iiB”"" .................................................................................................................................
| : : : [2011 VCE Specialist Mathematics Paper 1 Q7] A flowerpot of mass m kg is
""""""""""""""""" held in equilibrium by two light ropes, both of which are connected to a ceiling. The | =
| : : - | first rope makes an angle of 30° to the vertical and has tension 77 newtons. The :
""""""""""""""""" second makes an angle of 60° to the vertical and has T5 newtons.
......... ......... (Useg:9.8ms_2) .................
: : : : T,
............................. a Show that T, = —. 1 |
@ = — |
................................. (b)  The first rope is strong, but the 3 | =
second rope will break if the 1
L L o s mk tension in it exceeds 98 new- |
: : : : g . .
: : : : tons. Find the maximum value
.................................. of m for which the flowerpot
will remain in equilibrium.
......... ......... Answer: 20kg [T
........ ......... é\\Laws/Results ........ SRR IS DT SRR IOUS VOO VN0 U VU OIS SR .........
| : ' | Weight of the mass due to gravitational T
................................ forco ‘ T
................................ W =mg |
where viless = i
e IV is the weight.
e m is the mass. W =mg
e ¢ is the downwards acceleration ex- :
............................... perienced, typlcally g = 9.8 ms_2. Resolution of forces on a mass




. 3"3‘2""Pr0Ject10n ........ - ......... _________ ——

NS \o Example 39

[2015 VCE Specialist Mathematics Paper 2 Q15] The component of force
F =ai+ bj, where a and b are non-zero real constants, in the direction of the vector
w=1+]Iis

W () © (#)r ® ()«
(B) aib (D) (a+D)

R \So Example 40

[2008 VCE Specialist Mathematics Paper 2 Q18]
causing it to accelerate in the direction of vector d.

A force F is applied to a body

The magnitude of the force which causes the body to accelerate in this direction is
given by:

&) Ed B 5 © E‘_f o E ) E‘TQ

..........................................................................................................................................................................................................................




-------- “1 [2020 Ext 1 HSC Sample Q12] A force described by the vector F = (?) newtons

is applied to an object lying on a line ¢ which is parallel to the vector (Z)

-------------------- i Find the component of the force F in the direction of the line /. 2 e
' | ii.  What is the component of the force F in the direction perpendicular to 1

................... the line?
§ § . (65 6/5\ _ [ 4/5

.................... s (D) o= (0= (25 A

.......................................... D;l Further exermses

Ex 8F (Pender et all, 2019) Ex 13.2 (IEmpammk_&_AusHZQlQ

e Q1-19
Q e All questions




i 7& Learning Goal(s)

30.12 Understand the concept of projectile motion, and model and analyse a projectile’s path

30.13 Model the motion of a projectile as a particle moving with constant acceleration due to gravity and
derive the equations of motion of a projectile

30.14 Use equations for horizontal and vertical components of velocity and displacement to solve problems
on projectiles

30.15 Apply calculus to the equations of motion to solve problems involving projectiles

where ¢ is the acceleration due to gravity.




i KN Laws/Resdlts

Maximum height is reached when

- {9 Example 42

......... .......... ......... A steel ball is projected vertically and reaches its maximum height in 6 seconds. - ~~~~~~~~~~
: : : | What height was attained and what was the velocity of projection? :

o S




43 44444 Hforizdntal?‘project‘ién““‘é 444444444 ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

......... .......... .. . OCCuI‘S When par.ticle . iS . projeeted h@rizontal}y’ pa‘rallel tO. grOund: ...... .......... .......... ......... ......... ......... ..........

‘e Characteristic equaftions:é

e o Bl A

A body is projected horizontally from the top of a building 125 metres high with a
speed of 10 metres/second. Find:

.

the time taken to reach the ground,

(b)  the horizontal distance travelled.

Explain why the time taken to reach the ground is independent of the velocity of
projection.

R IMPOIEANE Obe

@ Draw diagram depicting projection.

@ Show direction of initial velocity.

....................................................................................................................................................................................................................




HORIZONTAL PROJECTION

0% O T O 0 0 W P O
SR - & Example 44

[1999 NEAP 3U] A plane designed to drop waterbombs flies in a horizontal line
towards a spot fire. It maintains a steady speed of 30ms~!, and an altitude of 100 m.
The plane releases its water when at the horizontal distance D metres from the fire.

Y

30ms!
100

D metres

Let the origin O be as shown in the diagram, and let x and y metres be the horizontal
and vertical displacements of the centre of the water bomb at time t seconds after
its release. Then & and g are the horizontal and vertical components of its velocity
in metres per second. Let g = 10 metres per second per second, and assume that air
resistance has negligible effect.

""""""""""""""""""" (i)  Use calculus to derive expressions for &, ¢, x and y in terms of ¢. 2 [
.................................. (i)  Hence determine the value of D correct to the nearest metre. 2 i




......... .......... L {ip"E):('a'mp'l'e‘ilﬁf ......... i, e SR e e, SR i, i, ......... ......... ..........
| : [2001 Ext 1 HSC Q4] An aircraft flying horizontally at V ms~! releases a bomb | ' '

that hits the ground 4 000 m away, measured horizontally. The bomb hits the ground
at an angle of 45° to the vertical.

= i | B

=

Assume that, ¢t seconds after release, the position of the bomb is given by

z=Vty=—5t

Find the speed V of the aircraft.

o S




444444444 .......... 4444444444 4 4 A ngled prOJectlon ........ ......... ......... .......... ......... ......... 4444444444 ......... 444444444 ......... ..........

b b Y iine equatmns

Derlvatlon of tlme equatlons

7§ Definition 3

== Definition 5

- up / down (y ax1s) Vector components

........ l eft/rlght (aj‘ aXlS)

Initial velocity 1(0), the velocity of projectile at ¢ = 0 in the direction of arrow.

Initial position (x,y) coordinates of object being fired at ¢ = 0.

Angle of inclination «
the

Range Total horizontal distance travelled by the projectile
Trajectory path traced out by the projectile

= Definition 6. ... L L R L L T RO O T ;




nents

......... .......... 44444 W here 9: 1s the acceleratlon dne to. grawty, genera]ly glven as. .g..ﬁlO ms ....... .......... ........ ......... ......... ..........

) Commence WIth these two equatlons for every questlon Work Wlth the components

A ball is thrown with initial velocity 40 m/s and angle of inclination 30° from the
top of a stand 25 metres above the ground. The base of the stand is at ground level.

SR e a Using the stand as the origin and ¢ = 10ms~2, find the six equations of motion.
| . & g [Y

________ ...... (b)  Find how high the ball rises, how long it takes to get there, what its speed is
: : then, and how far it is horizontally from the stand.

""""" """" (¢)  Find the flight time, the horizontal range, and the impact speed and angle. """"" """"" """""

........................................................................................................................................................................................................................




‘ANGLED PROJECTION

A gun at O fires shells with an initial speed of 200ms~! but a variable angle of

inclination a. Take g = 10ms~2.

(a)  Find the two possible angles at which the gun can be set so that it will hit a
fortress F', 2km away on top of a mountain 1000 metres high.

(b)  Show that the two angles are equally inclined to OF and to the vertical.
(¢)  Find the corresponding flight times and the impact speeds and angles.

o Example 47

o S




............... 66 ANGLED PROJECTION
R — % Example 48 - NI e e, S I s b, TR O - S T

[1999 3U HSC Q7] A cricket ball leaves the bowler’s hand 2 metres above the
ground with a velocity of 30 ms™! at an angle of 5° below the horizontal. The equa-
tions of motion for the ball are

=0 and y=-10

Take the origin to be the point where the ball leaves the bowler’s hand.

N 5 RN

e — : S

_______ '''''''' (0] 30 m ! X 444444444 ......... ..........

.................. _
i) Y

------- """"" (i)  Using calculus, prove that the coordinates of the ball at time ¢ are 3 """"" """"" """""

given by

| : x = 30t cos 5° and | | '
D — —A0snE® — 5 [0 1
: : (i)  Find the time at which the ball strikes the ground. 2 : ; :

(iii) Calculate the angle at which the ball strikes the ground. 3
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444444444 .......... e {\Sp Exampfe -49
| : [2013 Ext 1 HSC Q13] Points A and B are located d metres apart on a horizontal

plane. A projectile is fired from A towards B with initial velocity u ms™' at angle a
to the horizontal.

At the same time, another projectile is fired from B towards A with initial velocity
w ms~! at angle 3 to the horizontal, as shown on the diagram.

The projectiles collide when they both reach their maximum height.

A d B LSS

The equations of motion of a projectile fired from the origin with initial velocity V'
ms~! at angle 6 to the horizontal are

444444444 ........ x:VtCOSQandy:VtSine_gt2 efesssdocnelecserosesherns’acces

.................. e KT s i)

""""" """" (i) How long does the projectile fired from A take to reach its maximum 2 |

R height?

................ . o (ot e — i ] I e
(ii)

R e i) Show that d — %sin ot B). . TR S

| : (i)

: : g
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............... 0 ANGLED PROJECTION
R — e Example 50

[2008 VCE Specialist Mathematics Paper 2 Q13] A cricket ball is hit from
an origin at ground level so that its position vector at time t is given by
1(t) = 151+ (20t — 5¢%) j for t > 0 where i is a unit vector in the forward direction

and j is a unit vector vertically up.

When the cricket ball reaches its maximum height, its position vector is
(A) r=20i+30j (C) r=601 (E) r=301+20j

(B) r=15i+20j (D) r=230i+10j

o S




‘ANGLED PROJECTION

T O U O e S O VOO O O O OO U U OSSO SN S S O

................................ "

[2017 VCE Specialist Mathematics NHT Paper 2 Q4] A cricketer hits a ball at
time ¢ = 0 seconds from an origin O at ground level across a level playing field.

The position vector r(t), from O, of the ball after ¢ seconds is given by

(t) = 15ti + (15\/§t . 4.9t2) i

where i is a unit vector in the forward direction, j is a unit vector vertically up and
displacement components are measured in metres.

Find the initial velocity of the ball and the initial angle, in degrees, of 2
its trajectory to the horizontal.

Find the maximum height reached by the ball, giving your answer in 2
metres, correct to two decimal places.

Find the time of flight of the ball. Give your answer in seconds, correct 1
to three decimal places.

Find the range of the ball in metres, correct to one decimal place. 1
A fielder, more than 40 m from O, catches the ball at a height of 2m %

above the ground.

How far horizontally from O is the fielder when the ball is caught?
Give your answer in metres, correct to one decimal place.

Answer: (a) 151+ 15v/3, 60° (b) 34.44 (c) 5.302 (d) 79.5 (e) 78.4




ANGLE

D PROJ

......... ................ D’_TFurthel’ ;exercises

Ex 10A (Pender et all, 2019)

e Q1-16

Ex

3G

_i‘f Further exercises (Legaéy -TeS(tboéks)

(x1) (Pender et al., 2000)

e Q7-13

o Q1518

.................................
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442 Carbesian equation

.............................. Derivation .

° Dnce %the tﬁme eciuatio%ns haéle beén deﬁived, %the pf:zth ofé the pfarticlfe can%be fofund.

o Pararheter éto elifninaté: t. .

......... M ......... ,.Lookfor OtherquadratlcequatloﬁsthatappearafterthCarteSIanequétlon hasbeen ..... ..........

1. Time equations:

r=Vtcosa (4.4)

1 z
y:VtSHlOz—igtz (4.5) ........ ,,,,,,,,,,

2.  Change subject to ¢ in (4.4)

3.  Substitute (£.6) into ([4.3):

. e Observe equation now contains term in tana: up to two possible angles of projection
for each point. . oo




......... ..... Exarnpl‘es“““i ......... ......... .......... ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

i \9 Example 52

[2020 Ext 1 HSC Sample Q11] A particle is fired from the origin O with initial
velocity 18 ms™! at an angle 60° to the horizontal.

The equations of motion are i =0and — *y 10

uations of motion are — = = —10.

4 a2 a2
i.  Show that z = 9¢. 1
ii.  Show that y = 9v/3t — 5¢2. 2
iii. Hence find the Cartesian equation for the trajectory of the particle. 1

o — 5 .2
Answer: y = 3z — 1%

o S
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T O T e O OO O O O OO U U OSSO SN S S O

[1998 3U HSC] A particle is projected from the point (0, 1) at an angle of 45° with
a velocity of V' metres per second. The equations of motion of the particle are

=0 and y=—g

A y o i
| z z : V z
............................ i
1 4
0
""""" ------- (i) Using calculus, derive the expressions for the position of the particle 3 """"""
| ' ' : at time ¢. Hence show that the path of the particle is given by '
: : : : x2 :
JUN O y=tto-ggs | e

A volleyball player serves a ball with initial speed V metres per second and angle of
projection 45°. At that moment the bottom of the ball is 1 metre above the ground
and its horizontal distance from the net is 9.3 metres. The ball just clears the net,
which is 2.3 metres high.

<<<<<<<<< »»»»»»»»» (ii)  Show that the initial speed of the ball is approximately 10.3 ms™? . e »»»»»»»»»»
(Take g = 9.8 ms™?) :
""""" """"" """"" | (iii)) What is the horizontal distance from the net to the point where the 3 |

ball lands?
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‘ANGLED PROJECTION

e Exarnfe &
| 5 § Y Example 54

[2013 NSBHS Assessment Task 4] A movie scene is to be filmed inside a tunnel of
height 5.5m. In this scene, a stunt man (of negligible height) will ride a motorcycle
off an inclined plane (in the shape of a wedge, of negligible height) positioned at

point M at a degrees, with velocity V = 25ms~!.

The stunt man must just clear a policeman of height 2m, standing 5m away from

the inclined plane at point P.

The stunt man will then land safely at another point L in the tunnel.

Assume that there is no air resistance in the tunnel, and that the acceleration due

to gravity is ¢ = 10 ms~2.

\

T = 25t cos «

You may also assume the equations of motion are . )
Yy = 25tsina — 5t

t =25
and the equations for the velocity are x C,OS “
Yy = 25sina — 10t

(a)  Show that the trajectory can be expressed as
= —x—Qsec2a + x tan «
DT
(b)  Hence show that tan?a — 25tana + 11 = 0.

(¢)  Hence or otherwise, show that the value(s) of « (correct to the nearest

degree) are
a = 24° or 88°

(d)  Explain (with mathematical reasoning) which of these values of « is
valid.

For simplicity, the rounded off values from part (c¢) may be used in
your explanation
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‘ANGLED PROJECTION

443 Landing on non-ground level

: & : :
Y Example 55

[2000 3U HSC Q7] (8 marks) The diagram shows an inclined plane that makes an
angle of a radians with the horizontal. A projectile is fired from O, at the bottom of

the incline, with a speed of V ms™! at an angle of elevation # to the horizontal, as
shown.
oy
T
r \
|
|
o - .,
O

With the above axes, you may assume that the position of the projectile is given by

x = Vtcost
y = Vising — gt

where t is the time, in seconds, after firing, and ¢ is the acceleration due to gravity.

For simplicity we assume that the unit of length has been chosen so that
2V?
g

1

(i)  Show that the path of the trajectory of the projectile is

y = xtand — x?sec? f

(i)  Show that the range of the projectile, = OT metres, up the inclined
plane is given by
sin(f — «) cos 0

’[" =
cos? o

(iii) Hence or otherwise, deduce that the maximum range, R metres up the
incline is
1
2(1+sina)
(You may assume that 2sin Acos B = sin(A + B) +sin(4A — B))

(iv)  Consider the trajectory of the projectile for which the maximum range
R is achieved.

Show that, for this trajectory, the initial direction is perpendicular to
the direction at which the projectile hits the inclined plane.
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‘ANGLED PROJECTION : : : : : : : : : : : : 081

........ .......... ......... ........ "‘{Sﬂg‘ExarﬁpIeSG””“ .............................................................................................................................
______ e o ' | [2014 Ext 1 HSC Q14] The take-off point on a ski jump is located at the top ofa |~
downslope. The angle between the downslope and the horizontal is % A skier takes
""""" """"" """"" | off from O with velocity V ms™! at an angle § to the horizontal, where 0 < 6 < g """""""""
§ § § - | The skier lands on the downslope at some point P, a distance D metres from O.
e e y v o E ey AR T
........................... The flight path of the skier is given by
O Nb x = Vtcosf
.............................. - X 1
1 Y = —§gt2+Vtsin9
o (Do NOT prove this)
| : : : P where t is the time in seconds after take- :
e S i - off,. S
"""""""""""""""""""" (i)  Show that the Cartesian equation of the flight path of the skier is given 2
................................... by
2 :
............................... y = otand — jpp sec's
& ?
| : : | (ii)  Show that D = 2v/2— cos ) (cos § + sin 6) 3 :
e e o - g oPTACOSTTESHIE) P o
BN dD V2 |
444444444 .......... 4444444444 . (111) ShOW that E _ 2\/5_ (COS 20 — sin 29) 9 e ..........
z z : : g z
------ """""" """"" 1 (iv) Show that D has a maximum value and find the value of  for which 3 |- -------
' ‘ : : this occurs. :




......... .......... L EF_-T--Fuirther-?ex~eréises~~5~»-------5 ......... o . SR NS OO . o SORPR I S ......... ......... ..........

Ex 10B (Pender et all, 2019)

...................................

e Q1-10

(17 Further exercises (Legacy Textbooks)

=

| Ex3H (Pender ct all, 2000) T

o Q4-10
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il 23 Leazrningé Goalé(s)

30.16 Examine force, acceleration, action and reaction under constant and non-constant force

30.17 Use Newton’s laws to obtain equations of motion in situations involving motion other than projectile
motion or simple harmonic motion

30.18 Examine motion of a body under concurrent forces

30.19 Solve problems involving resisted motion of a particle moving along a horizontal line



https://schoolsnsw.sharepoint.com/:b:/s/N1XHSGBP/mathematics/EUuvmpVnvp1IgAYLWPVcYEsB7tEkotN9gWyQf5Mkpt3uEQ?e=dOLuCP
https://schoolsnsw.sharepoint.com/:b:/s/N1XHSGBP/mathematics/ESsdRY9QetpKoJcKCyEGr5cB2wqvJc2ijmcEa8lfjG9KZg?e=e4r0Xa

REVIEW OF FORMULAE : : : : : : : : : : : : : 85

g Byample BT

Initially a particle is observed to be travelling in a straight line with speed V ms™!.

Throughout the subsequent motion, the particle is slowing down at a rate propor-
tional to its speed.

| : ; | (a) Find an expression for the velocity v of the particle when it is  metres from
......... M ......... 1tS 1n1tlal pOSltlon

(b)  Find an expression for the velocity of the particle and its displacement from
its initial position after ¢ seconds.

--------- --------- <<<<<<<<< 1 (¢)  Show that this displacement has a limiting value as t - oc0. ~~~~~~~~~

Answer: (a)v=V —kz (b) v= Ve F (c) z — (%)_

o S




......... .......... 5"‘""{:9"E)i'a'mp'fe‘5'8'§ ......... NI e e, S I s b, i, ......... ......... ..........
: ________ ] [Ex 7.1 Q4] (@, M) The acceleration of a particle moving in a straight line is | _________ -
given by

a=k(l—v? (k> 0)

where v is the velocity at time ¢.

S o a Find an expression for the velocity in terms of ¢, hence, its terminal velocity. ==
, : p Yy y

o L b Find an expression for the position in terms of the velocity, hence, its limiting =
. _ W g

' ' position, if possible.

........ ....... Answer: (a) v = izzki;i ,t—=o00,v—=1(b)z= —;—k In B(1 — v2). No limiting position. | : &

o S




........ .......... ﬁ'“““"§5'.'2"f'Resi:stanﬁce .... ........ ........ ......... ......... ......... ........ ......... ......... ......... ......... ..........
' : : _ﬁ Important ‘note :

e Write down the sum of forces via equation (3.I).

M ......... .\rx;oExamples ......... ......... ~ ......... .......... ......... ......... .......... , ......... ......... ......... ..........

________ _________ A particle of mass 2kg moves in a straight line such that at time ¢ seconds, its

| displacement from a fixed origin is x metres and speed v metres per second. If the
________ __________ _________ | resultant force in Newtons is

(a) 6 —4x, find v in terms of z, given v = 2 when z = 1

(b) 8 —20v? find ¢ in terms of v, given ¢ = 0 when v = 0.

Answer: (a) v=+v6z — 222, z € [0,3] (b) t = }lln (2+”), v € (—2,2)

2—v

o S




............... B8 RESSTANGE
i o 5““"'(&'9"E)i'ampf'e‘605 .........................................................................................................................................................

A particle of mass m moves in a straight line subject to a resistance force of magnitude
mk(v + v3), where v is the velocity of the particle. Initially the particle has velocity
V. If x is the displacement of the particle from its initial position at time t,

(a)  Find the expression of z in terms of v,

(b)  Find the expression of v? in terms of ¢.

--------- ------- (¢)  Deduce the limiting values of v and x as t — oc. -------- --------- ---------

, : —2k
S L Answer: (a) z = % (tan=*V — tan=' v) (b) v? = —1+V‘;2(i7i—t2kt) (c) z — %tan_1 \%

o S




....... .......... ........ .......... \ o Example“ﬁl"““é ....... S S S e, b, SUOUO OO0 SOUUS SOUOE SOOTE R PO S .........
' ' | [Ex 6D, Q1] (Sadler & Ward, 2019) A certain dragracing car of mass M kgis -

capable of a top speed of 288 km/h. After it reaches this top speed, two different

retarding forces combine to bring it to rest. First there is a constant braking force ;
g e .

2
. : : | of magnitude §M Newtons. Secondly there is a resistive force of magnitude 130
R P ~| Newtons, where v metres per second is the speed of the car, acting against a parachute
| : : - | released from the rear-end of the vehicle. Let x metres be the distance of the car
S e ~ | from the point at which the two retarding forces are activated.

120 + 802>

120 + v?

--------- »»»»»»»»»» 4444444444 -1 (b) Hence calculate, to the nearest metre, the distance that the drag-racing car | »»»»»»»»»»
' ' : ' travels as it is brought from its top speed to rest. Answer: 360m 5

......... .......... .......... . (a) ShOW that = = 90 In (




........ .......... 5"“"'{:9"Ei'a'mp'fe‘6‘2'5 ......... i, e SR e e, SR i, i, ......... ......... ..........

| : [2013 ACE Ext 2 Trial Q13] A speed boat of mass m is travelling at maximum : : :

""""""""" power. At maximum power, its engine delivers a force ' on the speed boat. The =~ = =

| : water exerts a resistive force proportional to the square of the speed boat’s speed v. : :

................. .

(a)  Show that & = — (F — kv?), where k is a positive constant. 2

.................. m P I T LR

| : (b)  The speed boat increases its speed from v; to vy. Show that the dis- 3 : :

e o] tance travelled during this period is I S D,
m F — kv,

................. ="l
2k F — kvy?




o1

......... .......... ......... ""“"‘5"‘{&9§Exarﬁple“63”""‘f ....... e SR e e, SR i, i, i, s o
[2014 CSSA Ext 2 Trial Q15] An object of mass 70 kg, initially at rest, is pulled :
EEN A N - | along a horizontal surface by a constant force of 140N. It experiences a resistance |
, : : proportional to its speed.
| : : | When the speed is 10ms™!, the acceleration is 1ms™2. Let x be represent the dis-
AR e | placement in metres from the initial position of the object.
| : : é 1
......... ......... (1) Show that the equation of motion is ¢ = 2 — EU' 2 PETU
................................. (i)  Find an expression for  as a function of v. 3 |

(iii) Show that the object’s speed cannot exceed 20 ms™!. 1 |

Answer: x = 2001n (2381)) — 10v

. [T1 Further exercises

......... .......... .......... : Ex6_D ,|20_]_Q)

e Q211 .

II:T._T Further exercises (Legacy Textbooks) 5 5 5 5 : S ST

Ex 7.1 (Armold & Arnold, 2000)




30.20 Solve problems involving the motion of a particle moving vertically (upwards or downwards) in a
resisting medium and under the influence of gravity

General steps to solving vertical resisted motion questions

e Draw showing forces acting on the body
of mass, use Y F = ma.

e Use value of acceleration due to gravity given.

° @ Be careful of direction.




DOWNWARDONLYMOTION ........................................................................................................................... 9 i
......... .......... .......... 6'.'1“‘ﬁ'Dovémwafrd“ohly“motidn 444444 ......... .......... ......... ......... .......... ......... ......... ......... ..........

- Yo Example 64

A particle falls from rest through a medium for which the resistance is proportional
to the velocity and opposite in direction. Let y be the distance in metres below its
initial position after t seconds. Assume that

y=g9—kv
(a)  Find v as a function of t.
(b)  Hence show that the terminal velocity is lim v = -]
t—oo k’
(¢) Find y as a function of t.
(d)  Show that if A is large enough then the approximate time to reach the ground

at y = h is given by
kh

i~ —

1
g k

>
=}
wn
g
[¢]
g
&
=
I
Eql S

(1—e7kt) (b) Show (c) y = £ (t+ ¢ (e7** — 1)) (d) Show

.....................................................................................................................................................................................................................




............... 01 DOWNWARD ONLY MOTION
R — % Example 65 - NI e e, S I s b, TR O - S T

A small body is projected vertically downwards with velocity « in a medium which

offers a resistance kv per unit mass when the speed is v.

""""" """" (a)  Prove that the speed approaches a limit which is independent of w.

-------- ----- t seconds later, an exactly similar body is projected vertically downwards with ve- -------- --------- --------
| : locity o' . : : :

(b)  Show that the distance between the two bodies is ultimately

o S




DOWNWARD ONLY MOTION : : : : : : : : : : : : 95

[2020 Ext 2 HSC Sample Q13] A particle of mass 0.5 kilograms is dropped from
the top of a tower of height h metres above the ground. The particle experiences a
2

......... ,,,,,,,,,, ...... - force due to air resistance of magnitude newtons, where v is the speed of the | »»»»»»»»»»
: particle in metres per second. Let the displacement, z metres, at time ¢ seconds, be :
......... M ......... , measured lIl a dOWIlW&I‘dS dll"eCtIOIl .................
| ' ' i Show that the equation of motion of the particle is 1

SRR S D s . v :
......... .......... .......... . r=g-— 500 e ..........

where g is the acceleration due to gravity.

Use ¢ = 9.8ms~2 in the following parts.

0.28¢t 1
2.  Show, by integrating using partial fractions, that v = 70 <60T>. 5
................................. eV-28t 1
3.  The particle takes 3 seconds to reach the ground. By finding a formula 3

for x as a function of v, or otherwise, find h, the height of the tower.

Answer: h ~ 42.86
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o UPWARDS, THENDOWNWARDS MOTION . gr
........ ,,,,,,,,,, ,,,,,,,, 62Upwards,thendownwardsmotion ,,,,,,,, ,,,,,,,, ........ ........ ........ ,,,,,,,, ,,,,,,,,,

. Yo Example 67

| A : A @ Point P, () are h metres apart in a vertical line. A particle is projected with A
TR b s - speed C' from P towards () and at the same instant, another is projected with speed | ST
' ' ' - | C from @ towards P. '
| : : - | If the resistance of the medium is proportional to the speed, i.e. B = mkv and the :
e s ... terminal speed is C, show that the particles meet after time | D,

provided 2C? > gh.

e Draw picture!

e Carefully think through which equations (z-v, z-t or v-t) are required.

e For the particle to be projected

— up, take the upwards direction as positive.

— down, take the downwards direction as positive.

Why would this ‘inconsistency’ be required to solve the problem?
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UPWARDS»THENDOWNWARDSMOTION ........................................................................................................ 9
§°Examp|EB8 .........................................................................................................................
| : : - [2013 Ext 2 HSC Q15] A ball of mass m is projected vertically into the air from

EEN A N | the ground with initial velocity u. After reaching the maximum height H it falls =
| : : back to the ground. While in the air, the ball experiences a resistive force kv?, where :
............................... » is the velocity of the ball and & is & constant.
""""" """"" The equation of motion when the ball falls can be writtenas |
......... ......... mi}:mg_kv2 .................
......... .......... .......... - (Do NOT prove this) ...... ..........
......... .......... ,,,,,,,,,, | (i) Show that the terminal velocity vy of the ball when it falls is 4 / % 1 ..........
_______ ,,,,,,,,,, ,,,,,,,, . (i)  Show that when the ball goes up, the maximum height is 3 ..........
5 : : : 2 9 §

| : : : vr [ :
S H=—1 1 B S, L
JOU0 O OO U 00 2 < ' vT2> 5
--------- »»»»»»»»» (iii)) When the ball falls from height H it hits the ground with velocity w. 2 »»»»»»»»»»
BTN R A L S R A .
Show that i s :
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‘UPWARDS, THEN DOWNWARDS MOTION : : : : : : : : : 101

........ .......... ......... ........ : "‘{;;o?‘Exarﬁple“ﬁg
| : : ' [2009 Ext 2 HSC Q7] A bungee jumper of height 2m falls from a bridge which is
125m above the surface of the water, as shown in the diagram. The jumper’s feet
are tied to an elastic cord of length L m. The displacement of the jumper’s feet,
measured downwards from the bridge, is  m.

V=) e e e e e e e e e

.................................. N T e NOT TO
x=L . :
; 2m SCALE :

............................... L= 125 -

\

................................... x

444444444 .......... The jumper’s fall can be examined in two stages. In the first stage of the fall, where | ... ..........
0 < x < L, the jumper falls a distance of L m subject to air resistance, and the :

.................................. cord does not provide resistance to the motion. In the second stage of the fall, where | ... ..
x > L, the cord stretches and provides additional resistance to the downward motion. '

""""" """"" """"" - (i) The equation of motion for the jumper in the first stage of the fallis =

JES IS OF 8 0 s e e o

444444444 »»»»»»»»»» 4444444444 - where g is the acceleration due to gravity, r is a positive constant, and | »»»»»»»»»»
| v is the velocity of the jumper. :

444444444 .......... N (I) Given that 7P = O and ) — 0 initially, ShOW that 3 .................

SR o PR 2 g ( g ) S o
: : : : xr = — 11'1 - — :
SR r2o\g—rv) |

(I1) Given that ¢ = 9.8ms™2 and r = 0.2s7', find the length L of 1
the cord such that the jumper’s velocity is 30 ms~* when x = L.
Give your answer to two significant figures.

""""" """"" """"" “1 (ii) In the second stage of the fall, where x > L, the displacement x is 4
AR R given by |
444444444 .......... . T = e—TtO (298int— 10COSt>+92 444444 ..........

where t is the time in seconds after the jumper’s feet pass z = L.

Determine whether or not the jumper’s head stays out of the water.
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UPWARDS, THEN DOWNWARDS MOTION : : : : : : : : : 103

......... .......... .......... mFurther exerc'ses

Ex 6E (Sadler & Ward, 2019)
e Q1-11

[T Further exercises (Legacy Textbooks)

i Eara (el Kool B e
b e 8 G Iﬁ.,M) ) |




o= Leazrningé Goalé(s)

30.21 Solve problems involving projectiles in a variety of contexts.

30.22 Solve problems involving projectile motion in a resisting medium and under the influence of gravity
which include consideration of the complete motion of a particle projected vertically upwards or at
an angle to the horizontal.

7 Imbortaht note
° @ Hard, difficult algebra

444444444 ..... 7]_ 44444 Cartes|an equat|on/flna| Speed/ang|e ........ ......... ......... .......... ......... ......... ......... ..........

[Ex 6F Q13] (Sadler & Ward, 2019) A )
cricketer hits the ball from ground level Y
with a speed of 20ms~! and an angle of 20m/s

elevation a. It flies towards a high wall Pt
| , 20 metres away on level ground. Take the
- - origin at the point where the ball was hit, o
| : and take g = 10ms—2. el

> X

20m

______ ....... (a)  Show that the ball hits the wall when h = 20 tan o — 5 sec? a.

z z d
i Lo (b)  Show that T (seca) = sec atan a.
. N [0

(c)  Show that the maximum value of h occurs when tan o = 2.

(d)  Find the maximum height.

""""" """" (e)  Find the speed and angle (to the nearest minute) at which the ball hits the |-
| : wall.
................ ‘ VelOClty Cont,a,lns aand



NORMANHURST BOYS’ HIGH SCHOOL




......... ..... 7..2 llll Questlons dlsgmsed as prOJectlle motlon“""“““ﬁ ......... ........ ......... ........ ......... ......... ..........
. —¥® Example 71 — T s
| : [Ex 6F Q18/1993 3U HSC] A projectile is fired from the origin with velocity V' : :
ST I and angle of elevation «, where « is acute. Assume the usual equations of motion. E L L
N 2 B
b Lo (a) Let k = et Show that the Cartesian equation of the parabolic path of the |: .. s S

projectile can be written as

z* tan® o — dkz tana + (4ky + 2*) =0
| : (b)  Show that the projectile can pass through point (X,Y’) in the first quadrant : :
e e by firing at two different initial angles a; and oy, only if X? < 4k? — 4kY . e e o

(¢c)  Suppose that tan oy and tan ay are the two real roots of the quadratic equation
in tan «v in part (a). Show that tan g tan ay > 1, and hence explain why it is
impossible for a; and as both to be less than 45°.
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......... ........ (a)
................... N

[2005 VCE Specialist Mathematics Paper 2 Q4]
and then skis up a short ski jump. The skier leaves the jump at a speed of 12ms™!
and at an angle of 60° to the horizontal. The skier performs various gymnastic twists
and lands on a straight line section of the 45° down-slope 1" seconds after leaving the
jump.

Example 72

Y

A

L60° X
<L e N
ski o
jump \%’
X
down-slope

Show that the initial velocity of the skier when leaving the jump is

61+ 6v/3]

The acceleration of the skier, t seconds after leaving the ski jump, is
given by
¥(t) = —-0.1ti— (g — O.It)i 0<t<T

Show that the position vector of the skier, ¢ seconds after leaving the
jump, is given by

1 1 1
)= (6t ——t3])i 6tvV3——gt’+—t3)j 0<t<T
x(t) ( 60 )“(‘f 29" %0 )i ==

Show that T = 1?2 (\/§+ 1).

At what speed, in metres per second, does the skier land on the down-
slope? Give your answer correct to one decimal place.

Answer: 22.5ms™

A skier accelerates down a slope

Let the origin O of a cartesian coordinate system be at the point where the skier
leaves the jump, with i a unit vector in the positive z direction, and j a unit vector in

the positive y direction. Displacements are measured in metres, and time in seconds.

1

1
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110: : : : : : : : : :PROJECTILE MOTION EXPERIENCING RESISTANCE

T O T N O A O OO O O U U U SO SO SN S S O
| : : ' ® Exampte 73: : - - : - : : : : . : | | §

[2019 VCE Specialist Mathematics NHT Paper 2 Q4] A snowboarder at the

Winter Olympics leaves a ski jump at an angle 6 degrees to the horizontal, rises up
in the air, performs various tricks and then lands at a distance down a straight slope

that makes an angle of 45° to the horizontal, as shown below.

................... y
A
path of
................... snowboarder
— o° oo e
444444444 ........ 0 450 444444444 444444444 ..........
slope

Let the origin O of a cartesian coordinate system be at the point where the
snowboarder leaves the jump, with a unit vector in the positive x direction being
represented by i and a unit vector in the positive y direction being represented by j.

Distances are measured in metres and time is measured in seconds.

The position vector of the snowboarder ¢ seconds after leaving the jump is given by

r(t) = (6t — 0.01¢%) i+ (6v3t — 492 +0.014) j >0

(a)  Find the angle 6°. 2

(b)  Find the speed, in metres per second, of the snowboarder when she 1
................... leaves the jump at O.
| : (¢)  Find the maximum height above O reached by the snowboarder. Give 2 | : :
e e your answer in metres, correct to one decimal place. EER e P
| z 60 (v3+1 : : z
SR e (d)  Show that the time spent in the air by the snowboarder is —(\2_9 ) 3 | e P
' ' seconds. S '

(e)  Find the total distance the snowboarder travels while airborne. Give 2

your answer in metres, correct to two decimal places.

Answer: (a) 60° (b) 12 (c) 5.5 (d) Show (e) 38.51
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o Bxample T4

A particle is projected upward over horizontal ground with velocity U inclined at

an angle # to the horizontal. A second particle is projected simultaneously from the
same point in the same direction with velocity V > U.

| : (a)  Show that throughout the motion, the line joining the positions of the particles : : :
; ......... M ....... makes a Constant angle With the horizonta/l' . ......... . ......... ..........

(b)  Given that the range and time of flight of the first particle are respectively
1 2
~U?sin20 and —U sin 6,
g g

. : i. Find the position of the faster particle and the direction of its velocity |: : _
......... ........ vector when the slower partjcle hits the ground_ 444444444 ......... ..........
E : 1

SN S ii. If this velocity vector is directed upward at an angle g = 59 to the .

horizontal, find g in terms of 6.

<

<<
[\D_I»—t

S 1
S ] iii.  Deduce that 1<




___[Y Further exercises

Ex 6F (Sadler & Ward, 2019) Ex 6H (Sadler & Ward, 2019)

1-17
*Q o Ql-4, 6-12




114 @ OTHER HARDER PROBLEMS

7.4 (1) Other harder problems

1. [2003 Ext 1 HSC Q7] A particle is projected from the origin with velocity v ms™*
at an angle « to the horizontal. The position of the particle at time ¢ seconds is given
by the parametric equations

1
T = vt cos y:m&sinoz—igt2

where g ms™2 is the acceleration due to gravity. (You are NOT required to derive

these).
(i) Show that the maximum height reached, h metres is given by 2
b v?sin?
29
2
(i)  Show that it returns to the initial height at x = — sin 2a. 2
9
(iii))  Chris and Sandy are tossing a ball to each other in a long hallway. The 4

ceiling height is H metres and the ball is thrown and caught at shoulder
height, which is S metres for both Chris and Sandy.

H

$
d 13}
d
The ball is thrown with a velocity vms™'. Show that the maximum
separation, d metres, that Chris and Sandy can have and still catch the

ball is given by

d:4><\/(H—S) <%>—(H—S)2 if v > 4g(H —S) and

d=— if v* < 4g(H — S)
g
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2. [2008 Ext 1 HSC Q7] A projectile is fired from O with velocity V' at an angle
of inclination 6 across level ground. The projectile passes through the points L and
M, which are both A metres above the ground, at times ¢; and 5 respectively. The
projectile returns to the ground at V.

Vb
LW 77777777777 M
14 i i
h
SN\
AN e i
0 P 0 ‘N X
r "l

The equations of motion of the projectile are
xr=Vtcosf and y=Vtsinf — %th
(Do NOT prove this).
(a)  Show that t; + ts = % sinf  AND tty = % 2

Let ZLON = a and ZLNO = (3. it can be shown that

tan o = L and tan g = L
"~ Viticosf ~ Viycosf
(Do NOT prove this).
(b)  Show that tan« + tan 8 = tan6. 2
gh
(¢c) Show that tan atan § = 2 0?8 1
Let ON =r and LM = w.
(d)  Show that r = h (cot a + cot 8) and w = h (cot  — cot ). 2
Let the gradient of the parabola at L be tan ¢.
(e)  Show that tan ¢ = tan o — tan 3. 3
r

f how that = : 2
() Show tha tang  tan@
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Part IV

Past examination questions
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Section A

@ @ Vectors and mechanics

e Questions in this section originate from various VCEs and are largely to cater for the
relatively small number of exercises for work in Part [[Il Answers can be found in the
respective Specialist Mathematics examination reports.

e Some Projectile Motion questions are also amongst this group of vector based questions.

e Other Projectile Motion questions can be found in the respective HSC Exam Packs
(2001-2019) or the (=) legacy BOSTES site (1995-2000).

A.1 2006 VCE Specialist Mathematics

A.1.1 Paper1

Question 7

The position vector of a moving particle is given by r(t) = vt —21i+ 2t j for
2<t<6.

(a) Find the cartesian equation of the path followed by the particle. 2
(b)  Sketch the path of the particle. 2

A.1.2 Paper 2 Section 1

13. Two particles, R and S, have position vectors r = (2t — 10)i + 3j and 1
s =21+ (t —1)j respectively at time ¢ seconds, ¢ > 0.

Then

(A) R and S have the same position when ¢ =1
(B) R and S have the same position when t = 4
(C) R and S have the same position when t =5
(D) R and S have the same position when t = 6

(E) R and S are never in the same position
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2
2
1

=y(1—y).

dx

z(t)i+y(t)j, t >0,
dy

2006 VCE SPECIALIST MATHEMATICS

and hence use calculus to show that the

T

dt
gradient of the curve along which the ball rolls is given by

log, [l —y|=c—t
d

= (1=2y)y(1 —y).
Hence, for 0 < y < 1, find the y coordinate of any points of inflection

on the curve along which the ball rolls and verify that they are points

of inflection.

T
d*y
dx?

Show that

1.
ii.

The component of velocity in the j direction gives the differential equation
If the position of the ball at a particular time is given by r = 0.5j, sketch the

Use calculus to show that the solution to this differential equation is

where ¢ is the constant of integration.

.1.3 Paper 2 Section 2
Write down an equation for

Question 4

A ball rolling along a horizontal plane has position vector r(t)

y > 0 and velocity vector

118
(a)
(b)
(d)
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2007 VCE SPECIALIST MATHEMATICS 119
A.2 2007 VCE Specialist Mathematics
A.2.1 Paper 1
Question 9
A particle moves in the Cartesian plane with position vector r = zi+yj, where x 3
and y are functions of t.
If its velocity vector is v = —yi+x s find the acceleration vector of the particle in
terms of the position vector r.
A.3 2008 VCE Specialist Mathematics
A.3.1 Paper1
Question 7
The side of a tent is supported by a vertical pole supplying a force of F' newtons and 3
a rope with a tension of 120 newtons. The tension in the tent fabric is 7" newtons
as shown in the accompanying diagram.
30°\ rope
120N

pole
Find the exact values of T" and F'.
A.3.2 Paper 2 Section 1
15. Two forces P and Q act on a body. P acts in the direction of 1 with magnitude 1

one newton and Q acts in the direction of i + v/3j with magnitude 4 newtons.

The magnitude of total force acting on the body, in newtons, is

(A) 3 (B) V15 (C) V17 (D) V21 (E) 5
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A.4 2009 VCE Specialist Mathematics

A.4.1 Paper 2 Section 1

15. A force of magnitude 4 newtons acts in the northeasterly direction and another 1
force of 3 newtons acts in the easterly direction.

The magnitude, in newtons, of the resultant of these two forces is
(A) 7 (D) V25— 1243

(B) 25+ 122 (E) 25 —12V2

(C) V25+12v/2

A5 2010 VCE Specialist Mathematics

A.5.1 Paper 2 Section 1
4. The position vector of a particle at time ¢ > 0 is given by r = (sint) i+ (cos 2t) j. 1

The path of the particle has cartesian equation

(A) y=222-1 (D) y=+v2?2—-1
(B) y=1-22? (E) y=22v1—2?
(C) y=v1-2a?

18. A 5 kg mass is suspended from a horizontal ceiling by two strings of equal 1
length. Fach string makes an angle of 60° to the ceiling, as shown in the
diagram.

60° 609
5kg

Correct to one decimal place, the tension in each string in newtons is

(A) 24.5 (B) 28.3 (C) 34.6 (D) 49.0 (B) 84.9
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A.6 2011 VCE Specialist Mathematics
A.6.1 Paper 2 Section 1
11. Consider the three forces 1
. . . 1. 3.
Fr=-v3] Fo=i+v3j Es=-gi+ %,Jv
The magnitude of the sum of these three forces is equal to the magnitude of
(A) Fs—F1  (B) E2—E1  (C) ks (D) E» (E) Es
13. The position of a particle at time ¢ is given by r(t) = (V—2) i+ (2t)] for 1
t > 2. The cartesian equation of the path of the particle is
A) y=22>+4,2>2 4
(A) y r*+4, 2 (D) y— x2 e3> 4
(B) y=222+2,2>2
(C) y=222+4,2>0 (E) y=222+2,2>0
A.7 2012 VCE Specialist Mathematics
A.7.1 Paper 2 Section 1
14. A particle is acted on by two forces, one of 6 newtons acting due south, the 1
other of 4 newtons acting in the direction N60°W
The magnitude of the resultant force, acting on the particle is
(A) 10 (C) 2v19 (B) V524243
(B) 27 (D) V52 —24/3
22. A 12 kg mass is suspended in equilibrium from a horizontal ceiling by two 1

identical light strings. Each string makes an angle of 60° with the ceiling, as
shown.

60° 50° The magnitude, in newtons, of the ten-
sion in each string is equal to

(A) 6g (D) 4v3yg

(B) 12g (E) 8v3yg
12 kg

(C) 24g
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A.7.2 Paper 2 Section 2

Question 4

The position vector of the International Space Station (S), when visible above the horizon
from a radar tracking location (O) on the surface of Earth, is modelled by

1(t) = 6800sin (7 (1.3t — 0.1)) i+ <6 800 cos(m(1.3t — 0.1)) — 6 400)1 for ¢t € [0,0.154]

where i is a unit vector relative to O as shown and j is a unit vector vertically up from point
O. Time t is measured in hours and displacement components are measured in kilometres.

(a) Find the height, h km, of the space station above the surface of Earth when 1
it is at point P, directly above point O.

Give your answer correct to the nearest km.

(b)  Find the acceleration of the space station, and show that its acceleration is 3
perpendicular to its velocity.

(c) Find the speed of the space station in km/h. Give your answer correct to the 2
nearest integer.

(d) Find the equation of the path followed by the space station in cartesian form. 2
(e) Find the times when the space station is at a distance of 1000 km from the 3
radar tracking location O. Give your answers in hours, correct to two decimal
places.
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A.8 2013 VCE Specialist Mathematics

A.8.1 Paper 2 Section 1

16. Forces of magnitude 5N, 7N and @) N act on a particle that is in equilibrium, 1
as shown in the diagram below.

The magnitude of ), in newtons, can
be found by evaluating

5N ON (A) V52 +72—2x5x7xcosT0°

110 (B) 524+ 72 —2x5x7xcos110°

7N (C) VB2 +T72—2x5x7xcosll0°

(D) 52+ 7% —2x5x 7 x cos70°

v (E) V52 +72—2x5x7x cos20°

A.8.2 Paper 2 Section 2

Question 5

A waterskier moves from side to side behind a speedboat that is travelling in a straight line

along a still lake.

The position vector of the waterskier relative to a fixed observation point on the shore of

the lake is given by
r(t) ="7.5ti+ (50 — 10sin (%)) j

t seconds after passing a marker buoy.

The components of the position vector are measured in metres, where i is a unit vector in
the direction of motion of the speedboat, and j is a unit vector perpendicular to i to the left
of the direction of motion of the speedboat. The diagram below represents the view from
above.

TOpe speedboat

R 4 waterskier
(a)  Find 1(¢) and hence determine the minimum and maximum speeds of the 3
waterskier. Give your answers in metres per second, correct to one decimal
place.
(b)  Find the times when the acceleration of the waterskier is zero. 2
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2014 VCE SPECIALIST MATHEMATICS

Later, the waterskier performs a jump from the top of a 10 m long ramp, which is inclined
at 30° to the horizontal. To do this, the speedboat travels beside the ramp and keeps the
waterskier’s speed at 15 ms ™! directly up the ramp, until the waterskier reaches the top. Then
the speedboat slows, so that the tow rope slackens and remains slack after the waterskier
leaves the top of the ramp. Assume negligible air resistance on the waterskier, who is then

subject only to the force of gravity.

Find the time it takes for the waterskier to hit the water after leaving the
top of the ramp. Give your answer in seconds, correct to the nearest one
hundredth of a second.

After leaving the top of the ramp, how far in the horizontal direction does
the waterskier travel before hitting the water?

Give your answer in metres, correct to the nearest metre.

A.9 2014 VCE Specialist Mathematics

A.9.1 Paper1

Question 2

The position vector of a particle at time ¢ > 0 is given by

(a)

(b)

() =(t—2)i+ (*—4t+1)j

Show that the Cartesian equation of the path followed by the particle is
2
y=x"—3.

Sketch the path followed by the particle, labelling all important features.

Question 8

A body of mass 5 kg is held in equilibrium by two light inextensible strings. One
string is attached to a ceiling at A and the other to a wall at B. The string attached
to the ceiling is at an angle 6 to the vertical and has tension 77 newtons, and the
other string is horizontal and has tension 75 newtons. Both strings are made of the
same material.
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A ceiling
10
wall
B
5 kg body
(a) i. Resolve the forces on the body vertically and horizontally, and express 2
T7 in terms of 6.
ii. Express T, in terms of 6. 1
(b)  Show that tan6 < secf for 0 < 6 < 7. 1
(c) The type of string used will break if it is subjected to a tension of more than 3
98 N. Find the maximum allowable value of 6 so that neither string will
break.
A.9.2 Paper 2 Section 1
18. A body on a horizontal smooth plane is acted upon by four forces Fy, Fy, F3 1

and Fy, as shown. The force F; acts in a northerly direction and force F, acts
in a westerly direction.

60°

150° W E

Given that ‘El‘ =1, |E2| = 2,
is such that

Eg‘ =4 and |E4| = 5, the motion of the body

(A) is in equilibrium (D) moves in the direction 30° south
of west

(B) moves to the west

(C) moves to the north (E) moves to the east
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2016 VCE SPECIALIST MATHEMATICS

19. The velocity vector of a 5 kg mass moving in the cartesian plane is given by 1

where velocity components are measured in m/s.

v(t) = 3sin(2t)i+ 4 cos(2t) ]

During its motion, the maximum magnitude of the net force, in newtons, acting

on the mass is

(A) 8 (E) 70
A.10 2015 VCE Specialist Mathematics
A.10.1 Paper 2 Section 1
16. The diagram above shows a mass suspended in equilibrium by two light strings 1

that make angles of 60° and 30° with a ceiling. The tensions in the strings are
Ty and 75, and the weight force acting on the mass is W.

A.11 2016 VCE Specialist Mathematics

1
Ty x -+ Ty x —
3
le\/—_+I2X—

1
I1X§+I2><—

The correct statement relating the
given forces is

T+ To+W=0

T1+T,—W=0

V3
=0
2 =
1
=W
2 PAS
o

A.11.1 Paper 1

Question 8

The position of a body with mass 3 kg from a fixed origin at time ¢ seconds, is
given by r(t) = (3 sin(2t) — 2> i+ <3 -2 cos(2t)>iwhere components are in metres.

(a) Find an expression for the speed, in metres per second, of the body at time 2
t.

(b)  Find the speed of the body, in metres per second, when ¢ = % 1

(¢)  Find the maximum magnitude of the net force acting on the body in newtons. 3
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A.11.2 Paper 2 Section 1

13.

14.

16.

A particle of mass 5kg is subject to forces 121 newtons and 9 newtons.

If no other forces act on the particle, the magnitude of the particle’s accelera-

tion, in ms—? is

(A) 3 (C) 4.2 (E) 60i+45)
(B) 2.4i+18j (D) 9

Two light strings of length 4 m and 3 m connect a mass to a horizontal bar, as
shown below. The strings are attached to the horizontal bar 5 m apart.

5m horizontal bar

4m
3m

mass

Given the tension in the longer string is 7} and the tension in the shorter string

is Ty, the ratio of the tensions L s
2

3 3 4 5 4
A) - B) - C) - D) - E) -
(4) £ ®) 4 ©) : D) = E) -
A cricket ball is hit from the ground at an angle of 30° to the horizontal with
a velocity of 20ms~!. The ball is subject only to gravity and air resistance is

negligible.

Given that the field is level, the horizontal distance travelled by the ball, in
metres, to the point of impact is

10v3 (B) 20 100v/3 200v/3 (F) 400
g

(a) = ; © = o) =
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A.11.3 Paper 2 Section 2

Question 4

Two ships, A and B, are observed from a lighthouse at origin O. Relative to O,
their position vectors at time ¢ hours after midday are given by

1a=51-)i+3(1+1)j
1p=4(—-2)i+ (5t —2)j

where displacements are measured in kilometres.

(a) Show that the two ships will not collide, clearly stating your reason. 2
(b)  Sketch and label the path of each ship on the axes below. Show the direction 3
of motion of each ship with an arrow.
Y
O
A
x
10-i-—8 6 4 2 { ¢ 1
2
(c) Find the obtuse angle between the paths of the two ships. Give your answer 2
in degrees, correct to one decimal place.
(d) i. Find the value of t, correct to three decimal places, when the ships are 2
closest.
ii. Find the minimum distance between the two ships, in kilometres, cor- 1

rect to two decimal places.
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A.12 2017 VCE Specialist Mathematics

A.12.1 Paper1

Question 9

1

A particle of mass 2kg with initial velocity 31+ 2j ms™ experiences a constant

force for 10 seconds.

The particle’s velocity at the end of the 10 second period is 431 — 18 J ms

(a) Find the magnitude of the constant force in newtons.

(b)  Find the displacement of the particle from its initial position after 10 seconds.

A.12.2 Paper 2 Section 1

12. Let r(t) = (1 —y/asint) i + (1 — %cost) jfort>0and a, b € R* be the
path of the particle moving in the cartesian plane.
The path of the particle will always be a circle if
(A) ab*=1 (C) ab*#1 (E) a*h#1

(B) a*b=1 (D) ab=1

15. A body has displacement of 31+ ] metres at a particular time. The body
moves with constant velocity and two seconds later its displacement is —i+ 5]

metres.
The velocity, in ms™!, of the body is
(A) 2i+ Gi (C) —4i+ 4i (E) i+ 3j

(B) —2i+2j (D) 4i—-4j
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A.13 2018 VCE Specialist Mathematics

A.13.1 Paper1

Question 9

2
A curve is specified parametrically by r(t) = (sect)i+ (%_ tan t) jhteRr

(a)  Show that the Cartesian equation of the curve is x? — 2y = 1. 2

(b)  Find the z-coordinates of the points of intersection of the curve 1
2% — 2y? = 1 and the line y = z — 1.

(¢)  Find the volume of the solid of revolution formed when the region bounded 2
by the curve and the line is rotated about the z-axis.

A.13.2 Paper 2 Section 1

16. The diagram below shows a mass being acted on by a number of forces whose 1
magnitudes are labelled. All forces are measured in newtons and the system is
in equilibrium.

Fy

45°
F, < »10
! 30°

N

The value of F; is:

(A) \/5(8+3\/§) () 3v2 (E) 7.0

2

(B) % (D) 7.78
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A.13.3 Paper 2 Section 2
Question 4
The yachts A and B, are competing in a race and their position vectors on a certain
section of the race after time ¢ hours are given by
alt) = (t+ )i+ (+2t)) 1) =i+ (" +3)] t>0
where displacement components are measured in kilometres from a given reference
buoy at origin O.
(a) Find the Cartesian equation of the path for each yacht. 2
(b)  Show that the two yachts will not collide if they follow these paths. 2
(c) Find the coordinates of the point where the paths of the two yachts cross. 2
Give your coordinates correct to three decimal places.
(d)  For what values of ¢ is yacht A travelling faster than yacht B? 2
A.14 2019 VCE Specialist Mathematics
A.14.1 Paper1
Question 4
The position vectors of two particles A and B at time t seconds after they have 3
started moving are given by
2 . t . 3 . 1 t .
ra(t)=(+1)i+ atz)i and  rp(t) = (t* —t) i+ cos 51
respectively, where a is a real constant and 0 <t < 2.
Find the value of a if the particles collide after they have started moving.
Question 9
A light inextensible string is connected at each end to a horizontal ceiling. A mass 1

of m kilograms hangs in equilibrium from a smooth ring on the string, as shown in
the diagram. The string makes an angle o with the ceiling.

Express the tension, T newtons, in the string in terms of m, ¢ and a.
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A.14.2 Paper 2 Section 1

13. Two forces, F; and Fy, both measured in newtons, act on a mass of 3kg, 1

producing an acceleration of v/3i+ j ms=2.

Given F; =2 i , the acute angle between F; and F5 is

(A) cos™! (%) © % (E) 7 —cos™! (2#\/?)

e () ()

17. A particle is held in equilibrium by three coplanar forces of magnitudes F}, F3 1
and F3.
The angles between these forces are «, § and 7, as shown in the diagram.

F
F If 8 = 2a, then Fl is equal to
2

5 (A) % sin «

a (B) 2sina
p 1

(C) 5 coseca

1
F, (D) 5 cosa

1
(E) 5 seca
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x2) Resisted Motion

Questions here are for Parts [l and [Il

B.1 1997 4U HSC

Question 6

(a)

A ball of mass 2 kilograms is thrown vertically upward from the origin with

an initial speed of 8 metres per second. The ball is subject to a downward
2

o . . v .
gravitational force of 20 newtons and air resistance of — newtons in the

opposite direction to the velocity, v metres per second. Hence, until the ball
reaches its highest point, the equation of motion is

U2

S P
Y= 770

where y metres is its height.

d
i. Using the fact that y = vd—v, show that, while the ball is rising,
Y

v? = 164e~% — 100

ii. Hence find the maximum height reached.

d
iii. Using the fact that y = d—:, find how long the ball takes to reach this
maximum height.

iv. How fast is the ball travelling when it returns to the origin?

133
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B.2 1998 4U HSC

Question 7

(b) i. Differentiate sin~*(u) — v/1 — u2. 1
ii. Hence show that 2

1
/<+u) du=sinta+1—-v1—-a?
0

1—u
for 0 < a < 1.

(c) A bead of mass m slides along a wire in the shape of the curve 6

5 where 0 < x <1

DO W

y:

At time t, the bead is at (x(¢),y(t)) and its velocity is (Z(t), #(t)). The motion
of the bead is governed by the equation

1 1
imai:2 + §m;92 +mgy=F

where F and ¢ are constants, and
. 1,
T =13y

When t = 0, the bead is released from rest at the point ( 1, %) It accelerates
along the wire towards the origin, where it arrives at time ¢;.

3¢9(3 — 2
i. Find E, and show that §* = u
342y
ii. Find % (t1> and :.y (tl)
iii. Using the result of part (b), or otherwise, find the time it takes for the

bead to travel from (é, %) to the origin.
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B.3 1999 4U HSC

Question 6

(b) A ball of unit mass is projected vertically upwards from ground level with 11
initial speed U. Assume that air resistance is kv, where v is the ball’s speed
and k is a positive constant.

We wish to consider the ball’s motion as it falls back to ground level. Let
y be the displacement of the ball measured vertically downwards from the
point of maximum height, ¢ be the time elapsed after the ball has reached
maximum height, and g be the acceleration due to gravity.

d
i. Explain why v(0) = 0, and d_z = g — kv while the ball is in motion.

ii. Deduce that v = % (1 - e*kt) for t > 0.

d d
iii. By writing d_: = U—U, deduce from part (i) that

dy
gloge (g — kv) +v=—ky
k g

iv. Using parts (ii) and (iii), deduce that

v+ ky
g
v. You are given that the ball reaches maximum height

1 g g+ kU
h_k(U kloge( g ))

g+ kU

t =

1
in time t;, = % log, ( ) (Do NOT prove these results).

U+V
Deduce that the total time 7" that the ball is in the air is T' = i ,

g
where V' is the final speed that the ball reaches when returning to
ground level.

vi. If air resistance is ignored, the total time 7j that the ball is in the air is
U+ W
g

To

where Vj is the final speed of the ball then reaches when returning to
ground level. By considering V; and V', determine which is larger: T or
To.
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Question 5

(b) A particle of mass m is thrown from the top, O, of a very tall building with
an initial velocity u at an angle a to the horizontal. The particle experiences
the effect of gravity, and a resistance proportional to its velocity in both the
horizontal and vertical directions. The equations of motion in the horizontal
and vertical directions are given respectively by

T =—kx and y=—ky—g

where k is a constant and the acceleration due to gravity is g. (You are NOT
required to show these.)

Y /

(0] X
i. Derive the result & = ue " cos « from the relevant equation of motion. 2
. 1 . : .
ii. Verify that ¢ = z ((ku sina + g)e M — g) satisfies the appropriate 2
equation of motion and initial condition.
iii. Find the value of ¢ when the particle reaches its maximum height. 2

[\V]

iv.  What is the limiting value of the horizontal displacement of the particle?
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Question 6

(b)

A particle is released from the origin O with an initial velocity of A
ms ! directed vertically downward. The particle is subject to a constant
gravitational force and a resistance which is proportional to the velocity, v
ms !, of the particle.

Let x be the displacement in metres of the particle below O at time ¢ seconds
after the release of the particle, so that the equation of motion is

rT=9g—kv

2

where g ms™* is the acceleration due to gravity.

i. The terminal velocity of the particle is B ms™!. Show that k = %

kt _ .kt

d
ii. Verify that v satisfies the equation e ge™.

iii. Hence show that the velocity of the particle is given by
'U:B—(B—A)e*%

B gt
iv. Deduce that z = Bt — —(B — A) (1 — e‘§>.
g

At the same time as the particle is released from O, an identical particle is
released from the point P which is A metres below O. The second particle
has an initial velocity of A ms™! directed vertically upward.

B t
Its displacement below O is given by x = h+ Bt — — (B + A) (1 — e*%>.

g
(Do NOT prove this).
v. Suppose that the two particles meet after T" seconds. Show that

B 2AB
T=21 2
g o <2AB - 9h>

vi. The value of A can be varied. What condition must A satisfy so that
the two particles can meet?
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Question 7

(a)  The acceleration of any body towards the centre of a star due to the force of
gravity is proportional to 272, where z is the distance of the body from the

centre of the start. That is,
k

.
172

where k is a positive constant.
i. A satellite is orbiting a star with constant speed, V', at a fixed distance 2
R from the centre of the star. Its period of revolution is T'. Use the fact
that the satellite is moving in uniform circular motion to show that

I — 42 R3
T2
ii. The satellite is stopped suddenly. It then falls in a straight line towards 3

the centre of the star under the influence of gravity.

Show that the satellite’s velocity, v, satisfies the equation

, 8mR*[(R—=x
VT T x

where z is the distance of the satellite from the centre of the star.

iii. Show that, if the mass of the star were concentrated at a single point, 3

T
the satellite would reach this point after time ——=

42

You may assume that

/V;?;M:#%m*( %)— 2(R— )
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Question 6
(a)  In an alien universe, the gravitational attraction between two bodies is
proportional to 272, where x is the distance between their centres.
A particle is projected upward from the surface of a planet with velocity u at
time ¢ = 0. Its distance x from the centre of the planet satisfies the equation
. k
i=—1
i. Show that k = gR3, where ¢ is the magnitude of the acceleration due 1
to gravity at the surface of the planet and R is the radius of the planet.
ii. Show that v, the velocity of the particle, is given by 3
3
s gR 2
Vo= T (gR —u )
iii. It can be shown that 2
z = +/R? + 2uRt — (gR — u?) 12
(Do NOT prove this).
Show that if u > /gR the particle will not return to the planet.
iv. If u < +/gR the particle reaches a point whose distance from the centre
of the planet is D, and then falls back.
(1) Use the formula in part (ii) to find D in terms of u, R and g. 1
(2) Use the formula in part (iii) to find the time taken for the particle 1

to return to the surface of the planet in terms of u, R and g.
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Question 6

(b) A raindrop falls vertically from a high cloud. The distance it has fallen is

given by
14t | —1.4t
e +e
x=>5lo _
ge ( 2 )
where z is in metres and ¢ is the time elapsed in seconds.
i. Show that the velocity of the raindrop, v metres per second, is given by 2
<€1.4t _ 61.4t>
v="T—F—""75
61.475 + 6_1'4t
ii. Hence show that , 2
v? = 49 <1 — e_?>
iii. Hence or otherwise, show that 2
i=9.8—0.20
iv. The physical significance of the 9.8 in part (iii) is that it represents the 1

acceleration due to gravity.

What is the physical significance of the term —0.20v%?
v. Estimate the velocity at which the raindrop hits the ground. 1

B.9 2008 Ext 2 HSC

Question 7

(¢) A fishing boat drifts with a current in a straight line across a fishing ground.

The boat’s velocity v, at time ¢ after the start of this drift is given by
v=>0b—(b—wvg)e ™

where vy, b and « are positive constants, and vy < b.

d
i. Show that = = a(b—v). 1
dt
ii. The physical significance of vy is that it represents the initial velocity 1
of the boat.

What is the physical significance of b7
iii. Let x be the distance travelled by the boat from the start of the drift. 3

Find z as a function of ¢. Hence show that

:E:gloge (b—vo) —I—UO_U
«Q b—w Q
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Question 6

()

Jac jumps out of an aeroplane and falls vertically. His velocity at time ¢
after his parachute is opened is given by v(t), where v(0) = vy and v(t) is
positive in the downwards direction. The magnitude of the resistive force
provided by the parachute is kv?, where k is a positive constant. Let m be
Jac’s mass and g the acceleration due to gravity. Jac’s terminal velocity
with the parachute open is vy.

Jac’s equation of motion with the parachute open is

d
md—: = mg — kv?
(Do NOT prove this)

. . , . . . mg

i. Explain why Jac’s terminal velocity vy is given by 7 1
ii. By integrating the equation of motion, show that ¢ and v are related by 3

the equation
p VT (vr +v) (vor —Uo)]
29 [(vr —v) (vr + v)

iii. Jac’s friend Gil also jumps out of the aeroplane and falls vertically. Jac 3

and Gil have the same mass and identical parachutes.

1
Jac opens his parachute when his speed is —vy . Gil opens her

parachute when her speed is 3vy. Jac’s speed increases and Gil’s speed
decreases, both towards vy.

Show that in the time taken for Jac’s speed to double, Gil’s speed has
halved.

B.11 2012 Ext 2 HSC

Question 13

(a)

An object on the surface of a liquid is released at time t = 0 and immediately
sinks. Let = be its displacement in metres in a downward direction from the
surface at time ¢ seconds.

2

The equation of motion is given by d_lt) =10 — 0 where v is the velocity of
the object.
20 (e — 1
i. Show that v = M. 4
et +1

. dv dv 400

ii. Use Pl to show that z = 201log, (m) 2

iii. How far does the object sink in the first 4 seconds? 2
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9. A particle is moving along a straight line so that initially its displacement is 1
xr =1, its velocity is v = 2, and its acceleration is a = 4.

Which is a possible equation describing the motion of the particle?

(A) v=2sin(z—1)+2 (C) v2=4(2*-2)

(B) v=2+4log, x (D) v=2a%+2z+4
Question 14

(c) A high speed train of mass m starts from rest and moves along a straight
track. At time ¢ hours, the distance travelled by the train from its starting
point is z km, and its velocity is v km/h. The train is driven by a constant
force F' in the forward direction. The resistive force in the opposite direction
is Kv?, where K is a positive constant. The terminal velocity of the train is

300 km/h.
i. Show that the equation of motion for the train is 2
v oN\2
.l <_>
e { 300 ]
ii. Find, in terms of F' and m, the time it takes the train to reach a velocity 4
of 200 km/h.
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Question 15
(a) A particle A of unit mass travels horizontally through a viscous medium.
When t = 0, the particle is at point O with initial speed u. The resistance on
particle A due to the medium is kv?, where v is the velocity of the particle
at time t and k is a positive constant.
When t = 0, a second particle B of equal mass is projected vertically up-
wards from O with the same initial speed u through the same medium. It
experiences both a gravitational force and a resistance due to the medium.
The resistance on particle B is kw?, where w is the velocity of the particle
B at time t. The acceleration due to gravity is g.
1 1
i. Show that the velocity v of the particle A is given by — = kt 4+ —. 2
v u
ii. By considering the velocity w of particle B, show that 3
= [ tan! M) pan i
= —— | tan [y [— | —tan wy | —
Vgk g g
iii. Show that the velocity V' of particle A when particle B is at rest is 1
given by
1 1 N k o= k
—=— — tan uy | —
Vi u g g
: o . 2 /g
iv. Hence, if u is very large, explain why V ~ — o 1
™
B.14 2016 Ext 2 HSC
Question 15
(c) A particle is initially at rest at the point B which is b metres to the right of
O. The particle then moves in a straight line towards O.
2
For z # 0, the acceleration of the particle is given by ——, where z is the
x
distance from O and p is a positive constant.
d b—
i. Prove that ar —,u\/§ z. 2
dt bx
ii. Using the substitution x = bcos? §, show that the time taken to reach 3

a distance d metres to the right of O is given by

/2 cos™! \/E
t= u / ' cos® 6 db
1% 0

1 /b d
It can be shown that ¢ = —\/; (\/ bd — d? + bcos™ \/;) (Do NOT prove this).

i
iii. What is the limiting time taken for the particle to reach O7

1
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Question 13

(c) A particle is projected upwards from ground level with initial velocity 4

1
5\/% ms~ !, where ¢ is the acceleration due to gravity and k is a positive

constant. The particle moves through the air with speed v ms™
experiences a resistive force.

L and

The acceleration of the particle is given by

¥ =—g—kv® ms?

(Do NOT prove this).

The particle reaches a maximum height, H, before returning to the ground.

. dv .
Using & = vd—, or otherwise, show that
x

1 5
H = %bge (Z) metres

B.16 2018 Ext 2 HSC

Question 14

(b) A falling particle experiences forces due to gravity and air resistance. The 3
acceleration of the particle is ¢ — kv?, where g and k are positive constants
and v is the speed of the particle. (Do NOT prove this.)

Prove that, after falling from rest through a distance, h, the speed of the
particle will be

(1 _ e—2kh)

IS
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Question 13

()

Two objects are projected from the same point on a horizontal surface.
Object 1 is projected with an initial velocity of 20 ms™! directed at an angle

of = to the horizontal. Object 2 is projected 2 seconds later.

The equations of motion of an object projected from the origin with initial
velocity v at an angle # to the x axis are

x = vtcosl
y = —4.9t> + vtsinf

where t is the time after the projection of the object. Do NOT prove these
equations.

1
i.  Show that Object 1 will land at a distance of 00v/3

of projection.

m from the point

ii. The two objects hit the horizontal plane at the same place and time.

Find the initial speed and the angle of projection of Object 2, giving
your answer correct to 1 decimal place.

Question 14

(b)

A parachutist jumps from a plane, falls freely for a short time and then
opens the parachute. Let ¢ be the time in seconds after the parachute opens,
z(t) be the distance in metres travelled after the parachute opens, and v(t)

be the velocity of the parachutist in ms™!.

The acceleration of the parachutist after the parachute opens is given by

T=g—kv
where g ms~2 is the acceleration due to gravity and k is a positive constant.
i. With an open parachute the parachutist has a terminal velocity of w
—1
ms—.

Show that w = %

At the time the parachute opens, the speed of descent is 1.6w ms™1.

1
ii. Show that it takes Eloge6 seconds to slow down to a speed of 1.1w

ms~ L.
iii. Let D be the distance the parachutist travels between opening the

parachute and reaching the speed 1.6w ms™!.

1
Show that D = % <§ +log, 6).
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Measurement Financial Mathematics

Length A=P(l1+r)

= i X 27r

360
Sequences and series
Area
A:ixmz 7;1=a+(n—1)d
360
h n n

Aza(a+b) SH=E[2a+(n—1)d]=5(a+l)

Surface area T = arn—l

A =271r% + 27rh

all=r") alr*-1
A = 4nr? S = ( )= ( ),r;él
n 1-r r—1
Volume
1 s=—2|r|<1
V=—Ah 1-r
3
V= i71'r3
3
Functions Logarithmic and Exponential Functions
[12
o —-bx~Nb” —4ac log,a*=x= %8
2a
: log, x
3 2 _ N =
For ax’ +bx* +cx +d = O.b 08, % log,a
a+pB+y= - "
a = exlnu

c
aﬁ+0/y+,b’y=5
and aﬁy:—%

Relations
(x—h)2+(y—k)2=r2




Trigonometric Functions

SinA =
adj
A= lab sin C
2 \/5 45
a b c
= = 45°
sinA  sinB  sinC 1
% =d*+b*-2abcosC
2,52 2
a+b°—c
cosC=—— o
2ab 30
2
[=rf
A= %rzg M
1

Trigonometric identities

SecA = ,cosA#0
cos
1 .
cosecA=——-,sinA#0
sin A
cotd =S84 Gnax0
sinA

cos?x + sin’x = 1

Compound angles
sin(A + B) = sinAcos B + cosAsin B

cos(A + B) = cosAcos B — sinAsin B

tan(A +B) _ tanA + tan B
1—tanAtanB
If t=tané then sinA = 2
2 1+
’1_ 2
COSA = !
1417
tanA = 2
1-7

cosAcosB = %[COS(A — B) +cos(A + B)]
sinAsinB = %[cos(A — B) —cos(A + B)]
sinAcosB = %[sin(A + B) +sin(4 - B)]

cosAsinB = %[sin(A + B) —sin(A - B)]

sin’nx = %(1 — cos 2nx)

cos?nx = %(1 + cos 2nx)

%, cosA:a—dj, tanA:ﬂ

Statistical Analysis

An outlier is a score

less than Q, — 1.5 X IQR
or

more than O, + 1.5 X IOR

Normal distribution

0
approximately 68% of scores have
z-scores between -1 and 1
approximately 95% of scores have
z-scores between -2 and 2
approximately 99.7% of scores have
z-scores between -3 and 3

-3 -2 - 1

E(X)=u

Var(X) = E[(X - u)] = E(X?) - 4

Probability

P(AnB)=P(A)P(B)
P(AuB)=P(A)+P(B) - P(AnB)
P(A|B) = M, P(B)#0

P(B)

Continuous random variables

X

P(X <x) =J J(x)dx

a
b

Pla<X< b)=J F(x)dx

a

Binomial distribution

P(X — I’) — ncrpr(l _p)n—r

X ~ Bin(n, p)

= P(X=x)

(n)px(l -p) 5 x=0,1,....n
X

E(X)=np

Var(X) = np(1-p)




Differential Calculus

Function

y=f(x)"

y=uv

y=g(u) where u= f(x)

y =sin 7(x)
y=cos f(x)
y = tan f(x)
y=e/W

y=Inf(x)
y=a/®

y=log, f(x)

y=sin"" f(x)

y=cos™! f(x)

y=tan"' f(x)

Derivative

dy _ , n—1
A6

dy dv du
—=u—tv—
dx dx dx
dy _dy du
dx du dx
du dv
V——u—
dy _ dx dx
dx V2
d ,
2 = F7(x) cos £(x)
dx

L sin )
X

D () sec? £(x)
dx

dy - f'(x)ef(")

dx
&y _ ()
dx  f(x)

D' (1na) (x)a’ D
dx

dy __ f'(x)

dx  (Ina) f(x)

d_ W

dx l—[f(x)]2
& W
dx 1— [f(x)]Z
dy  f'(x)

dx 1+ f(x0)]

Integral Calculus

Jf’(ﬂ[f(ﬂ]"dx:

(8

J

—a

~

~

(/'(x)
/(%)

2n

f’(x)af(x)dx =

1
n+l1

where n # -1

F/(x)sin f(x)dx = —cos f(x)+c¢
ifo)cosf(x)dx::ﬂnfo)+c
ﬂf’(x)seczf(x)dx = tan f(x)+c
F)e’ D dx = o 4 ¢

T2 "2dx =In| f(x)|+c

)

+c
Ina

—f'(x) dx = sin_1M+ c
@ -[F(x0)]
S(x) 5 dx %tan_l@+c
a® +[f(x)]

L@+ 7o)+ 2 () + -+ 1

where a =x, and b=x,

[f(x)]n+l e

-1

I}




Combinatorics

|
"Pr= n!
(n—r)!
(”):"C _ n!
r r

r(n—r)!

n

(x+a)”=x"+(]

- n\ -
)x” 1a+-~-+( )x" a"+ ---

Vectors
‘Lj‘=‘x£+yj‘=dx2+y2

u-y=|ul|v|cosb =xx,+yy,,
where u=Xxi+y,j

and y=x2£'+y22

r=a+Ai

1S

Complex Numbers

z=a+ib=r(cosO+ isinh)
= re'?
[r(cos 6+ isin 9)]” = r"(cos n@ + isinné)

— rneme

Mechanics

d*x dv  dv d(l 2)
j:—zv—z——v
dt= dt dx dx\2
x=acos(nt+a)+c
x=asin(nt +a) + ¢

X= —nz(x —c)
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