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Symbols used
A Beware! Heed warning.

@ Mathematics Advanced content, for MAA coded class

@ Mathematics Extension 1 content, for MAX coded class

@ Literacy: note new word/phrase.
L)
Facts/formulae to memorise.

A
On the course Reference Sheet.

_|:|_ ICT usage

N the set of natural numbers
Z the set of integers

Q the set of rational numbers

R the set of real numbers

V for all

o Gentle reminder

be completed!

e Further exercises from

— @ Cambridge Year 11 2 Unit
(Pender, Sadler, Shea, & Ward, 2009)

= @ Cambridge Year 11 Advanced
(Pender, Sadler, Ward, Dorofaeff, & Shea, 2019a)

- @ Cambridge Year 11 8 Unit
(Pender, Sadler, Shea, & Ward, 1999)

= @ Cambridge Year 11 FExtension 1
(Pender, Sadler, Ward, Dorofaeff, & Shea, 2019b)

Content outcomes addressed

MAV-11-02 Uses functions and relations to model, analyse
and solve problems

MAV-11-03 Analyses and solves algebraic and graphical
problems involving transformations of functions and
relations

MAV-11-08 Analyses graphs of exponential and logarithmic
functions

e For a thorough understanding of the topic, every question in this handout is to

will be completed at the discretion of your teacher.

e Remember to copy the question into your exercise book!
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Introduction to functions and relations W

¥ Describe a relation between two sets as an association
between the elements of one set and the elements of the
other set

> Define a real function f of a real variable z as a relation
where each element z of a given set is associated with
exactly one element y of the second set

¥ Recognise that a relation is a rule which can be represented
by an algebraic formula, a table of values, a set of ordered
pairs (x,y) or a graph

> Use the notation f(x) to identify the unique value of y
associated with x when working with functions, and refer
to it as the value of f at x

d Refer to z in a function y = f(z) as the independent
variable of the function, and refer to y as the dependent
variable

> Substitute numeric and algebraic expressions into the
formulas of functions

> Apply the vertical line test on the graph of a relation to
determine whether it represents a function

¥ Define the domain of a function f as the set of real numbers
on which f is defined

> Define the range of a function f as the set of values of f ()
obtained as x varies over the domain of f

2 Refer to a value in the domain of a function at which the
function is 0 as a zero of the function

> Recognise that the z-intercepts of the graph of y = f(x)
are its zeroes, the solutions of f(z) = 0, and that the
y-intercept is f(0)
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Properties of functions, relations and graphs W

¥ Extend the definitions of domain and range to relations

¥ Recognise domains and ranges of functions and relations
given in interval notation, as inequalities and as worded
descriptions

> ® Determine and describe the domain and range
of functions and relations, using interval notation,
inequalities or worded descriptions

> Define a function to be even if its graph is unchanged under
reflection in the y-axis, and odd if its graph is unchanged
under rotation of 180° about the origin

> Develop and use the tests that a function f(x) is odd
if f(—x) = —f(x) and a function f(x) is even if
f(=z) = [(z)

> Solve problems involving even and odd functions

Y Use the composite function f (g(x)), where the output of
g(x) becomes the input of f(z)

> @ Determine the equations of composite functions
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Quadratic and cubic functions W

> Identify the a-intercepts of a parabola whose quadratic
function is expressed in factored form

> ® Use the discriminant to determine the number of
x-intercepts on a parabola and justify its position in
relation to the z-axis

¥ Show by completing the square on the general quadratic
y = ax? + bz + c that the axis of symmetry is x =
where a, b and ¢ are constants

" 2a

> Identify the axis of symmetry and vertex of a parabola by
completing the square on its quadratic function

> @ Choose and apply appropriate techniques to graph
a parabola of the form y = ax? + bx + ¢ by identifying
its z-intercepts if they exist, its y-intercept, its axis of
symmetry using xr = —% and its vertex

> Find the equation of a parabola given sufficient graphical
features

> @ Use the fact that two quadratic functions are equal for
all values of z if and only if the corresponding coefficients
are equal to solve related problems

9 Model and solve practical problems involving quadratic
functions and justify conclusions in the context of the
problem

Y Recognise that solving f(z) = k for some constant
k corresponds to finding the xz-coordinate(s) of the
intersection of the graphs y = f(x) and y = k

> Solve problems by finding the solution to simultaneous
equations involving a linear and a quadratic function, or
two quadratic functions, both algebraically and graphically

Y Solve quadratic inequalities

¥ Recognise and graph cubic functions of the form f(z) =
kx? and f(z) = k(x — a)(z — b)(x — ¢), where a, b, ¢ and
k are constants and k # 0

Exponential functions W

> Graph the exponential functions y = k(a®) and y = k(a™%)
for constants a and k where a > 0, a # 1 and k£ # 0, and
identify its asymptote, y-intercept, domain and range

> @ Describe the behaviour of y = k(a®) and y = k(a™%)

as £ — oo and x — —o0
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Reciprocal functions W

> Graph functions of the form f(z) = %, where k is a ¥ @ Describe the behaviour of f(z) = £ as z — oo and

constant and k # 0, and identify their hyperbolic shape
and their asymptotes

r — —o0

Direct and inverse variation W

¥ Develop models of the form y = kx", where k is a non-zero @ Evaluate k in the equations y = k2" and y = Iin, given
one pair of values for the variables, and use the resulting
formula to find other values of the variables

constant, from descriptions of situations in which one
quantity varies directly with another

> Develop the model y = xﬁn , where k is a non-zero constant,

from descriptions of situations in which one quantity varies & Analyse and solve problems involving direct and inverse

inversely with another

variation

Circles and semicircles N

> Derive the equation of a circle of radius 7 with centre at
the origin by considering Pythagoras’ theorem

¥ Graph circles of the form 22+ y? = r? from their equations

¥ Determine the equation of a circle of the form 2% +y* = 72
given its graph

> Identify and graph the semicircles

y:
Tr =

Vr2 — 2

r2—y

2

y=—Vr2—a?
= — /7“2—y2
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Graph transformations W

> Establish using graphing applications that replacing = by » @  Apply reflections, translations and dilations to

>

>

>

—x in the equation of a graph corresponds to the reflection
of the graph in the y-axis, and that replacing y by —y
corresponds to a reflection in the z-axis

Establish using graphing applications that replacing x by
x—a in the equation of a graph corresponds to a horizontal
translation of a graph by a, that replacing y by vy — b
corresponds to a vertical translation by b, and recognise
that the sign of a and b determines the direction of the
translation

Describe a horizontal dilation as a stretch from the y-axis
and a vertical dilation as a stretch from the z-axis

@ Establish using graphing applications that replacing x

functions within the scope of the Mathematics Advanced
course, excluding trigonometric functions, determine
the function rule and the graph of the transformed
function, the domain and range of the transformed graph,
any intercepts, asymptotes and discontinuities where
appropriate, and describe which transformations have been
applied

Use the principles of translations to identify the centre,
radius, domain and range of graphs of circles in the form
(z —a)® + (y — b)* = 2, where a, b and r are constants

by £ in the equation of a graph corresponds to a horizontal Y Find the centre and radius of circles of the form

dilation of a graph by a factor of k, that replacing y by ¥
corresponds to a vertical dilation by a factor of ¢, and
determine the effects on the graph when the magnitude of
the dilation factor lies between 0 and 1

@ Establish, using graphing applications, replacing x
by ¢ and replacing y by ¥ in the equation of a graph
corresponds to a dilation by a factor of k, that is, an

2?2 +y? 4+ ax + by + ¢ = 0, where a, b and ¢ are constants,
by completing the squares

> Graph circles given their equations and find the equation

of a circle from its graph

enlargement of the graph when & > 1 and a reduction & @  Recognise that the order in which individual

of the graph when 0 < k < 1

transformations are applied to functions is important
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Piecewise-defined functions W

> Interpret piecewise-defined functions, where the function
is defined differently in different parts of the domain

> @ Craph piecewise-defined functions involving functions
covered in the scope of the Mathematics Advanced course,
test if they are even or odd, and determine the domain and
range

¥ Define informally that a function is continuous at a point
if the curve can be drawn through the point without lifting
the pen off the paper

> @ Identify points where piecewise-defined functions and
other functions are not continuous

¥ Define a discontinuity of a function informally as a point
where the function is not continuous

[] 2.10

Absolute value functions W

> Define the absolute value |x| of a number z, also known as
the magnitude of x, to be the distance from the origin to
2 on the number line

Y Establish and use the piecewise definition

x)
x| = {
_a:‘7

¥ Show using numerical substitutions that V22 = |z| and
use the result

for x >0,
for x <0

> Graph the function y = |z|, describe its symmetry, and
identify its domain and range

¥ Graph y = |az+b| with and without graphing applications,
and identify its symmetry, domain and range

> ® Solve absolute value equations of the form |az +b| = k
algebraically and graphically
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Section 1

Functions

2.1

2.2

‘{s Learning Goal(s)

= Knowledge L Skills @ Understanding
Definitions of relations and Test for relation vs functions, The difference between relations
functions substitute values into function and functions

notation

@ By the end of this section am | able to:

Introduction to functions and relations W

>

>

v VvV YV

v

Describe a relation between two sets as an association between the elements of one set and the
elements of the other set

Define a real function f of a real variable x as a relation where each element x of a given set is
associated with exactly one element y of the second set

Recognise that a relation is a rule which can be represented by an algebraic formula, a table of
values, a set of ordered pairs (x,y) or a graph

Use the notation f(z) to identify the unique value of y associated with z when working with
functions, and refer to it as the value of f at =

Refer to z in a function y = f(z) as the independent variable of the function, and refer to y as
the dependent variable

Substitute numeric and algebraic expressions into the formulas of functions
Apply the vertical line test on the graph of a relation to determine whether it represents a function
Define the domain of a function f as the set of real numbers on which f is defined

Define the range of a function f as the set of values of f(x) obtained as x varies over the domain
of f
Refer to a value in the domain of a function at which the function is 0 as a zero of the function

Recognise that the z-intercepts of the graph of y = f(z) are its zeroes, the solutions of f(z) =0,
and that the y-intercept is f(0)

Properties of functions, relations and graphs W

>
>

v

Extend the definitions of domain and range to relations

Recognise domains and ranges of functions and relations given in interval notation, as inequalities
and as worded descriptions

g Determine and describe the domain and range of functions and relations, using interval
notation, inequalities or worded descriptions

Define a function to be even if its graph is unchanged under reflection in the y-axis, and odd if
its graph is unchanged under rotation of 180° about the origin

Develop and use the tests that a function f(z) is odd if f(—z) = —f(z) and a function f(z) is
even if f(—z) = f(z)

Solve problems involving even and odd functions

Use the composite function f (g(:z:)), where the output of g(x) becomes the input of f(z)

g Determine the equations of composite functions
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12 FUNCTIONS — INTERVAL NOTATION

1.1 Interval notation
Q Definition 1

Types of numbers

FuncTIONS & GRAPHS NORMANHURST BOYS’ HIGH SCHOOL



FUNCTIONS — INTERVAL NOTATION 13

&) Definition 2
Set notation (read left-to-right)

e c: belongs to the

eACB:Aisa . of B

¢ A 2 B: A L B

olAthe or ) of set A, Refers to the
number of unique elements in the set.

o A, A°or A" the of set A. Everything that is
"""""" . SetA

e @ the set. If |[A| =0, then A =@

e [a,b]: all real numbers from a to b inclusive.

e (a,b]: all real numbers from a to b, exclusive at a, inclusive at b.

‘{s Example 1

Write in interval notation:

‘{s Example 2

Write in interval notation:

\ T cl) i i >

=2 =1l @ 1 2

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS



14 FUNCTIONS — INTERVAL NOTATION

Exercises

Source These exercises are from Coroneos (1990, Set 2C, p.49-50).

1.  Use braces to illustrate with inequality signs the following intervals. Illustrate each
interval on the real number line.

(a)  (=3,0] (b)  [0,1] (c)  (0,00) (d) [L3)
2. Use parentheses “()” and brackets “[]” to denote

(a) {r:1<x<5} (¢) {xr:x>0}
(b) {zx:z< -1} (d) {z:-3<z<2}

3. Which of the operations (U or N) will make the first two intervals, the third?
(@) (1,3), (2,4), (2,3) (b)  [=1,2),[0,4), [-1,4)

4.  Illustrate on the number line:
(a) (=1,0] (b)  [-1,2] (© [-1,2) (d) (=1,2)

5.  State whether A= B, A C B or B C A in the following:

(a) A={zx:2<z <5}, B=(0,6) (¢) A=(0,1], B=10,1]
b) A=[23], B=(23) (d) A=[0,1,B={z:0<z<1}
Answers
1. (a) {z:-3<z<0} (b) {z:0<z<1} (¢) {z:z>0} (d) {z:1<z<3}
2. (a) [L,5) (b)  (=o0,-1) (c) [0,00) (d) [-3,2]
3. (a) N (b) U
g . Lo o
4. (a) _Yl 0 (c) O )
¢ * Q >
(b) . 9 () _Yl 2
5. (a) ACB (b) BcCA () ACB d A=B

= Further exercises

(A)Ex 10C (Pender et al., 2019a) @Ex 12C (Pender et al., 2019b)
e Q1-14
e QI1-17

FuncTIONS & GRAPHS NORMANHURST BOYS’ HIGH SCHOOL



FUNCTIONS — RELATIONS AND FUNCTIONS 15

1.2 Relations and functions

&) Definition 3

A relation is a that maps from  the
------------------- tO the “ s s s s s s s s s e e e

e The is the set of all possible x values.

¢ The is the set of all possible y values.

&, Laws/Results
/7 @ Four types of relations:

e One to one e One to many

e Many to one e Many to many

&) Definition 4

Functions are relations in which each ( -value) maps to only

one ( -value).

€, Laws/Results

Only and relations

are functions.

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS
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FUNCTIONS — RELATIONS AND FUNCTIONS

&) Definition 5

Vertical line test If a vertical line

o Important note

| If a graph is available, use the (informal) vertical line test.

of relation.

“s Example 3

State whether the following are functions or simply relations. Also, classify the type

Function/not a function

or

FuncTIONS & GRAPHS

NORMANHURST BOYS’ HIGH SCHOOL



FUNCTIONS — RELATIONS AND FUNCTIONS

17

“s Example 4

of relation.

Function/not a function

State whether the following are functions or simply relations. Also, classify the type

NORMANHURST BOYS’ HIGH SCHOOL

FuNcTIONS & GRAPHS



18 FUNCTIONS — RELATIONS AND FUNCTIONS

Additional questions

1.  Write down the domain and range of each relation:
(a) {(1,3),(3,0),(5,4)} () {(1,1),(2,1),3,1)}
2.  State whether each relation is a function or not a function:

(@) {(1,1),(2,2),(3,3)} (b) {(1,2),(2,3),(L,4)} () {(3,2),(4,3),(5,3)}

y y y y
(d) 5 @) Zx@ {:E}»;@ /E{ .
(h) y=2z i) 2=y (i) y=2 (k) z=1
Answers

1. (a) D =11,3,5}, R={0,3,4}. (b) D ={1,2,3}, R = {1} 2. Functions: (a), (¢), (d), (e), (h), (j) Relations only: (b),
(), (), (1), (k)

= Further exercises

(A)Ex 3B (Pender et al., 2019a) @Ex 3B (Pender et al., 2019b)
e Q1,2
e Q1,2

FuncTIONS & GRAPHS NORMANHURST BOYS’ HIGH SCHOOL



Algebralc rule - Name Placeholder
Dependent Varlable Independent Varlable

e RS
| E 5 | For the function f(z) = 2* + 4z + 1, E

| 5 5 § (a)  Find f(1) (d) Find f(k+1) 5
......... .......... .......... . (b) Find f(_3) (e) Find f(3 . k}) ........ ..........
| © Find e (f)  Sketch the function '

o S

-3= Furtheér exercises

(A)Ex 3A (Pender et al., 2019a) @EX 3A (Pender et al., 2019b)
o Q4-5, 7-9, 11-17

e Q3-4, 6,8, 9, 10, 12-17, 19




............... 20 FUNCTIONS — FUNCTION NOTATION
, ......... ..... 1.3.1 ..... Compositionoffunctions ........ . ......... , ......... .......... .‘ ......... , ......... .......... « ......... . ......... , ......... ..........

&) Definition 6

If f(x) = 22, then f maps x to 22 i.e.

g Definitioﬁ 7

: : If there are two mappings h and g, then their composition : : :
JRR . e 1o g: maps g, followed by h e S S

................. o 7o mape k. Tollowsd by g

t‘ Lavfls/ReisultS

If f and g are functions and the composite function f (g(x)) exists:

, ......... ....... ° The Oute,r. fU_nCtiOIl iS f’ the inne,’, funCtiOIl iS g , ......... , ......... ..........
......... ....... ° The ............ Of the ........... function must be a Subset Of the 444444444 ......... ..........
| N1 ot e Of the -------------- funCtion‘ ' ' '
© The of the function may need to be
.................. et
......... ...... e The of the function (or its restricted version) ......... ......... ..........
is the of the composite function. :




O Bl

For the functions f(z) = 72% + 3 and g(z) = (2z + 5)?, draw a ‘function machine’

depicting the input/outputs, and also evaluate:

......... .......... "s Exahple 7 - ..........

| ; : | [Ex 13:03] (McSeveney, Conway, & Wilkes, 1986) If h: z — 2% and g :  — z + 3, :
......... ~ ......... . then ﬁnd ........ ..........

......... .......... (a) hog(l) (b)  goh(—2) () gohla) (d) hogla) ..........

o S

.............................. : NORI\/IANHURSTBOYS’HIGHSCHOOLFUNCTIONb&GRAPHb



[2021 Independent Adv Trial] If f(x) = v/z and g(z) = 4—22, what is the domain _______ _______ _______

of the function f(g(a:)) ? : : :
(A) [-2,2] (C) (—00,2]U[2,00) i e e

(B) [0,00) (D) (=00,00)

e M Eamples

, : 1
| 12023 0SS Adv Trial Q5] Tet f(x) = v and g(x) = —— A

What i the domain and xange fo both f(g(2)) and ¢(4(2))" B
1]  Range: (—o00,0) ' : -
in: (0,00) Range: (—00,0)U (—,0)

0,00) Range: (0,00) ......... ......... ..........

(A) Domain:
(B

T+ 2
3z —1

3z + 2 A :
and f(g(x)) = oo find g(x). Answer: g(a) = 2Hg R e

Given f(x) =




| : ? y y

y=r(x) y=g(x)

""""" """""" """"" | Which of the following best represents g( f (x))7

......... ....... . , o ,

................................

3= Further exercises b p i n
]| (®Ex 4E (Pender et al., 2019a) (x) Ex 4E (Pender et al., 2019b) :
...} eQl15

: : : : : - FUNCTIONS & GRAPHS
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FuUNCTIONS — FUNCTION NOTATION

Additional questions

1.

10.
11.
12.

13.

If f(x) =222 — 1, evaluate:

1
If g(w) = 2° + ——
g9(x) —1

(a) Evaluate: i. g(0) ii. g(—4) as a fraction.
(b)  For what value of z does g(z) not exist?

If f(x) =2?+1 and g(z) = 2z — 3, evaluate and simplify:

(a)  flg(0)] (b) gl (0)] (c)  flg(@)] (d)  glf(z)]
Evaluate h(3) if

(a) h(z)=>5—=x (d) h(z)=6

(b)  h(z) = V25 — 2 (e)  h(z) = |z|

(¢) h(z) =6z ()  h(z) =12z —1] - |3 — bz

If A(z) =22*+ 7z —4 and B(z) = 2z — 1, solve A(z) = B(x).

1
If f(x) = 2%, for what value of = does f(x) = Z?

flz+h) - f(x)
. :
If g(x) = 2? — x — 1, for what values of z does g(z) = g(—x)?

If f(z) =ax+0b,and f(3) =2, f(4) =4, find a and b.
IfH:2+2r—1and G : 2~ 22, find:

If f(z) = 2* + x, simplify fully:

(a) HoG(1) (b) GoH(1) (c) HoG(2) (d) GoH(2)
Ifm:z+2—3and n:x+— 22 find:
(a) mon(x) (b) nom(x)

(c)  the value of x such that m on(x) =nom(x)

'TIONS & GRAPHS NORMANHURST BOYS’ HIGH SCHOOL



FUNCTIONS — FUNCTION NOTATION 25

14.

15.

1
If h(z) = —, x # 0 and g(z) = x — 2, find a value of x for which ho g(x) does not exist.
T

[2021 CSSA Adv Trial Q14| Consider the function f(x) = ax + b, where a and b
are constants. The function satisfies f(—3) =9 and f(5) = —7.

(a)  Find the values of a and b. 2

(b)  Solve the equation f<f(x)> = 0. 1

The following are sourced from Swale et al. (2019, Ex 3.2), modified to suit NSW syllabuses.

16.

17.

18.

19.

20.

21.

If f(x) = (z—1)(z +3) and g(x) = 2%, investigate whether the composition function
f <g(x)> and g( f (x)) exist. If they do, form the rule for the composite function and
state the domain.

If f() = 2z — 1 and g(z) = :ci

% investigate whether the composition function

f <g(x)> and g( f (x)) exist. If they do, form the rule for the composite function and
state the domain.

1
For the functions f(z) = 2? + 1, g(z) = y/x and h(z) = e determine whether the

following composite functions are defined or undefined. If the composite function exists,
identify its domain.

(a) fogl) ®) g(f@) @ Ae@) @ hof@)

1
For the functions f(x) = z?%, g(z) = v/ and h(z) = —= determine whether the

following composite functions are defined or undefined. If the composite function
exists, identify its domain.

(a) fogla) b) g(f@) @ hof@) (@ g(h@)

The functions f and g are defined by:
flx)=2*+1 g(x) =V +2

Show that f(g(x)) exists and find the rule for f

VRS

g(x)), stating its domain and range.

Given the following information:

fe) == Dy=(0,0)

1
-~ D.=R
g9(x) T g f
(a)  Prove that g(f(x)) exists.
(b) Find g(f(x)) and state its domain and range.

(c)  Sketch the graph of y = g(f(x))

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS
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22. For the functions f(x) = vz + 3 and
g(x) =2z — 5,
(a) State why f (g(x)) is not defined.
(b)  Restrict the domain of g to form
a new function, h(z), such that
f(h(x)) is defined.
(¢) Find f(h(x))
23. For the functions f(z) = 22 and
1
g(z) = )
(a) State why g <f(:z:)> is not defined.
(b)  Restrict the domain of f to form
a new function, h(x), such that
g(h(w)) is defined.
(¢) Find g(h(x))
1
(a) Prove that f<g(x)> is not
defined.
(b)  Restrict the domain of g to form
a new function, ¢;(z), such that
f<91 (x)) exists.
25. For the equations f(x) = v/x —4 and

g(ﬂ?) = xQ - 27
Prove that g(f(:v)) is defined.

Find the rule for g( f(a:)) and
state the domain.

Sketch the graph of y = g(f(a:))

Prove that f(g(x)) is  not
defined.

Restrict the domain of g to
obtain a function g;(x) such that

f (gl(:r)) exists.

(£)  Find f(gi(x)).
26. Given
fla) ==z +k Dy=[1,00)
g(z) =2 +k Dy=(-00,2]
where k& € RT, find the value(s) of k
such that both f(g(a:)) and g(f(x))
are defined.
Answers

1. (a) =1 (b) 17 (c) 7 (d) —46 (e) 2a% — 1 (f) 222 + 4z + 1
2. (a) 1. 0 ii. —% (b) z =1 3. (a) 10 (b) —1 (c) 422 — 122+ 10
(d) 222 ~14. (a) 2 (b) 4 (c) 18 (d) 6 (e) 3 (f) 7 5. (a) z = 2
(b) z = 3 (c) =z < 16. 2, -1 (b) & = -2,
37.2 =12, 38 2z =-29.2r+h+110.2 =0
11.a=2,b=-412.(a) 1 (b) 1 (c) 7 (d) 9 13. (a) 22 — 3
(b) (x —3)2 (¢c) 2 14. z = 2 15. (a) a = —2, b = 3
(b) = = 3 16. f(g(;v)) =(@-1D@+1)(22+3), D = R;
g(f(z)) =(x—1)2(z+3)%, D=R. 17T. f(g(:v)) -2,
D =R\{2}; g(f(z)) does not exist. 18. (a) fog(z) =z +1,
D = [0,00) (b) g(f(2)) = Va?+1, D =R (c) h(g()) not
defined (d) ho f(z) = 2le7D*]RIQ (a) fog(x) = =,

= [0,00) (b) g(f(@)) =lal, D =R () ho f(x) not defined
(d) 9(f(x)) not defined 20. f(g(z)) =z +3, D = [~2,00),
R = [0,00) 21. (a) [0,00) € R\{0} (b) g(f(2)) = a2,
D = (0,), R = (0,00) 22. (a) Range of g is not a subset, or
equal set to the domain of f: R Z [~3,00) (b) h(z) = 2z — 5,

€ [1,00) (c) f(h(a:)) = V22 =32, z € [1,00) 23. (a) Range
of f is not a subset, or equal set to the domain of g: [0,00)
R\{4} (b) h(z) = 22, = € R\[-2,2} () 9(h(0)) = 7,
z € R\{-2,2} 24. (a) Range of g is not a subset, or equal set
to the domain of f: (—2,00) Z [0,00) (b) g(z) = ﬁ -2,
€ (—o0,—Z5+3| U [F +3,0) (@) g(h@) = #,
z € R\{—2,2} 25. (a) [0,00) C R. Hence, g(f(a:)) is defined.
(b) g(f(a:)) =2-6,x € [4,00). (c) Sketch (d) [-2,00) &
[4,00) () g1(z) = a2 — 2, z € <foo,f 6] U [\/é,oo)
(f) f(g1(x)) = VaZ — 6, z € (foo,f 6] U [\/6, oo>. 26
1,3]

(@) = =

ke
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......... .......... ........... 14 44444 BaSIC functlonS/relatlons and the'r natural domaln/range ...... ......... ......... ..........
| : : - &) Definition 8 ' : ' ' : ' : : : :

e Domain The set of elements that a relation maps

© The domain of a function is the

------- ------- set of values for which the function is defined. """""

e Range The set of elements that a relation can map

@ Important note

The following curves must be known. Sketch the following graphs in their most
basic form, and state their natural domain & range using interval notation:







FuNCTIONS — BAsIC FUNCTIONS/RELATIONS AND THEIR NATURAL DOMAIN/RANGE 29
Additional questions
1.  State the values of = which are ezcluded from the domain of the following:
(a) yzl (b) y=+vz () y=+v9—a?
x
2. State the exclusions from the domain shown by the following graphs.
) Y
| |
\ \
! \ 3 !
! \
‘ \
a | c \ |
(a) = g; () -, @
i :2
|
|
Y
| |
| |
| |
| |
(b) | |
| |
2 |
| |
| |
| | T
-3 '3
3.  State the natural domain of each of the following:
(a) y=vz—6 () y=vi—a? () y=—2
. ) ) V16 — 22
(b) y= f) y= + . _ T
() y=V3z+1 () y=vVe—06+vVr+3 k) y=va2_9
) 3 3
(d) y=—5— (h) 'y N O v=—"m=

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS
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FuNcTIiONS — BAsic FUNCTIONS/RELATIONS AND THEIR NATURAL DOMAIN/RANGE

4.  For the following functions and relations:

1.

ii.

a)
b)
c)
d)

e

(

(

(

(
(e)
(f)
(g)
(h)
(
(
(
(
(
(

1

J
k)
)

m)

~— ~—

n)

Draw neat sketches of the following functions and relations, showing all important

features of the graphs

State the natural domain and range using interval notation.

r=3
y=2z—4

3r+4y—12=0
2

Y=
y=2x%+1
y=(z—-2)
y=(r—2)(z—4)
y=1>—2-6

y =8+ 2z — z?
y=(z+3)°+1

y=4—(z—5)>
y=—a’

y =3+ 223
y=a’

y=—a°

2 +y* =16

a2+ (y—3)* =4
(z—-12+Ww+2?%=1
2?24y +8r—6y—11=0
2+’ —20=0

9224+ 9> + 92 +6y+1=0

y=3"
y=-47"
y=1-27"
3
Yy=—-
X
Ty =8

5. A standard hyperbola has the z and y axes as its asymptotes, and passes through the

point (3, —2). Find the equation.

FuncTIONS & GRAPHS

NORMANHURST BOYS’ HIGH SCHOOL



FuNcTIiONS — BAsic FUNCTIONS/RELATIONS AND THEIR NATURAL DOMAIN/RANGE 31

6. Find the equation of this circle in general form. The numbers on the axes are the
extremities of the circle, not the intercepts with the axes.
Y

TN
\

:= Further exercises

(A)Ex 3B (Pender et al., 2019a) (x)) Ex 3B (Pender et al., 2019b)
e Q3,5,6,8, 14
@EX 3D L] Q3-5, 8, 13
. Q6.9 (x) Ex 3D
(R)Ex 3E ° Q9
.5 (x) Ex 3E
e Q9
(»)Ex 3F .
(x) Ex 3F
e Q6
e Q3

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS
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Answers

(a) z=0 3 (a) D={z:xz€[6,00)}
(b) =<0 (b) D={z:zeR\{-2}}
(¢c) z<—-3orz>3 (c) D:{x:xe[f%,oo)}
(a) z=2 (d) D={z:zeR\{-2,2}}
(b) ===£3 () D={z:zel-22]}
() >3 (fy) D={z:zeR\{-2,3}}
(a) z=3 d) y=-=x?
D={z:z€eR}
D= tose =5} R={y:y € (~o0,0}
R={y:y€eR}
Yy
v | |
A . )
=3
-2 4
3 —4 -+
4

b) y=2zx-4

D={z:z€R}
R={y:y R}

_4/
(¢) 3z+4y—12=0

D={z:z€eR}
R={y:y€eR}

A

() y=222+1

D={z:z R}
R={y:ye[l,o0)}

D={z:xz€R}
R={y:y€[0,00)}

Y

D={z:x€R}
R={y:y€[-1,00)}

(i)

@

D={x:2€[6,00)}
D={z:2¢€(4,00)}
D={z:z€(-4,4)}
DZ{I:IER\{fﬁ),%}}
D={x:2€]-33[}
D={z:z€)—-1,1(}

Y

A
o
2 4 6

y=22—-2—6

D={z:z R}

o frve[ £}

Y

L
o\

y =8+ 2z — 22

D={z:2z€R}
R={y:y e (—o0,9}
Y

~—(1,9)
8/

i P>z
fQ 2 4\ 6

y=(z+3)2+1

D={z:xz€eR}
R={y:ye[l,00)}

Y

3, 1) /
10

FuNcTIONS & GRAPHS
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FuNcTIiONS — BAsic FUNCTIONS/RELATIONS AND THEIR NATURAL DOMAIN/RANGE 33

k) y=4-(z-5)?

D={z:zeR}
R={y:ye (-o0,4}

Yy
sy
A ) 7
—21z (5,4)

D={z:z€eR}
R={y:y eR}

(m) y=3+223

D={z:z€R}
R={y:y eR}

D={z:z€R}
R={y:ye[0,00)}

oles

D={z:x2 R}
R={y:yeR}

\

Y

(p) 2?+y*=16

D={z:2¢€[-4,4]}

R={y:ye[-44]}

(@) 2®+(y—3)°=4

D={z:xz€[-22]}
R={y:y€[L,5]}

Y

T T
-2

[\

) @-1)?+@+2?=1

D={z:z€]0,2]}
R={y:ye[-3-1]}

-1 +

-3 +

(s) x2+y?+8—6y—11=0

D ={z:z€[-10,2]}
R={y:ye[-3,9]}

<

(t) 22+y2-22=0

D={z:z€]0,2]}
R={y:ye[-11]}

Y

4%
\_/

(u) 922+ 9y°+9zx+6y+1=0

D={z:z€[-1,0]}
R={y:ye[-3.5]}

T

\
\
\
\
1
-1 1

NORMANHURST BOYS’ HIGH SCHOOL
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34
_ 3
(w) y=-47% () y=-- 5. zy=-6
D={z:z R} D={z:2#0} 6. z+y*—dx+2y—11=0
R={y:y € (00,0} R={y:y+#0}
Yy Yy
/x
[~ 3
‘ 1
1 1 x
-3 4 -
(x) y=1-27° (z) zy=38
R={y:y€ (-o0,1)} R={y:y#0}
Y Y
Y
1] 81 -
2 I -1 I
1 ' x 1 1 z
-1 1 ! 1
\ -8
-
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35

1.5 Curve transformations

>

‘ls Learning Goal(s)

= Knowledge £ Skills @ Understanding
How curves are transformed Relating the algebra of curve The differences in algebra when

transformation to the graphical transforming vertically versus
representation horizontally

@ By the end of this section am | able to:
2.8  Graph transformations W

Establish using graphing applications that replacing x by —z in the equation of a graph
corresponds to the reflection of the graph in the y-axis, and that replacing y by —y corresponds
to a reflection in the z-axis

Establish using graphing applications that replacing * by x — a in the equation of a graph
corresponds to a horizontal translation of a graph by a, that replacing y by y — b corresponds to
a vertical translation by b, and recognise that the sign of a and b determines the direction of the
translation

Describe a horizontal dilation as a stretch from the y-axis and a vertical dilation as a stretch from
the z-axis

¢ Establish using graphing applications that replacing = by % in the equation of a graph
corresponds to a horizontal dilation of a graph by a factor of k, that replacing y by ¥ corresponds
to a vertical dilation by a factor of £, and determine the effects on the graph when the magnitude
of the dilation factor lies between 0 and 1

g Establish, using graphing applications, replacing = by ¥ and replacing y by ¥ in the equation
of a graph corresponds to a dilation by a factor of k, that is, an enlargement of the graph when
k > 1 and a reduction of the graph when 0 < k < 1

g Apply reflections, translations and dilations to functions within the scope of the Mathematics
Advanced course, excluding trigonometric functions, determine the function rule and the graph
of the transformed function, the domain and range of the transformed graph, any intercepts,
asymptotes and discontinuities where appropriate, and describe which transformations have been
applied

Use the principles of translations to identify the centre, radius, domain and range of graphs of
circles in the form (z — a)® + (y — b)> = r?, where a, b and r are constants

Find the centre and radius of circles of the form z? + 3% + ax + by + ¢ = 0, where a, b and ¢ are
constants, by completing the squares

Graph circles given their equations and find the equation of a circle from its graph

” Recognise that the order in which individual transformations are applied to functions is
important

NORMANHURST BOYS’ HIGH SCHOOL
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P Theorem D ......... o
- 1 Ifa>o, DR

Translations

s b o ol ) B i - B by a e f(x)+ a shifts by a units. i S SR
S - o f(z) —ashifts bya oo - -
5 : e f(z+a) shifts by a units. units. 5 5 5

Reflections

o —f(z): o f(—x):

along the  axis. along the  axis.

Dilations (stretches)

BENR P ol ~CclT T P S S S S N

o S
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g DRRRIEION @

Dilate to stretch out and make larger

e Vertical dilation factor of 2: (z,y) — (x,2y)

Description: hold axis constant, then

e Vertical dilation factor of %: (x,y) — (9(:, %y)

Description: hold axis constant, then

e Horizontal dilation factor of 2: (z,y) — (2z,y)

Description: hold axis constant, then

e Horizontal dilation factor of i: (z,y) — ($z,y)

Description: hold axis constant, then

151 Horizontal dilations (stretches from g axis)

SO0 O0% 000 V0 U0 OSSR :— YT J0 N O N O O O S S N N O O SO S O S S 00 U0 SO VO
| : : | To stretch a graph in the horizontal direction by a factor of a from the y axis :

(horizontal dilation), replace x with | ie. new function ruleis """""

ESteps;.

To stretch a graph in the vertical direction by a factor of a from the x axis (vertical

o e . 1.5.2  Vertical dilations (stretches from z axis)

......... .......... dilation), replace y with | ie. new function ruleis ..........




T gl 444444444 s

[2025 NBHS Year 12 Assessment Task 2 Q10] (4 marks) The graph of A(z) is

transformed from the graph of f(z) = 223 + 1, with transformations applied in the
following order:

1. Reflection over the y-axis

""""" """ 2. Translation by one unit to the right

3. Horizontal dilation by a factor of four

| : 4. Vertical translation by four units in an upwards direction 5 5 :
S e Find the equation of A(z) in the form h(z) = k(ax 4 b)" + ¢, where a,b,c,k & nare e P
: : real numbers. Answer: k=—2,a=%b=—1,c=5n=3 : : ;

444444444 ....... Stéps 444444444 ......... ..........

| : Apply the listed transformations to f(x) = 22 + 1 one-by-one, to each previously ' : :
......... u ...... applled transformatlon 444444444 ......... ..........
| ' 1. Reflection over the y-axis : : :

2.  Translation by one unit to the right

3. Horizontal dilation by a factor of four

444444444 ....... e =) ......... ..........

4.  Vertical translation by four units in an upwards direction
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[2022 CSSA Adv Trial Q26] (3 marks) Let f(x) = z? — 2z.

__________________________________ Sketch the graph of y = 2f(1 — x) — 6, showing the location of the vertex.




. FUNCTIONS -

CURVE TRANSFORMATIONS

T gl T

e
o 9(@).

......... ...... (b)

1
f(z) is transformed into g(x) such that g(z) = §f(2 — ).

[2024 NBSC Manly Campus Trial Q13] Let f(x) = (z — 3) — 1.

Complete a possible sequence of transformations that maps f(x) to

On the same set of axes below, sketch the graph of y = g(x).

o S




FuncTIONS — CURVE TRANSFORMATIONS

41

Additional questions

Acknowledgement Portions taken from Evans et al. (2007, Ex 21C)

1.

Let f(x) = 2x + 3. Sketch the graphs of:
(a) y=f(z) () y=—f(z)
(b) y=flx)+4 (d) y=—flz)+2
Let f(x) = 3x. Sketch the graphs of:
(a) y=f(z) () y=—f(z)
(b)  y=f(z)+4 (d) y=-f(-2)
Use transformations to sketch the graphs of each of the following functions and write
down its maximal domain and range:
(a) flz)=2"+5 (d)  flz)=2"-3 (g) flz)=5"—4
(b)  f(z)=(z-5) (e) flx)=37" (h)  f(z) =2+]logzx
(c) fla)=(z+4) (f)  flx)=5"+1 (i) f(x) =logs(x —4)
Sketch the graph of each function and write down its maximal domain and range:
(a) flz)=2a"+2 () flz)=Vz () flz)=—-va-2
(b) fl@)=2>—6z+13 (d) f(z)=+v2z+2 ) flx)=2—-vVz+2
Let f(z) = v/25 — x2. On one set of axes, sketch the graphs of
(a) y=f(z) (b) y=/flz)+2 () y=—f(z)
Let f(z) = 2® — 32% + 2z. On one set of axes, sketch the graphs of
(a) y=f(z) (b) y=—f(z) () y=-2f(x)
Let f(z) = i On one set of axes, sketch the graphs of
(a) y=f(z) (b)  y=2f(z) € y=—flx) (d) y=-2f(x)
:= Further exercises

(A)Ex 4A (Pender et al., 2019a) (x) Ex 4A (Pender et al., 2019b)
e Q3-6, 8,9, 11, 16, 17

(D Ex 4B e Q3,5,6, 11-14
.5 (x)Ex 4B

e 05,13

NORMANHURST BOYS’ HIGH SCHOOL

FuNcTIONS & GRAPHS
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Answers
1 (a) 5.
(b) Y
-5
6. y =z — 322 4 2z. Factorising,
2. (a) y=f(z)=3z () —f(z)=—3z y=z(z—2)(z—1)
(b) fl@)+4=3z+4 (d) —f(-z)=23z
Yy
A,,
A
\"-,.
N
\ o | @)
1 - T
-1 \-’fM\
R N\ /@)
T —2f(z) '-..\\
A\l

3. No sketch provided here. Instead, the direction &
magnitude of shifting is shown with domain/range.

1
Orig. fn | Shift | Amt | D= | R= 7. f@)=g.
(a) z? T 5 TER | y>5
(b) z? - 5 z€R | y>0
(c) z? — 4 zeR | y>0
(d) z? il 3 | zeR | y>-3
(e) 3% < zeR | y>0
(f) 5¢ T 1 z€eR y>1
(g) 5% 1 4 z€eR | y>—4
(h) logg T 2 z>0 y ER
(i) logs x — 4 >4 y €R

4. No sketch provided here. Instead, the direction &
magnitude of shifting 4+ stretching is shown with

domain/range. x
Orig. | Horiz | Vert Reflect D= R=
‘ fn ‘ shift ‘ shift ‘ /stretch ‘ ‘

(a) 22 none T2 none R y>2
(b) 22 —3 14 none R y >4
(c) N none none none x>0 y>0
(d) VT none 12 12 x>0 y>2
(e) N — 2 none T axis z>2 y<0
(f) N — 2 12 T axis z>-2 | y<2

FuNcTIONS & GRAPHS NORMANHURST BOYS’ HIGH SCHOOL



......... .......... .......... 1-.-6“‘§Oddf“ancfl--evén“fufnctidnswf ......... .......... ......... ......... .......... ......... ......... ......... ..........
D ' &) Definition 10 S

e An odd function has about the origin.

S B el o R S RS R R S —

e An even function has about the y axis. Algebraically,

o imponf'tant note
Observation:
e Odd polynomials only contain powers of z.

e Even polynomials only contain powers of z.

T 0 0 O O

Test these functions to see whether they are odd, even or neither.

(&) flz)=2*-3. (b) flz) =2 (© fl@)=2"-2z.

[2023 Adv HSC Q9] Let f(z) be any function with domain all real numbers.

Which of the following is an even function, regardless of the choice of f(x)?

(A) 2/() ® (/@) © (fw) © @i

.......................... { NORI\[ANHURSTBOYS’HIGHSCHOOLFUNQTIONS&GRAPHS



[2025 NBHS Year 11 Ext 1 Task 1 Q6]

(2 marks) State whether f(z) =

odd, even or neither. Justify your answer with full mathematical reasoning.

Addltlonal questlons

............... ]..State Whether the fOHOWlng f‘llIlCth]ilS are even Odd OI‘ neﬁthe']’“
.......................... (a)y:sz.‘_(f)y:(ig_l_l)z.
) = © w2
() y=at—aftl () y=2
ST i R O UV VS SOT SUUY SOUTE SUUT SOTE SUUUE SUPE U AUR NPT UTSUUUE SOPTE SUUUE SUTPUUPU-SUROE UUUT SUTSPOS SOTREPPRRS:
(d) y=z—a"+1 () y=27+427"
....................... (€) i g fodpdigip ok gt deende b do b b
Tl @y 5
o 2.0 (a) Sketéh”t'hegfdbhef 'y”:i 0<x ‘%i"2"'She'\iv't"heébbfdiﬁéﬁéé'ef”t'he'éhd'pbiﬁté”
........................... (.b)f.....The a,bove functlon is. part of a,n.'even.ufunctlonuf.(.x. ,..deﬁned in. the domam
o2 T2 Sketehy—f( )- - - -
.................... (C)'.Writ'eapiécewisedescripti.onofth.efunctiohf()....
............... 3. .;.w(.a)z.....Sketeh the graphs ef y.msmw and‘. ......cosx on separafce number planes each m
: - the domam =180° <z < 180° : : :
ey He'n'ee"de‘(:‘i'de"if'thé"s'i'n"e"a‘,ﬁ‘d"Cbéihe”ﬁihet‘i(‘jﬁ's"a';ir'e"ddd'”e\'ieﬁ'ef'ﬁeithe’i ...................
.......................... (C)Rememberlngtha‘t81n45oCOS45O—%,I‘I'C€ dOWn the ValU.eS Of Sln(45°)
SIS 0 O O W and cos(—45%). .........
, 4 Show that if an odd functlon IS deﬁned for =0, then 1ts gra,ph must pass through
........ .......... .... the OrIgln”"“' ...........................................................................................................................

(A)Ex 4C (Pender et al., 2019a)

%E Further éxercises
@EX 4C (Pender et al., 2019b)
o Q1-7, 9-10, 12(a), 13-15

e Q1-7,9-10, 12-13
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Answers
1. (a) even (b) odd (c) even (d) neither (e) odd (f) neither (g) neither (h) neither (i) even (j) odd

2. (a) y=23,0<x<2 (b) Reflect y = z3, 0 < = < 2 about
the y axis:

3. (a) y=sinz, y=-cosz, —180° <z < 180°
Yy Yy

y =sinzx Yy = Ccosx

—18 —90° 90° 180° —180° 90° 90° 180°

(b) y=sinz: odd. y = cosz: even (c) sin(—45°) = —sin45° = 7%.
_AEOY o_ 1
cos(—45°) = cos45° = 7

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS



Section 2

Various families of functions

“s Learning Goal(s)

= Knowledge L Skills @ Understanding
All basic curves Sketching these basic curves Basic applications of these
with transformations curves

@ By the end of this section am | able to:
2.3  Quadratic and cubic functions W

¥ Identify the z-intercepts of a parabola whose quadratic function is expressed in factored form

> g Use the discriminant to determine the number of z-intercepts on a parabola and justify its
position in relation to the z-axis

> Show by completing the square on the general quadratic y = axz®+bx+c that the axis of symmetry

L where a, b and ¢ are constants

IS$:72Q

> Identify the axis of symmetry and vertex of a parabola by completing the square on its quadratic
function

> ¢ Choose and apply appropriate techniques to graph a parabola of the form y = az? + bz + ¢
by identifying its x-intercepts if they exist, its y-intercept, its axis of symmetry using z = — 54
and its vertex

¥ Find the equation of a parabola given sufficient graphical features

> g Use the fact that two quadratic functions are equal for all values of x if and only if the
corresponding coefficients are equal to solve related problems

2> Model and solve practical problems involving quadratic functions and justify conclusions in the
context of the problem

¥ Recognise that solving f(x) = k for some constant k corresponds to finding the z-coordinate(s)
of the intersection of the graphs y = f(x) and y = k

¥ Solve problems by finding the solution to simultaneous equations involving a linear and a quadratic
function, or two quadratic functions, both algebraically and graphically

¥ Solve quadratic inequalities

¥ Recognise and graph cubic functions of the form f(z) = kz® and f(z) = k(z — a)(z — b)(z — ¢),
where a, b, ¢ and k are constants and k # 0

0 Important note

Some of these families of curves have already been covered in the previous sections.
Refer to previous textbook exercises for further practice.


https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-advanced-11-12-2024/content/year-11/fa3d488ed2
https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-advanced-11-12-2024/content/year-11/fa3d488ed2?show=example#cg-af2e0ab6-fed0-48c2-8f69-b826000c9b66
https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-advanced-11-12-2024/content/year-11/fa3d488ed2?show=example#cg-af2e0ab6-fed0-48c2-8f69-b826000c9b66
https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-advanced-11-12-2024/content/year-11/fa3d488ed2?show=example#cg-af2e0ab6-fed0-48c2-8f69-b826000c9b66

... VARIOUS FAMILIES OF FUNCTIONS = LINEAR FUNCTIONS: = = ST VOO RO UL N I AT

......... .......... .......... 21Linearfuncti0ns ........ ......... ......... .......... ......... ........ .......... ........ ......... ......... ..........
, : : o Impoktant note : - : : ; : : : ; : :

No new theory is in this section. However, expect slightly more difficult problems
within textbook exercises.

......... ......... QDefmltlonll ....... ......... ......... ........ ......... ........ .......... ........ ........ ......... .........

......... ......... &~ The linear function takes on the gradient-intercept form of the equation of
' : : -] a line:

where

o LawsfResults

& The gradient-intercept form can be rearranged into the general form of the
equation of a line:

« Laws / Results

& ki) The point-gradient formula to find the equation of a straight line through
(1,y1) with a given gradient m:
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VARIOUS FAMILIES OF FUNCTIONS — QUADRATIC FUNCTIONS

2.2 Quadratic functions

2.2.1 Geometry of a parabola
&) Definition 12

A parabola is the geometric representation (graph) of the quadratic polynomial.

Basic parabola

@ Definition 13

The basic parabola has equation

O GeoGebra

L] quadratic.ggb
0 C};' www.desmos . com

FuncTIONS & GRAPHS

NORMANHURST BOYS’ HIGH SCHOOL


www.desmos.com

................................ General,parabolas.,.,,.,,«..,,
......... .......... 4444444444 ....... . X '1ntercept 44444444 f"y“lntercept ..... - mlnlmum value (y) ..... T (——— ......... ..........
' : : : ; “maximum value (y)  turning point vertex - axis | : :

Concav1t :

oo

Concav1ty:

Q Deflmtlon 14

The general form of a quadratic polynomial:

where c is the of the parabola.

Q ﬁefinifion 15

The roots or zeros of the quadratic polynomial are the x intercepts, if any.




......... ..... 2"2'2“"3"‘Factonsatlon and the graph .... ......... .......... ......... ........ ......... ......... ......... ......... ..........
................. &) Definition 16 - '
The factored form of quadratic polynomial:
Yo e b e
. : where : : :
SR RS e « and [ are the roots of the quadratic polynomial SRR et P
00 5 0 0 . 0 0

Graph representatwe of the factored form:

: o Important note . . . . _
""""" """" | Factorisation techniques from Stage 4-5 (Years 8-10) are required!

o S




o .‘s,Examp,ezl ......... e

Sketch the following graphs:

(a) y=a?—6x+8 (b) y=-222+9x -7

[Ex 8A Q7] Write down the general form of a monic quadratic for which one of the
| : : | zeroes of x = 1. Then find the equation of such a quadratic in which
i S L | (a) the curve passes through the origin, (c¢) the axis of symmetry is z = -7,

(b)  there are no other zeroes, (d)  the curve passes through (3,9).

o S
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o Laws/Results

......... ....... The needs to be considered ......... ......... ..........

iy [ Example23
| 5 Write down the equation of a parabola with zeroes —2 and 4, as well as 5 5 5

(a) y intercept of 6 (b)  vertex at (1,21)

Answer: (a)a= -3 (b)a= _g

o S




O Bl

[Ex 8A Q12] Find the equation of tyhe following quadratic:

B \ e .

......... ......... -9 B S IR EI IR I SR

o S
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o 2.2.3 Quadratic inequalities

o & Eample2s
i ?|solvex2—6x+5zo. ? : ?

........ ...... 0 Imbortaht note _________ ......... ..........
A Draw picture! : : :

Ts ngampzle 26

[2023 Adv HSC Q19]
.................. (a) Sketch the graphs of the functions f(z) = 2 -1 and 2 & & ¢

g(x) = (1 — x)(3 + z), showing the x intercepts.

........ ...... (b)  Hence, or otherwise, solve the inequality z — 1 < (1 — z)(3 + z) 2 ........ ......... ..........




... VARIOUS FAMILIES OF FUNCTIONS - QUADRATIC FUNCTIONS . = ST VOO RO UL N I 85

......... .......... @TimEdexampraCtiCEI(A"OWﬂppl’OXimate'y13minute5) ......... ......... ......... ..........
| [2025 NBHS Year 11 Ext 1 Task 1 Q6] :

| 5 5 | i Solveforz: (6z+1)(z+1)>0. 3 :
""""" """"" """"" lii. Given f(z) =v322+r—-2and g(z) =22 +1. o """""
......... ......... (A) Find f(g(:c)) fa the o oo B €, where @, B end ¢ goe 9 ..........

integers.

(B) Hence find the the domain of f(g(x)) 3

Answer: i. ¢ < —lorz > —1ii. A. f(g(ar;)) —VI2®+ 4z +2B.a<—lorz> -1

o S




parabola. : : ; - v Q1] ¢ For correctly creatlng the
....................... {....[2]...F@.r...t.h.e..par@b.ola..y:..(6.94#1).(!9.#.1.).“..;..,______:m.....__f...l.??.(.mél.lt.?y..f?...ﬁfé.ut%l.(f..é(.).r.lf?.l?...(.).f....M......_______,4...,.....
belng drawn : correctly, showmg Correct x fly (x)
o terceptsoreqalentmert. (o] Forsustantial pogesstosoing
v'[3] For fully correct solution. - the inequality created. _

............... 6 w4 rblvemetston
v [1] For substantial progress: to : -
..................................... ; l.f.ﬁl?.l.l.f.Y.l?%.f.(?.??.#..?,.,.....im....,.f.....u..?,........54”....1?9?1.%11.1. 9f...f.(9(4.).),...fl.l.r%c.t.l.o,r.l..1.1%1.51919.,@6...“4...

| v [Q] FOI: fully correct SOlutl‘OIl : : : square réot mlist be posmve or zello : : :
i 32 Further exercises. il iiiiidoliioiboio

(A)Ex 3D (Pender et al., 2019a) (x) Ex 3D (Pender et al., 2019b)
e All questions
e (Q5-16




.......... . e ¢ is the

Q Deflmtlon 17

The vertex form of quadratic polynomial:

where

e (h,k) is the of the parabola

T 22 4 Completmg thesquare andthe graph _________ e —,——e_ee---r

(a) y=x2+x—|—1 (b) y=—3x2—4x+2

o S




T gl B

Find the equation of the quadratic ?function:

2 xinint.an

T

(A)Ex 3E (Pender et al., 2019a)
e All questions

@Ex 3E (Pender et al., 2019b)
e Q9(d) - (f)

..................................




........ .......... .......... 2 2. 5 ..... Optlmlsatlon w11:h quadratlcs ..... ......... ......... ......... ......... ......... ........ ......... ..........
IO S T . Steps o
| : : | 1. Show the results required. :

2.  With the quadratic obtained, complete the square to use vertex form, or find
......... ......... the location of the vertex using ............... ..~ .-.. . ..........

3.  Answer the question
gExample29 ................................................................................................................................
_________________________ [1988 2U HSC Q9] Farmer Brown wishes to construct three rectangular enclosures, =

as shown, in which to put pigs and calves. The paddock for the calves is to be six
__________________________ times as long and twice as wide as a pig pen. One pig pen and the calves’ paddock =

have an existing brick wall as a boundary fence as shown. All other fences are to be

: constructed from 56 metres of wire mesh. :
I y [} 6y |

............................... 1/' Pig pen ceesessenccceeaaan
................................ v Paddodk for calves
................................. % Pig pen
5 : : | i Let x metres be the width of the pig pen and y metres be its length. % :
SR L SR L Show that L
z : : : o 3 . :
................................ y_ 4 EE T S

ii.  Hence show that the total area A square metres contained in the three 2 :
................................ enclosures is given by
3
SR o o g Al i 2 e . L
R H ( 4‘”) |
....... ,,,,,,,,,, <<<<<<<<< | iii. Show that A is a maximum when half the wire fencing has been placed S »»»»»»»»»»
' ' ' ' parallel to the brick wall. :

5 o Important note

Do not skip steps if you are required to show particular results!
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..............................................................

.......................................................................................................................................................

Finds the correct value of 2 for where the maximum area would occur, or equivalent merit.

................. EREY R R SRR SRR VR DT T

Finds the val

Qorrect gsoluticin.

y aiid relates it to half of the wire fencing available, or eqiiivalent merit.




........... 2.26

&‘ Laws/ Results
3] The quadratic formula:

x it D S SN N S S S D S
allows the
e of the equation az? + bx + ¢ = 0, as well as the
ot T of the function y = az® + br + ¢

Derivation of the quadratic formula to solve az? + bx +c¢ =0

1. Rewrite as monic quadratic:

2.  Complete the square on x:

3.  Simplify and rewrite with x as subject:

The quadratlc formula and the graph .......... ......... ......... ......

z— Further exercises

(A)Ex 3F (Pender et al., 2019a) @EX 3F (Pender et al., 2019b)
: : 1-5, 9-10
°Q o Q6-13
e Q14




.............. 62 .. .. ... .. .. ... ... VARIOUS FAMILIES OF FUNCTIONS ~ QUADRATIC FUNCTIONS . . . .

227 Quadratic identities
 goeatents

Identities are true for all values of z, i.e.

e o () = g(x) mey - be - true--omly st their e

g 2 TRBOFB2.

Two quadratics are identical if and only if all of their corresponding coefficients are
equal, i.e. f(x) = ax®+ bz + c is identical to g(z) = rz? + sx + t if and only if

--------- »»»»»» [2013 Independent Year 11 2U Yearly Q14] (3 marks) Find the values of a, b and <<<<<<<<< --------- »»»»»»»»»»
| : cif o §
......... ....... 2x2+3x—|—1:am(m+2)—|—b(gj+2)+c ......... ......... ..........

Answer: a =2, b=—-2,¢c=3

......... .......... Ll 0"|mborta:nt‘n'o:t'e ..... SOUEUUE TS S SRR L VSR SUUUESUUE TS P SRR U SR RN 444444444 ......... ..........

Either
e Gather powers of x and compare coefficients, or

......... , ...... o Find “Convenient” Values Of x to Substitute! 444444444 , ......... ..........




. VARIOUS FAMILIES OF FUNCTIONS - QUADRATIC FUNCTIONS = S R R 63
.,...........:.Glm.portant..'note: .................................................................................................................................

oy T Eampe3

(a)  Express z* — 62° + 722 4 62 — 8 = 0 in the form (2% + az)” + b (22 + az) + c.

(b)  Hence solve the equation z* — 623 4 72% + 62 — 8 = 0.
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Exercise 8l

1. Show that the following quadratic identity holds when x = a, x = b and x = 0, where a
and b are distinct and nonzero. Explain why it follows that it is true for all values of x.

z(x—b)+z(zr—a)=x2x —a—0>)
2. Show that x =0, x = a and x = b are all solutions of the quadratic equation

x(rx—a)  wx(x-0) _
b—a a—1b ’

where a and b are distinct and nonzero. For what values of z does it now follow that this
equation is true?

3. Similarly prove the following identities in z, where a, b and ¢ are distinct:
. a*(x —b)(z—c) b (r—c)(xr—a) (z—a)(lzr—0) 2
@ -0 T T-ab-a T (c-alc-b

(b) b—c)(z—a)+ (c—a)(x—b)+ (a—b)(x—c)=0

NoTE: The last identity is only linear, and so only two values of x need be tested.

4. (a) f 2> + +1 = a(z — 1)* + b(z — 1) + ¢ for all values of z, form three equations by
substituting = 0 and = = 1, and equating coefficients of z*>. Hence find a, b and c.
(b) Find a, band cif n? —n = a(n—4)? +b(n—4) +c. [HINT: Substitute n = 4, substitute
n = 0, and equate coefficients of n?.]

5. (a) Express 22% + 3z — 6 in the form a(z + 1)* + b(z + 1) + c.
(b) Find a, b and ¢ if 22° + 4z + 5 = a(z — 3)* +b(z — 3) +c.
(c) Express 22 — 5z + 3 in the form a(z — 2)* + b(z — 2) + c.

6. (a) Express 2° in the form a(z 4+ 1)? +b(z + 1) +c.

(b) Express n” as a quadratic in (n — 4).
(¢) Express z° as a quadratic in (z + 2).

-  DEVELOPMENT

7. Prove the following identities, where p, ¢ and r are distinct:
(a) (p+q+)(pg+pr+qr)—pgx = (p+q)(p+)(q+x)
pe—q)z—r) ql@—p)x—r) r—p)lz—9q
R B P g gy oy oy

o P-2)g-2) (@-2)r—2z) (r—2z)(p-2

©) w-na=-1  G—pr-p  C-0p-0q

=T

1

8. (a) If 22° — 2 — 1 = a(x — b)(x — ¢) for all real values of x, find a, b and c.
(b) Express m? in the form a(m — 1)? 4+ b(m — 2)* + ¢(m — 3)*.
9. (a) Express 2z — 5 in the form A(2x + 1) + B(z + 1).
2 A
(b) Express M—&im in the form o + PR [HINT: You will need to multiply
2+ 3 B
h si f = b 1 2).
both sides o CENCES) x+1+x—|—2 y (z+1)(z+2).]
1 A B
(¢) Express T the form 2 + .
z(r +2) r  x+2

FuncTIONS & GRAPHS NORMANHURST BOYS’ HIGH SCHOOL
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EXTENSION

Exercise 8l (Page 313)
2 It is true for all values of z, and hence is an
identity.

4a) a=1,b=3,c=3 p)a=1,b=7¢c=12
5@ 2z 4+ 1) — (z4+1) =7

(b) a=2,b=16 and ¢ = 35

(© 2(x—2)* +3(x—2)+1

6@ (z+1)2—2(x+1)+1 (o) (n—4)>+8(n—4)+16
© (z+2)* —4(x+2)+4
8(a) a:2,b:17c:—% ora:2,b:—%,c:1

) 3(m —1)2 —3(m —2)> + (m — 3)*

1 1
9a) 7(2x +1) —12(x +1) () e + o
1 1
© e T2t
120 1 (b) 1

= Further exercises

(x)Ex 101 (Pender et al., 2009) (x1)) Ex 8I (Pender et al., 1999)
e All questions
e Q24, 6, 7(c), 8
o M Q9, 12(a)

NORMANHURST BOYS’ HIGH SCHOOL FuNcTiONs & GRAPHS



............... 66 ... .. . .. VARIOUS FAMILIES OF FUNCTIONS — CuBlcs . . o

......... ..... 23 44444 Cublcs ......... ......... .......... 444444444 ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

e BB BaSIe CUIACS e s

Q Definitioﬁ 19

The basic cubic has equation

......... ....... e Domain: 444444444 ......... ..........

[ ]
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¢]
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€]
=
®
=
@
o
D
ie]
=
®
S
o
=
S
o
—+
&
@D
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Sketch y = x® — 3, showing all important features.

7€ Example 34
Sketch y = (z — 2)? + 3, showing all important features.

o S




68 : : : : : : : : : : VARIOUS: FAMILIES OF FUNCTIONS — CUBICS

282 Cubies (factored)
 goeamen20

Other cubics may be in factored form with equation

f(x) = k(z —a)(z = b)(z - ¢)

Domain:

[ ]
S|
=0
»n
=+
=
¢}

} Thegoremé

......... ...... Behaviour of single, double and triple roots ......... ......... ..........
| Fully factored term | Algebra | Behaviour | (xt) Multiplicity :
........ ....... near- zero ........ ........ .........

o S




VARIOUS FAMILIES OF FUNCTIONS — CUBICS : : : : : : : : : © 69

Sketch the following cubics:

(@) y=(r+1)(z-2)(z-3) () y=@-20@x+1)

.................................. B el

| _ @ !mportant note SRR S
| All of the roots, plus the y intercept should be shown clearly.

o S
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VARIOUS FAMILIES OF FUNCTIONS — CUBICS

‘fs Example 36

[2020 Sydney Girls HS Adv Trial Q10] The graph of y = (x — 2)%(3 + x) is
1
dilated vertically by a factor of 3 and horizontally by a factor of 3. It is then

reflected across the y axis.

Which of the following is the new equation?

(A) y=—-2(3z—2)*3+32) (C) y= _% (g _2>2 <3+§)
(B) Z/Z%(393—2)2(3+3x) (D) y:%(§+2>2(3_§>

Additional questions

1.  Sketch the graphs for
@) y=@-1-3) () y=(x-2)° (g) y=(@+1)*(z—-1)
(b)) y=2@+2)(x-3) (¢ y=(@@+1)
(€ y=-z@@-1@=-2) (f) y=az(-3)7?
2.  Sketch the graphs for
(a) y=a+32"4 22 (b) y=a>—62%+9x (c) y=a*+22*—1x—2
Answers

1.

(@) y=(z-1)(z-3) () y=z(z+2)(z-3) (© y=-zz-1(z-2)
Y Y Yy

[
AL N
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VARIOUS FAMILIES OF FUNCTIONS — CUBICS 71

d y=(z-2)7 () y=a(x-3)7°
Y Y
4\
3
2
(€ y=(z+1)? (8) y=(+1)*(x-1)
Y Y
1
— >z + x
/1 ! -1 J
-1
2. (a) y=a+322+22 (b) y=a3—6x2+9x (c) y=a34+222 —x—2
Y Y Y

NN
[ S N

i= Further exercises (Legacy Textbooks)

Source McSeveney et al. (1986, Ex 15:07). L1 Check solutions via GeoGebra or
Desmos.

1. The following polynomials are given in factored form. Determine their zeros
and sketch their graphs indicating clearly where they cut the z axis.

(a) y=(z+1)(z—3) (f)  y==(z-3)(z+5)

(b) y=2z(z—5) () y=—-ax(z+2)(z—1)

() y=z(x+1)(x—1) (h) y=C@B—-a)(z+1)(z+2)
(d) y=(=-2)(¢-1+1) ) y=(@E=-2)(+11 -2
( (

)
e) y=(x+4)(z+1)(z-2) i) y=2—-z)(z+1)(x+4)

2. Each polynomial function has a repeated root. Sketch the graph of each neatly.
(@) y=(z-1)? () y=-a(@-1)

(b) y=-(z+2)7? (&) y=2(5-2)

() y==z(x+2) (h) y=(z+3)°

(d) y=(z+1)(z-2) i) y=-(z+3)(=-5)?
( (i)

e) y=(z+3)*(z—1) ) y=0B-1P

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS




72 : : : : : : : : : VARIOUS FAMILIES OF FUNCTIONS — CIRCLES

, ......... ..... 24 Clrcles ......... , ......... ‘ 444444444 . ......... , ......... .......... .‘ ......... , ......... .......... « ......... . ......... , ......... ..........
f Learnmg Goal(s)
= Knowledge £ Skills @ Understanding
All basic curves Sketching these basic curves Basic applications of these
.................. itk transformativne e
| : @ By the end of this section am | able to: : : :
......... ...... 2:7- Circles and semicircles . ......... ......... ..........

| : ¥ Derive the equation of a circle of radius r with centre at the origin by considering Pythagoras’ : :
......... , ...... theorem . ......... . ......... ..........

¥ Graph circles of the form 2% + 3* = r? from their equations

v

Determine the equation of a circle of the form x? 4 3> = r? given its graph

¥ Identify and graph the semicircles

y=+/r2— 22 y=—/r2—a? =12 — 2 z=—/r2—y2

&) Definition 21

The general equation of a circle (

e r s R

e P(x,y) be the point that which is equidistant from a fixed point.

e (h,k) be the fixed point

e 1 be the fixed distance.

2.  Apply the distance formula:



https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-advanced-11-12-2024/content/year-11/fa3d488ed2

e Sketoh

Q ﬁefinifion 22

| : : | The general equation of a semicircle (GO DURURE RN N :
o o o 1 GO e s e e o

......... .......... [2017 NBHS Year 11 2U Task 1 Q5] (2 marks) By drawing a quick sketch or ... ..........
| : : otherwise, state the domain and range of :

o S




S S A @Timedexampracticez(Allowappmximately5minutes) ......... U ......... e,
| [2020 Adv HSC Q24]

(3 marks) The circle 22 — 6x + y* + 4y — 3 = 0 is reflected
in the x axis.

................................................................................................................................................................................................................

Marking criteria

v [1] Cémpletés the fsquareéfor thé equaﬁon, of equivfalent rherit : : : : : : : : :
S V2] Finds the centre and the radius of ‘the original circle or of the reflected circle, or equivalent merit frern pree
| 'V [3] Provides the carrect solution . : : : : : : : : :
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Additional questions

Source McSeveney et al. (1986, Ex 4:09)

1.  Use the formula to find equation of the following circles:

(a) centre (1,1) radius 7 units (d) centre (2, —5) radius 1 units
(b)  centre (5,0) radius 2 units (e)  centre (0,2) radius 3 units
(c)  centre (—3,—5) radius 4 units (f)  centre (0,0) radius 3 units

2. Find the centre and radius of each of the following circles, then sketch each of the
following on separate number planes:

(a) (z—2)°+(y—3)* =064 (f) (@-3°+y*=1

b) (z+4)?*+(y—1)*=4 (g) 2*+y*=281

(€ (z+3)°+(y+3)?2=9 (h)  2®+y* =149

(d) (z—6)2+ (y—5)2=100 i) 22+y2=11

(e) 2*+(y+5)°=16 () (=77 +(y—-87=2

3.  Find the centre and radius of each of the following circles.

(a) 2> —10x+y*+8y+32=0 (¢) 2?2 +y*—182 —20y+60=0
(b)  2?+y*+8x — 14y =35 (d) 2*+¢y?—92+2=0
Answers

1. (a ) (x—1)*+(y—1)? =49 (b) (z—5)2+(y—0)? =4 (c) (z+3)2+(y+5)2 = 16 (d) (z—2)?+(y+5)* = 1 () 2?+ (y—2)? = }
(f) 22 + (y — 0)2 = 9 2. (a) centre (2,3) radius 8 units (b) centre (—4, 1) radius 2 units (c) centre (—3,—3) radius 3 units
(d) centre (6,5) radius 10 units (e) centre (0, —5) radius 4 units (f) centre (3,0) radius 1 units (g) centre (0,0) radius 9 units
(h) centre (0,0) radius 7 units (i) centre (0,0) radius v/11 units (j) centre (7,8) radius v/2 units 3. (a) centre (5, —4) radius 3

units (b) centre (—4,7) radius 10 units (c) centre (9, 10) radius 11 units (d) centre (2,0) radius v/7 units

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS



76 VARIOUS FAMILIES OF FUNCTIONS — EXPONENTIAL FUNCTIONS

2.5 Exponential functions

ﬁ Learning Goal(s)

i= Knowledge £ Skills @ Understanding
All basic curves Sketching these basic curves Basic applications of these
with transformations curves

@ By the end of this section am | able to:
2.4 A Exponential functions W

e Graph the exponential functions y = k(a”) and y = k(a™") for constants a and k where a > 0,
a # 1 and k # 0, and identify its asymptote, y-intercept, domain and range

. ¢ Describe the behaviour of y = k(a®) and y = k(a™%) as * — oo and  — —o0

&) Definition 23

A basic exponential curve has equatio?r}

co

=

—

e Conditionon a:
e Domain:
e Range:
e Whenz =0, .
e Whenz =1, .
o As

©z—o00y—

lim a® =

e Generalised equation:

FuncTIONS & GRAPHS NORMANHURST BOYS’ HIGH SCHOOL
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. VARIOUS FAMILIES OF FUNCTIONS - EXPONENTIAL FUNCTIONS = S R R T
.....,..4...........A..4...............4.5.0..Im.potta.nt..znote..: .................................................................................................................................

: g‘ Exah1p|e 39




78 VARIOUS FAMILIES OF FUNCTIONS — HYPERBOLAS (UPRIGHT RECTANGULAR)

2.6 Hyperbolas (upright rectangular)
ﬁ Learning Goal(s)

i= Knowledge £ Skills @ Understanding
All basic curves Sketching these basic curves Basic applications of these
with transformations curves
@ By the end of this section am | able to:
2.5  Reciprocal functions W
¥ Graph functions of the form f(x) = %, where k is a constant and k& # 0, and identify their
hyperbolic shape and their asymptotes
> ¢ Describe the behaviour of f(z) = £ as 2 — oo and z — —o0
&) Definition 24
The (upright rectangular) hyperbola ?}Jlas equation
9
1
X
—o =2 =1 4 d
o
P4
. Domaln ------------------------------------------------
e Range:
e Behaviour at extremities: as ,y—0,1e
) 1
lim — =
r—too I
e Behaviour near asymptotes: as , Y — 00, 1.e
1
lim — =
om0t T e
AS x % 0_, -------------------- ? 1 e
o1
lim — =
O L e
This funCtion is ---------------------------------- at x =
e Generalised equation:

FuncTIONS & GRAPHS NORMANHURST BOYS’ HIGH SCHOOL
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H Other hyperbolae exist, but they may not be upright or rectangular.
equation of a rectangular hyperbola:

2 2
2 g
a b2

where a is the length of the semi-major axis, and a,b > 0.

General

§G) Timed ‘exam pra(ftice 3 (Allbw aﬁproximatély 8 rhinutés)
[2025 NBHS Year 11 Adv Task 1 Q7]
(a)  Carefully state the transformations that are required to transform

1 1
y——tobecomey———2+3

1
(b)  Sketch the graph of y = =3 + 3, showing any intercepts with the
x —

axes and asymptotes.

o S




: not necessarlly in the correct order. §
vio[2] Prov1des two: of the: three correct transformatlons usmg correct mathematlcal language but

VR Prov1des the correct solutlon i;.e. aH three transformatlons uslng correct mathematlcal

resembles y =

--------- --------- ------ v {Q}For fully correct graph w1th all mtercepts Wlth the J: Y axes -as well -as correct equatlons of --------- --------- ~~~~~~~~~
' ' ' asymptotes : : : : : : :

-2
Sketch y = o + 3, showing all important features.
x

o S




... VARIOUS FAMILIES OF FUNCTIONS - HYPERBOLAS (UPRIGHT RECTANGULAR) : = . . = 8L

O Bl

: : : : 3
SRR B e -} [2020 CSSA Adv Trial Q10] The graph of y =
| : : : x

] is translated 4 units right - ~~~~~~~~~~

: : : : 1 :
S b S -| and dilated vertically by a factor of 5 Which of the following gives the equation of ... . .

the new function?

......... n Yo i B © 2= D) %z

o S




]‘ Learnlng Goal(s)

= Knowledge L Skills @ Understanding
, : Direct and inverse proportion to Finding the constants of Differences between direct and
SRR e " proportionality inverse variation

_ : ® By the end of this section am | able to: : : :
R S FRRRR 2.6 Direct and inverse variation W et [ERRR P PERR

, : > Develop models of the form y = k2™, where k is a non-zero constant, from descriptions of situations : : :
444444444 ....... in WhiCh one quantity Varies directly With another 444444444 ......... ..........

, : > Develop the model y = —n , where k is a non-zero constant, from descriptions of situations in
SR L which one quantity varies inversely with another

> Evaluate k in the equations y = kz™ and y = x%, given one pair of values for the variables, and
use the resulting formula to find other values of the variables

¥ Analyse and solve problems involving direct and inverse variation

| - 3. 1 1 Dlrectly proportlonal to : : : : : : : : : : : :
e EYQRHION BB

@ If y is in proportion to x (or y varies proportionately to z), i.e. y & = and

444444444 ,,,,,,, General steps for approaching questions related to variation

1. Read the question carefully

2. Write down the

......... ...... using symbols, then translate to an equation.

Find the value of k by substituting values provided.

4.  Solve the problem by making another set of substitutions with the value of &k
found.
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VARIATION — DIRECT VARIATION 83

‘{s Example 42

[2024 Hurlstone Agricultural HS Std 2 Trial Q17] A supermarket chain is
considering producing a new biscuit. The cost to produce each packet of biscuits
is shown on the graph below, where the vertical axis represents the cost, in dollars,
and the horizontal axis represents the number of packets (n) produced.

$
25000
e d
20000
_— /
15000 / P
10000
5000
n
1000 2000 3000 4000 5000
(a)  Determine the fixed cost to produce the biscuits and the production 2
cost per packet.
(b)  The revenue from selling the packets of biscuits varies directly with 3
the number of packets sold. When 2000 packets are sold, the revenue

is $12 000.

On the grid, graph a line representing the revenue from selling
the packets of biscuits and determine the break-even point for the
supermarket. Answer: 3000 packets

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS



....... ..... 3"1‘2""D1rect1y proportlonal to 2 ........ ........ ......... ........ ........ ....... ........ ....... ........ .........
| : : Q Deflmtlon 26 : : :

7R If y is proportional to the square of z, or y varies with z2, i.e. y o« 22 and

for some k € R, known as the constant of proportionality or constant of variation.

B Defifition 2T
| : @ If y is proportional to 2", i.e. y ox 2" and : :

;, Example 43

[2023 Std 2 HSC Q22] The braking distance of a car, in metres, is directly
proportional to the square of its speed in km/h, and can be represented by the

................ equation
braking distance = k x (speed)?

444444444 ....... where k is the constant of variation. 444444444 ......... ..........

| : (a)  Find the value of k. 2 ' '

"""""""""""" (b)  What is the braking distance when the speed of the car is 90 km/h? 1

Answer: (a) k = 0.08 (b) Braking dist = 64.8 m

L 7 Example 44

[2008 General HSC Q19] The height of a particular termite mound is directly
proportional to the square root of the number of termites.

The height of this mound is 35 cm when the number of termites is 2 000.

What is the height of this mound, in centimetres, when there are 10 000 termites?
Answer: (B)

(A) 16 (B) 78 (C) 175 (D) 875




......... .......... .......... 32|nversevariati0n ........ ......... ......... .......... ......... ........ .......... ........ ......... ......... ..........

et e 8,3 Tnversely PROPOTHONEL 4o i bbb b

__________________________________ & Definition 28

| : : ; @ If y is inversely proportional to = (or if y varies inversely with z), i.e. y % :
......... M ......... , and ........ ..........

y= .

for some k € R, known as the constant of proportionality or constant of variation.

C,I Fill in the si)acesg

k
e Graph of inverse variation (y = —):
T

Y

X

SO0 T L ] 0 2 OO OO OO U SN S O SO SUOS SUUS SUUS SUUS U SN SO SO0 SO SO SO i
: : : : e If two wvariables are in inverse variation, then as one variable :
......... ~ ......... .. the Othel‘ S KRR ..........

..........................................................................................................................................................................................................................

........................... { NORI\[ANHURSTBOYS’HIGHSCHOOLFUNQTIONS&GRAPHS



............... 86 ... VARIATION - INVERSE VARIATION 1
......... .......... R gExamp|e45 .......... R CERRE RN [EERRTERES FRRRRTRES FERR RS T CRRRE IR Peehens e S ETRT SRR PR ......... ......... ..........

[2018 General 2 HSC Q29] When people walk in snow, the depth (D cm) of each
footprint depends on both the area (A cm?) of the shoe sole and the weight of the
person.

The graph shows the relationship between the area of the shoe sole and the depth of
the footprint in snow, for a group of people of the same weight.

......... .. ,,,,,, 50 Depth Of fOOtprint versus area Of Shoe SOIe ..................................
N 51 | fE e
E 40
' : Q : : :
................ e/ 35 _ \
E 30
.................. a
5 254 : : :
o : : :
................. :520
e 15_ ________ ___IP Lol i
,,,,,,,,,,,,,,, o 1
el K 10 |
e 5 | T om0 KNS NI O T U0 ORS00SO SN NI U0 U S OO
0—+— i - - - - - - S
s s 0 200 400 600 800 1000 1200 1400 1600 i e e

Area of shoe sole (A sz)

_______ """ (a)  The graph is a hyperbola because D is inversely proportional to A. 2
: : The point P lies on the hyperbola.

Find the equation relating D and A.

--------- »»»»»»» (b) A man from this group walks in snow and the depth of his footprint 1 444444444 --------- »»»»»»»»»»
| : is 4 cm. : : :

Use your equation from part (i) to calculate the area of his shoe sole.

Answer: 1125cm? .. ......... ......... ..........




VARIATION — INVERSE VARIATION : : : : : : : : : : : - 87

gExampie 46 .......................................................................................................................................
| [2022 Adv HSC Q12] A student believes that the time it takes for an ice cube to
"""""""""""""""" melt (M minutes) varies inversely with the room temperature (7°C). The student @
| : : | observes that at a room temperature of 15°C it takes 12 minutes for an ice cube to '
........ o o : Jridp i e T L B L T e e o
o - | (a) Find the equation relating M and 7. 2 -
(b) By first completing this table of values, graph the relationship between 2 :
......... , ......... . temperature and tlme frOIﬂT:5OC tOTzsooC ...................
o o o : = B = w | EEEE
S v 1 1 -
................................. i
............................... 20
............................... ’q'cg‘

=

g
................................. E

20

g
................................. P

=

ol

10
............................... () DI S A
................................. 0 10 20 30 40 coebossetssseesses
Temperature (T°C)




T gl A

[2023 CSSA Adv Trial Q13] (2 marks) The time it takes to complete a task varies

inversely with the number of people assigned.

It takes 5 people to complete a task in 4 hours.

Find the amount of time it would take 8 people to complete the same task.

Answer: 2.5 hrs

3.2.2 inveﬁsely i)ropbrtioﬁal tc§) "o

L T ot Y T O Y S O Y 2 S St o A S

@ If y is inversely proportional to z", i.e. y min and

......... ...... y= ........ ......... ..........
....... ,,,,,,, for some k € R, known as the constant of proportionality or constant of variation. ....... ........ ,,,,,,,,,

--------- »»»»»»» [1999 MIS HSC Q13] The height of a container is inversely proportional to the ------- ......... ..........
| : square of the radius of its base. : : :

When the height is 5 cm, the radius of the base is 3 cm.

5 ; What is the height if the radius of the base is 5 cm? Answer: (A) A ;
SR b (A) 1% cm (B) 3cm (C) 83 cm (D) 138 cm e e S




S SR . VARIATION — INVERSE VARIATION = = R o L NN o b S FSUURUUUUL -1/ SOT SR

[2027 Adv HSC Sample Q14] (2 marks) The quantity y varies inversely with the -

square of x.

......... .......... ......... . When v — 4, o= 10

......... M. Flnd the Value Ofywhenx=5

(»)Ex 3G (Pender et al., 2019a) @Ex 3G (Pender et al., 2019b) ..........

e Q12
(A Ex 3H o G

: : : : Ex 3H
) Q78,1012 ki o I I W 1 e
R o Q5-7,9-11, 13-17 |




}‘ Learnmg Goal(s)

= Knowledge £ Skills @ Understanding

What absolute value functions Transforming between algebraic Absolute value functions are the
""""""""" are and graphical representations, reflection of the original graph
, : solve absolute value equations along the horizontal axis.
""""" """" By the end of this section am | able to:

>

444444444 ,,,,,,, >

>
>

444444444 ....... >
................ >

v

2.9  Piecewise-defined functions W

Interpret piecewise-defined functions, where the function is defined differently in different parts
of the domain

g Graph piecewise-defined functions involving functions covered in the scope of the
Mathematics Advanced course, test if they are even or odd, and determine the domain and
range

Define informally that a function is continuous at a point if the curve can be drawn through the
point without lifting the pen off the paper

” Identify points where piecewise-defined functions and other functions are not continuous

Define a discontinuity of a function informally as a point where the function is not continuous

2.10 Absolute value functions W

Define the absolute value |z| of a number z, also known as the magnitude of z, to be the distance
from the origin to  on the number line

Establish and use the piecewise definition

2| x, for x >0,
T =
—z, for x <0

Show using numerical substitutions that vz = |z| and use the result
Graph the function y = |z|, describe its symmetry, and identify its domain and range

Graph y = |az + b| with and without graphing applications, and identify its symmetry, domain
and range

¢ Solve absolute value equations of the form |axz + b| = k algebraically and graphically



https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-advanced-11-12-2024/content/year-11/fa3d488ed2
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......... .......... 41 ..... P|ecew15e deflned functlons ..... .......... ......... ......... ......... ......... ......... ......... ..........

A piecewise defined function is one that has multiple definitions depending on the
input values.




e #__ngamﬁ,e..s.lg __________ S O O O S SN SO SO SO OO SO _________ s

[2023 Independent Adv Trial Q3] A function f is given by the rule

f@-22+1 z<2
o flz) = {4:1: i L ERE

S What is the value of f{ f(0))? e :
R L (A) 5 (B) =7 (C) =35 (D) 13 SN ......... ..........

o S




........ .......... ......... 4 "2‘“'The absolute value functlon ..... ......... ......... ........ ......... ........ ......... ........ .........

The absolute value function

SIS I —aomen . .
BN ] = 5
| : : : z x20 :

axis.

e Also be ready to see the graph as a transformation.

oy REemsesz

If f(x) = 2? and g(z) = \/z, sketch g( f (x)) What observations can be made about
g <f (w)) !

o S




e #__E&amﬁ,e.mg __________ S O O O S SN SO SO SO OO SO _________ s

......... ......... ...... ]3Example55 .......... ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

S Exaiiple 56
[2021 Independent Adv Trial Q2] What is the number of distinct solutions of the

equation |72 — 1| = 1?

(A) 1 (B) 2 (€ 3 (D) 4

o S
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Additional questions

1.  Sketch each function over the stated domain. State also the range of the function over
the specified domain:

(a) y=3-2z,2>1 (c) ay=6,-2<x<3,z#0.

b) y=22,0<x<2 (d) y=(@+2?-1,-3<z<0.

2. Sketch each of the following piecewise defined functions, showing the coordinates of
the endpoints of each interval. State also the range of the function over the specified
domain.

x+1 ifx <0 ?+1 ifz<0
= d =
(@) f(@) {—x+1 if 2> 0 @ f@ {1_:,; if >0
© ) -2 ifr<1
] e x) =
b) fa) =42t tr<l 2 ifr>1
3 ifz>1
—2r—3 forx< -1
© pa {2 ies? ()  fla)=171 for 1=z <1
c x) =
2¢ —3 ifx>2 - forz >1
l—z ifzx<3
3. If f(r) = { Dy evluate () f(5) (1) B) (0 /)
22 —1 ifx<—4
- a —6 c —4) + f(2
4. Iff(z)=<(6 if—4<x<0,evaluate() f(=6) © J=H+72)
5 ifz>0 (b)  f(=2) (d)  f(a®)

5.  Write down the piecewise descriptions for the following functions:

(a) (b)  Both curved sections are hyperbolae
whose asymptotes are the z and y
axes

Yy Yy
1
AN / 32 2
x | . x
N 4 I
-9 | —/
| |
| |
(27 _4) (_%7 _4) (27 _4)
6.  Sketch the following functions, stating the domain and range in each case:

(a) y=|zv—4 (d)  y=[22-3] (g) y=4-34—
(b) y=—lzr+3| () y=2[r[-3
(c) y=lz|+3 ) y=1[3x+7-2

NORMANHURST BOYS’ HIGH SCHOOL
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Answers

1. () R={y:y<1i}.

-1 4+

() R={y:y<-3,y>2}

2. () R={y:y<1)
Yy

—z—2 ifz<2
5. (a) f(gﬁ)_{h—s ifz>2

Y
(3,2)
. (-2,-3) i
(d R={y:-1<y<3}
Yy
3 -
-3
! T
x 7
(_27_1)
() R={y:y>-4} (e) R={y:y<0}
y U{y:y>2}
2, -1) Y
2 i

-
2
\ (2, —4) o

(d) R={y:y€eR}
Yy

27 4. (a) 35 (b) 6 (c) 25 (d) 5a?
% ifa:<—%
(b) fl@)=9-4 if —1<z<2
-8 jfz>2

FuNcTIONS & GRAPHS
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6. (a) R={y:y2>0} (d R={y:y<0}

T (_%’_2)

:= Further exercises

(A)Ex 3B (Pender et al., 2019a) (x) Ex 3A (Pender et al., 2019b)
e Q15
@ES 4D e Q7 (piecewise defined functions)
Ex 4D
e Q1, 4, 9-11, 14, 15 () Ex
e Q1,4,7, 14, 15, 16, 17, 19

NORMANHURST BOYS’ HIGH SCHOOL FuNcTIONS & GRAPHS
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0 Important note
A Draw picture!

A When using purely algebraic methods, test values on equations with absolute
value on one side and the other side with algebraic terms without absolute value.

......... , ......... ........ ~'Examl:)_|e57 .......... . ......... ......... _ ......... .......... . ......... ......... .......... . ......... ......... . ......... ..........

......... ....... SOIVG |2x — 1| = 3 Answer: x = —1,2 ......... ......... ..........

o S
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O Bl B

............................... 2023 Adv HSC Q27] The graph of y = f(z), where f(2) = a|z —b| +¢, passes
through the points (3, —5), (6,7) and (9, —5) as shown in the diagram.
YA

................................ (6, 7)

— oy P -

(a)  Find the values of a, b and c. 3

(b)  The line y = ma cuts the graph of y = f(z) in two distinct places. 2

Find all possible values of m.

o S
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Additional questions

Solve for real values of z:

1. Jz| =4 4.
2. |6x| =18 5.
3. %SL’ =38 6.
Answers

l.z=442.2=438.2=4164.2=35.2=10,-146. 2 =13,-17. 2 =—-3,-118.2=3,79. 2 =2,510. s =2, — 4

11.7=3-212.=2,%

|z +2| =12 |z — 5| =2

x— 6| =7 20 — 7| = 3

10. |3z + 4| = 10
11, |1—2z]=5

12. |7—3z|=1

3

FuncTIONS & GRAPHS
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Mathematics Advanced
Measurement Logarithmic and Functions
exponential functions
Length Surface area e —b++b?—4ac
1 _ Y- NU et
[= b X 2mr A =27 + 2mrh log,a*=x=a" 2a
360 :
2 Relations
A =dnr log x = log, x 5 5
Area @ log,a (x - a) + (y - b) =
0 5 Volume
A=——Xnmr x _ xlna
360 V=t a‘=e
h 3
A=—(a+b) 4
2 V="n . . .
3 Trigonometric functions
sinA = %, COSA = a—dj, tanA = ﬂ
hyp yp adj
Financial mathematics
A= lab sin C 45°
FV=PV(1+r) 2 Lz
a b ¢ 450
. sinA  sinB  sinC 1
Sequences and series
¢ =d*>+b*>-2abcosC
an=a+(n—1)d 2+btoc?
n n cosC = T 3(0°
Sn=§[2a+(n—l)d]=§(a+an) 2 NG
[=r0
a, = ar™! |
A=—r%0 /60°
alt-r") 2 1
S, =—",rzl
1=r Trigonometric identities
a
Swzl_r’ rl<1 secA = ! ,cosA#0
cosA
cosecA = .1 , sSinA#0
sinA
COtA = C?SA, sinA #0
sin
cos’x + sin’x = 1




Differential calculus Integral calculus
Function Derivative 1 .
Jf’(x)[f(x)]"dx =—— /(O] +e
= /ey L ] !
y=7x) dx " where n # -1
_ dy dv du (
y=uv E_”EJFVE J(x)sin f(x)dx =—cos f(x)+¢
y = g(u) where u= f(x) ﬂzﬂx@ r .
dx  du dx F(x)cos f(x)dx =sin f(x)+c
R
_u dy dx  dx i
Y=Y dx 2 S'(x)sec? £(x)dx = tan f(x)+¢
y = sin £(x) Do pxycosf(x) | (
dx f'(x)ef(x)dx =/ 4
y = cos £(x) L frsin /()
* (/%)
de =1In| £(x)|+¢
y=tan /(x) o pysectsi |0
X
x a'y o x [ X — *
y=e/) E_f(x)ef() dadx 1na+c
dy _ f'(x) rb
= l _— =
y=1Inf(x) o ) Fx)dx
y=a* —y=(lna)ax
X _
) 1 :2—”‘1{f(a)+f(b)+2[f(xl)+---+f(xn_1)]}
y=log x LA
a dx xlna where a =x,and b=x,

Statistical analysis

x—u
o

Normal distribution

Z

approximately 68% of scores have
z-scores between -1 and 1
approximately 95% of scores have
z-scores between -2 and 2
approximately 99.7% of scores have
z-scores between -3 and 3

Discrete random variables Probability
E(X)=u P(A~B) = P(A) P(B)
Var(X) = E[(X - )’} P(AUB) = P(A) + P(B) - P(A " B)
Continuous random va;riables P(A|B) — P(;:((I;)B)’ P(B) £0
P(X <x)=F(x) =J F(1)dr
b a

Pla<X<b)= J F(x)dx

b a
E(X)=pu= J xf(x)dx

Var(X)zE(Xz)—uzz x2f(x)dx — u?

}
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