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Symbols used

A Warning. Beware!

@ Mathematics Advanced content, for MAA coded class

@ Mathematics Extension 1 content, for MAX coded class
N the set of natural numbers

Z the set of integers

Q the set of rational numbers

R the set of real numbers

V for all

N Extension work.

L)
Facts/formulae to memorise.

Q Understanding (as opposed to blatant memorisation) is

required.

AN
On the course Reference Sheet.

o Gentle reminder

be completed!

e Further exercises from

— @ Cambridge Year 11 Advanced
(Pender, Sadler, Ward, Dorofaeff, & Shea, 2019a)

= @ Cambridge Year 11 Extension 1
(Pender, Sadler, Ward, Dorofaeff, & Shea, 2019Db)

Content outcomes addressed

MAV-11-04 Applies trigonometry to solve problems
involving geometric shapes

MAV-11-05 Uses periodic functions to solve trigonometric
equations and prove trigonometric identities

ME1-11-03 Solves problems in three dimensions using
trigonometry and simplifies expressions, proves results
and solves problems involving compound angles using
trigonometric identities

e For a thorough understanding of the topic, every question in this handout is to

will be completed at the discretion of your teacher.

e Remember to copy the question into your exercise book!


http://www.flaticon.com
http://creativecommons.org/licenses/by/2.0/
https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-advanced-11-12-2024/content/year-11/fa0b724fc5
https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-advanced-11-12-2024/content/year-11/faa07be39c
https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-extension-1-11-12-2024/content/year-11/fa788a073e

Learning intentions & outcomes

Trigonometric ratios, identities, equations and applications

v T& Content

[] 41 Trigonometry with acute angles M

¥ Use Pythagoras’ theorem to find the exact sine, cosine and ¥ Apply trigonometry to solve problems involving
tangent ratios for angles of 30°, 45° and 60° right-angled triangles in two dimensions, true and compass
bearings, and angles of elevation and depression



https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-advanced-11-12-2024/content/year-11/fa0b724fc5

v 7= Content

[] 42

Trigonometry with angles of any magnitude W

origin in the Cartesian plane and describe how one ray
represents infinitely many angles

Develop the definitions cos = %, sinf) = ¥ and tanf = £,
where (z,y) is a point on the circle of radius r, centred at
the origin, and 6 is the angle between the positive z-axis
and the radius drawn to this point

Use the definitions cosf = ¥, sinf = £ and tanf = £

to evaluate sinf, cos@ and tan# where 6 is a multiple of

90°, and identify the values of € for which these ratios are
undefined

8

Extend and apply the definitions cosf = £, sinf) = ¥ and
tanf = ¥ for angles of any magnitude

Identify the related angle of an angle of any magnitude,
excluding multiples of 90°, as the acute angle between
the ray and the z-axis and obtain the values of the
trigonometric functions of an angle of any magnitude from
the trigonometric functions of the related angle

> @ Develop and use the trigonometric ratios for angles

that can be written in the form 6 = 180° +£ A, and
0 = 360° — A, where 0° < A < 90°

> Examine the proof of the sine rule

> Represent angles of any magnitude using rays from the & Establish and use the results cos(—f) = cos#,

sin(—f) = —sin# and tan(—0) = —tan@

Y Graph y = sinz, y = cosz and y = tanz over domains

given in degrees, showing intercepts with the z-axis and
y-axis and any asymptotes, determine their domains and
ranges, and period and amplitude where appropriate, and
whether each is even or odd or neither

> @Graph y = secz, y = cosecx and y = cot z in degrees,

identifying key properties.

a b c
i sinA = sinB = sinC?
cosine rule ¢ =a?+b*> —2abcosC and the area of a
triangle formula A = %ab sin C' for a given triangle ABC'

¥ @ Use graphing applications or geometric construction to

examine the ambiguous case of the sine rule, in which there
are two possible solutions for an angle, and the condition
for it to arise

> Apply the sine rule, cosine rule and formula for the area

of a triangle to solve problems where angles are measured
in degrees, or degrees and minutes
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v T& Content

[] 43

Trigonometric identities and equations W
¥ Know the difference between an equation and an identity.

¥ Define the trigonometric functions sec ), cosec and cot
for acute angles 0 using ratios of sides in a right-angled
triangle

> Find the exact secant, cosecant and cotangent ratios for
angles of 30°, 45° and 60°

> Justify the values of sec, cosecd and cotd at 0° and 90°
by examining the ratios of sides in a right-angled triangle
as 0 tends to 0° and 90°

> Develop the definitions secf = =, cosec = g and

cotf = % using a circle of radius r centred at the origin

> Establish the reciprocal ratios secA = ﬁ,
cosec A = .LA, and cot A = —X—, identifying the angles to
sin tan A

be excluded in each identity

> Determine the exact value of the secant, cosecant and
cotangent ratios for angles that are integer multiples of

% and 7, if they exist

cosf
sin 6’

sin @

> Establish the identities tanf = o5 and cotf =
identifying the angles to be excluded in each identity

¥ Prove the complementary angle identities sin(90° — 8) = cos 9,
cos(90° — ) = sin 6, tan(90° — #) = cot 8, cot(90° — #) = tanb,

sec(90° — 0) = cosecf and cosec(90° — @) = sec
identifying the angles to be excluded in each identity

¥ @ Evaluate trigonometric expressions using angles of any
magnitude and complementary angle identities

> @ Solve equations involving trigonometric ratios of
angles, specified in degrees, on a restricted domain

¥ Prove the Pythagorean identity cos?z + sin?z = 1, and
ythag Yy )

the identities 1 + tan? x = sec? x and 1 + cot? x = cosec? &

> @ Apply trigonometric identities to solve problems,
simplify expressions and prove further trigonometric
identities using substitution and/or reduction to sinz and
cos T

> @ Solve problems involving trigonometric equations,
including those that reduce to quadratic equations, on a
restricted domain
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@ 3D Trigonometry

v T& Content

|:| 4.4 @ Trigonometry in three dimensions W

> Interpret information about a 3-dimensional context given & Apply trigonometry to solve problems in three dimensions
in diagrammatical form where a diagram is given

> Interpret information about a 3-dimensional context given
in written form
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= Knowledge £ Skills ¢ Understanding
| : Three trigonometric ratios in Solve simple problems involving How sine, cosine and tangent are
SRR e right angled triangles right angled triangles interrelated
| : @ By the end of this section am | able to:
SRR e 4.1  Trigonometry with acute angles W
2 Use Pythagoras’ theorem to find the exact sine, cosine and tangent ratios for angles of 30°, 45°

>

....... ....... N
. : >

and 60°

Apply trigonometry to solve problems involving right-angled triangles in two dimensions, true
and compass bearings, and angles of elevation and depression

4.3  Trigonometric identities and equations W

Know the difference between an equation and an identity.

Define the trigonometric functions secf, cosec § and cot 6 for acute angles 6 using ratios of sides
in a right-angled triangle

Find the exact secant, cosecant and cotangent ratios for angles of 30°, 45° and 60°

Justify the values of secf, cosec and cot 6 at 0° and 90° by examining the ratios of sides in a
right-angled triangle as 6 tends to 0° and 90°

Develop the definitions sec = =, cosec§ = % and cot f = % using a circle of radius r centred at
the origin

Establish the reciprocal ratios sec A = cosec A = Sin%, and cot A = taﬁ, identifying the
angles to be excluded in each identity

_1
cos A?

Determine the exact value of the secant, cosecant and cotangent ratios for angles that are integer

multiples of & and 7, if they exist

Establish the identities tanf = i;’;z and cotf = ‘S"i)jg, identifying the angles to be excluded in
each identity

Prove the complementary angle identities sin(90° —6) = cos 8, cos(90° — 0) = sin 0, tan(90° —6) =
cot 6, cot(90° — 6) = tan 6, sec(90° —0) = cosec 6 and cosec(90° — 0) = sec 6 identifying the angles
to be excluded in each identity
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e ........... 5/ Definition 1 _—

In relation to the angle marked 6,

sinf = — cos(90° —0) = —

cosf) = —  sin (90° —

0) = —

tanf = ——

L Laws / Results

Tangent ratio

Q Laws / Resuits

......... .......... .......... . Complementary ang]e relationship
SR R ° sin(90° L (9) = COS@
ﬁ Example 1
......... ......... Find the value of z:
......... ......... (a) cos ° = sin 70°.

o) ghne® = @os il

“s Exa;nple 2




......... ....... Fully Simplify 3 S
5 : cos 15°

12 Ti1e réciprfocalératité)s

&) Definition 2

In relation to the angle marked 6,

1
sin 6 ¢
1

......... , ...... cosec 9 —.

R = st 0 —

Q

os 6
1

_________ ....... cot § = tan @ '

0 Important note

....... ....... “Co” in the cosecant/cotangent indicates the complement of ....... ........ .........
: : secant /tangent. : ' '

*s Lam;s/Regults

Complementary angle relationships

iy T Exampled o i b B
5 5 From the triangle above, express in terms of a, b and c¢: : : :

(a)  cosecl = — (d)  sec(90° —0) = —

(b)  cosec(90° —0) = — (e) sech=—

o | 0 Emmnnn
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Exercises
Source: Jones and Couchman (1981, Ex 8.1)
1. Find the value of z if

(a)  coseca® = sec60°

(b) cotx = tan40°

2. Without using a calculator, evaluate:

(¢) secx = cosec 35°

(d) tanx = cot 65°

sin 70° cosec 40° tan 80°

(a)

(b)

cos 20°°

3. Find the value of z if

(a)  tan20° = cot(z + 30)°

Answers

1. (a) 30 (b) 50 (c) 55 (d) 25 2. (a) 1 (b) 1 (c) 1 3. (a) 40 (b) 20
:= Further exercises

e Ql, 4,589 12, 13

o Q15-18

sec 50°

()

(b)  sinz® = cos(x + 50°)

(») Ex 5A (x)Ex 6A

e Q1-5 last row

e (Q11-13 last column

cot 10°°

NORMANHURST BOYS’ HIGH SCHOOL



......... 13 44444 Problem solvmg WIth rlght angled trlgonometry““é ......... .......... ......... ......... ......... ..........
| : o Important note : : : : : : :
A Draw picture!

iy [ Example5 G
A plane flying at 400 km/h flies from A to B in a direction S30°E for 15 minutes, AR
......... ...... then turns sharply to ﬂy due east for 30 minutes to C. ......... ......... ..........

(a)  Find how far south and east of A the point B is.

(b)  Find the true bearing of C' from A, to the nearest degree.
Answer: (a) 50v/3 km south, 50 km east (b) 109°T

g R Bemples o -

A walker walks on a flat plane directly towards a distant high rocky outcrop R. At
point A the angle of elevation of the outcrop is 24°, and a kilometre closer at B the
| : angle of elevation is 32°.

- o (a)  Find the horizontal distance from B to the outcrop, to the nearest metre.

| : (b)  Find the height of the outcrop above the plane, to the nearest metre. : : :
......... u ...... ArrereEs (a) 2.478 (b) 1.549 ......... ......... ..........
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O Bl

R

[Ex 4B Q9] (Pender, Sadler, Shea, & Ward,
1999)

A 4P PQ and QR are three equal
intervals inclined at angles a, 2o and 3«
respectively to interval AB. Show that

sin «¢ + sin 2« + sin 3«

o tan /BAR =
5 : : : COS & + cos 2a¢ + cos 3o

| @Ex5A @Ex6A T
§ § § § e Q7, 11-13 last 2 columns :
| (®Ex5B Q821 -

. QL17 (x)Ex 6B




........ 14 .... C ""Exact values a"d angles of a"y magmtude ........ ......... ......... ......... ......... ......... ..........

......... ..... ThlS‘eXaCt Values table IS Second Only -to- the multlpllcatlon ta‘blesj ..... ......... .......... .......... ......... ......... ......... ..........

T |44()9..|..30°|45°|60...|..9.09.4|4|...§ ......... T
: : N . . . Slne 0 : : : : : : : :

: “s Eéxampzle 8"
i 5 Find sin a, cosa and tan o if a =

1. 30° 3. 45° 5. 150° 7. 240° 9. 330° : : :
......... ....... 2. 60° 4. 90° 6. 295° 8. 315° 10. 300° ......... ......... ..........

o S
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K./ EXACT VALUES AND ANGLES OF ANY MAGNITUDE : : : : : : : : - 15

O Bl

Evaluate, without using a calculator:

(a)  tan30°sin 60° (b)  tan260° — sin® 60°

g Example 10

Find the exact value, giving answers in simplest surd form with a rational
denominator.

sin 45° |
QECR G0 i ke ..........

(a)  cosec30° + cot 45° (b)

......... .......... .......... . @Ezfg)ﬁ xEX6D ..........
: . : : [ =2 :
| B Ex BE e . e

e All questions
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Additional questions Source: Grove (2010, Ex 6.7)

1. Find all quadrants where

(a) cosf >0 (e) sinf <0 (i)  cosf <0 & tanf >0
(b) tanf >0 (f)  cosf <0 (j)  sinf >0 & tanf >0
(¢c) sinf >0 (g) sinf <0 & cosh <0
(d) tanf <0 (h) sinf <0 & tand >0

2. (a) Which quadrant is the angle 240° in? (b) Find the exact value of cos240°.

3. (a) Which quadrant is the angle 315°in? (b) Find the exact value of sin 315°.

4. (a) Which quadrant is the angle 120°in? (b) Find the exact value of tan 120°.

) Which quadrant is the angle —225° in?
b) Find the exact value of sin —225°.

) Which quadrant is the angle —330° in?
b) Find the exact value of cos —330°.

7. Find the exact value of each ratio:

(a) tan225° (c¢) tan300° (e) cos120° (g) cos330° (i) sin300°
(b) cos315° (d) sinl150°  (f) sin210°  (h) tan150° (j) cos135°

8. Find the exact value of each ratio:

(a) cos(—225°) (d) cos(—150°) (g) cos(—300°) (j)  sin(—135°)
(b)  cos(—210°) (e) sin(—60°) (h)  tan(—30°)
(c) tan(—300°) (f)  tan(—240°) (i)  cos(—45°)

9. Find the exact value of each ratio:

(a) cosb70°  (c) sind80°  (e) sin690°  (g) sin495° (i)  tan675°
(b) tan420° (d) cos660°  (f) tan600° (h) cos405°  (j)  sin390°

Answers

L. (a) 1,4 (b) 1,3 (c) 1,2 (d) 2,4 (e) 3,4 () 2,3 (8) 3 () 3 () 3 ()) 1 2. (a) 3 (b) —5 3. (a) 4 (b) —J5 4. (a) 2 (b) —V3

5.(2)2(b) J5 6. ()1 () F 7. (a)1(b) F5(0) —vV3() 3 —30O -3 LM -FH0-FG()-F580-%
VB - (@) =L (1) V3@ M) -0 L0 -F9 @%b Ve S M@ieE-30V3

NORMANHURST BOYS’ HIGH SCHOOL



OTHER RATIOS 17

1.5 Other ratios
‘ls Learning Goal(s)

= Knowledge £ Skills ¢ Understanding
Exact ratios for particular Perform calculations based on Unit  circle  definitions  of
special angles exact ratios and values trigonometric ratios

@ By the end of this section am | able to:
4.2  Trigonometry with angles of any magnitude W

9 Represent angles of any magnitude using rays from the origin in the Cartesian plane and describe
how one ray represents infinitely many angles

> Develop the definitions cosf = £, sin = £ and tan# = £, where (,y) is a point on the circle
of radius r, centred at the origin, and 0 is the angle between the positive z-axis and the radius

drawn to this point

> Use the definitions cos§ = 2,sinf = ¥ and tanf = ¥ to evaluate sin6, cos@ and tan 6 where ¢
is a multiple of 90°, and identify the values of 8 for which these ratios are undefined

> Extend and apply the definitions cosf = 2,sinf = £ and tan6 = ¥ for angles of any magnitude

> Identify the related angle of an angle of any magnitude, excluding multiples of 90°, as the acute
angle between the ray and the z-axis and obtain the values of the trigonometric functions of an
angle of any magnitude from the trigonometric functions of the related angle

> ¢ Develop and use the trigonometric ratios for angles that can be written in the form 6 =
180° + A, and 6 = 360° — A, where 0° < A < 90°

¥ Establish and use the results cos(—) = cos 6, sin(—6) = —sin§ and tan(—0) = — tan

1.5.1 Traversal in the usual (anticlockwise) direction

€, Laws/Results
¢ Additional revolution(s)

Y e Adding one revolution

1 will not alter the ratios.

P(cos6,sin0)

‘ e Revolutions can be repeated in
\ multiples of  360°
I

—1 / O\ .

NORMANHURST BOYS’ HIGH SCHOOL
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OTHER RATIOS

€, Laws/Results
¢ Second quadrant

sin(180° — #) = sinf

—_
0
)

[e]
S

&, Laws/Results
Q Third quadrant

sin(180° +6) =  —sind

Y
1
P(cosf,sin )
180° +|0 |
\
il / A .
\ 1
\
|
Pl
—1

e Subtracting from 180° places P
into the

e Adding 180° places P into the
quadrant.

e All ratios except  tan changes signs.

NORMANHURST BOYS’ HIGH SCHOOL



OTHER RATIOS 19

€, Laws/Results
¢ Fourth quadrant

sin(360° — 0) =  —sinf cos(360° — @) = cosf
tan(360° —0) = —tanf
Y e Negating # places P into the
1 o vertically ... adjacent
P(cos 6, sin 6) quadrant.
| \\\ e Only cosine  does not change
I \ .
_ | signs.
1 0 } El .
-0/
| /
| //
2
—1

1.5.2 M “Negative” quadrants (traversal in the opposite direction)
&, Laws/Results
Q Negative fourth quadrant

&, Laws/Results
Q Negative third quadrant

sin(—180° + 6) = —siné cos(—180° + 0) = —cos 6

NORMANHURST BOYS’ HIGH SCHOOL



20 OTHER RATIOS

€, Laws/Results

¥ Negative second quadrant

sin(—180° — ) =  sinf cos(—180° —¢) =  —cosf
Ee .
€, Laws/Results
Q Negative first quadrant
sin(—360° +6) =  sinf cos(—360) =  cosf

Additional questions Source: Grove (2010, Ex 6.7)
Simplify fully:

1.  sin(180° —6)
2. cos(360° —x)
3.  tan(180° + )

Answers

4. sin(180° + «)
5.  tan(360° —0)
6. sin(—0)

1.sinf 2. cosxz 3. tana 4. —sina 5. —tanf 6. —sinf 7. cosa 8. —tanz

cos (—a)

tan (—x)

NORMANHURST BOYS’ HIGH SCHOOL



......... .......... .......... 1..6444.lee" One ratlo flnd another ............ ......... ......... .......... ......... ......... ......... ..........
, : : o Important note - : : ; : : : ; : :

A Draw correct diagram depicting angle in the appropriate quadrant.

A Do NOT use the calculator to evaluate the pronumeral!

n | T Example 11

Given secf = 3 and 0 is acute, find the value of cosf, tan 6 and sin 6.

B
5 : : | 1.  Draw correct diagram depicting sec# = 3 and acute 6 in the correct quadrant: :

""""" """"" """"" 1 2. Find missing side length (label on diagram).

3. Evaluate the other ratios:




T gl g

L ....... Given sin ) = % and cosf < 0, evaluate cosf and tané. i L o

# Eéxampzle 15

o S




GIVEN ONE RATIO, FIND ANOTHER 23

Additional questions Source: Grove (2010, Ex 6.7)

1 If sinf = % and tan # < 0, find the exact value of cosf and tan 6.

2 If sinz < 0 and tanx = —g, find the exact value of cosx and cosec x.

3. Given cosx = % and tan x < 0, find the exact value of cosecz, cot x and tan x.
4

If cosx < 0 and sinx < 0, find cos x and sin z in surd form with a rational denominator

if tanx = %
5. Ifsinf = —% and 270° < # < 360°, find the exact value of tan 6 and sec 6.
6. Ifcosf =—2and 180° < # < 270°, find exact values of tan x, secx and cosec .

8
7. Given sinxz = 0.3 and tanz < 0,

(a) Express sinzx as a fraction.
(b)  Find the exact value of cosz and tan z.
8. Iftana = —1.2 and 270° < 6 < 360°, find the exact values of cot o, sec o and cosec a.

9. Given that cosd = —0.7, and 90° < # < 180°, find the exact value of sin# and cot 6.

Answers
1. cosh — — V33 N0 — —4 9 cosp — _8 . — _V89 3 o _ __5 _ 2 np = _ Y21
cos =2, tan6 7 cos T a9 cosec = 3. cosecw NAIE cotx o1 tanx 5
\/ . V4 5 .
4. cosx = —77474, sinz = —% 5. tanf = —\/%, sech = \/% 6. tanx = 35", secT = —%, cosecT = —\/% 7. (a) sinx = %
_ /o1 ) _ 5 _ 61 _ /6l o /5L _ 7
(b) cosz = — 5, tanz = Jo1 8. cosa = —g, seca = ¥2=, coseca = 5= 9.sinf = Y5>, cotd = N

= Further exercises

(») Ex 5F (x) Ex 6F

e All questions :
e All questions

NORMANHURST BOYS’ HIGH SCHOOL
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1.7 &£ Trigonometric Graphs

?e Learning Goal(s)

= Knowledge £ Skills @ Understanding
Graphs of sinz, cosz, tanz and Sketch to shape, showing Relationships between each of
@reciprocal ratios important features these graphs

& By the end of this section am | able to:
4.2  Trigonometry with angles of any magnitude W

> Graph y =sinz, y = cosz and y = tanz over domains given in degrees, showing intercepts with
the z-axis and y-axis and any asymptotes, determine their domains and ranges, and period and
amplitude where appropriate, and whether each is even or odd or neither

> @Graph y =secx, y = cosecr and y = cot z in degrees, identifying key properties.

1.7.1 Graphs of basic trigonometric ratios

@ Definition 3

For y = asinnx and y = a cosnx:

°« Amplitude . distance between mean (equilibrium) position &
peak /trough.
Symbol:  a .
°« Frequency : number of complete appearances between 0° and
360°
Symbol: 7 .
- Period : the number of degrees before the graph repeats itself.
360°
Relationship: e T :T ..... :
Y
ak >
1 1 i 1 / x
//360 —-270 -1 —90 90 18 270 60
_a77
J y= .. .aesnz
1 1 1 i x
—-360 —2 —180 90 90 180 70 360
_a/77
Yy= .. acosT .
O GeoGebra

L] frequency - amplitude.ggb

NORMANHURST BOYS’ HIGH SCHOOL
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Q Definition 4

For y = atannax:
O poans Vertical .. ... stretch factor ...
Symbol:  «
°« Frequency number of complete appearances between —90° and
90°.
Symbol:  n .
°« Period : the number of degrees before the graph repeats itself.
. . 180°
Relationship: T Sesoampananss
)
| | ] |
\ \ \ \
\ \ \ \
\ < | \
! ! ! !
\ \ \ \
\ \ \ \
| | | |
| | | T
}—/3600 —2‘70O =180° —90° 90° 180° 27‘0O 360°
| | | |
| | | |
\ \ \ \
\ \ \ \
\ \ \ \
\ \ \ \
\ \ \ y= Il atanx

NORMANHURST BOYS’ HIGH SCHOOL
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o T EBampels
| Sketch y = 5cosdx, —180° < z < 180°. : .

Ts Example 18




~
K~ TRIGONOMETRIC GRAPHS

Additional questions

1.

2
3.
4

Draw the graph of y = 2sinz, —360° < x < 360°. State the amplitude and period.
Draw the graph of y = 4 cosz, —180° < z < 180°. State the amplitude and period.
Draw the graph of y = tanz, 0° < z < 360°.

Find the periods and amplitude (where necessary) of the following:
(a) y=3sindx (b) y=5cos3z  (c) y=tandx (d) y=tan2z

Sketch the following graphs:

— o o 1
(a) y—81n2m,0 <z <180 (h) y:COS§I, OO§I§54OO
(b)  y=cos3z, 0° <z <120° 5
(¢) y=sin3z, 0° <z < 360° (i)  y=tan 3% —135" < x < 135°
(d) y=cosdz, 0° <z < 180° i) y=3cosz, 0° < < 180°

(e) y:sin%x, 0° <z < 360° k) y=5cosz, 0° <z < 360°

1 1) y=—cosz, 0° <z <360°
(f)  y=tan—z, 0° <z < 180°
2 m) y= —3cosz, 0° <x < 360°

3 1 [¢] o]
(8) y=singz, 0° <z <270 n) y=—2sinz, 0° <z < 360°

NORMANHURST BOYS’ HIGH SCHOOL
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1.7.2 @ Graphs of the reciprocal ratios
o Important note

Use skills from Topic 3 - Further work with functions on sketching reciprocal
graphs

&, Laws/Results

Basic y = cosec x curve:

e Domain: D={z:veRz#kx180°k€Z} . . ... ... ...
e Range: R={y:yel-1L1} ... .. ..
e Period: T =2
e Property:  odd ~ function
)
4 1
3 1
2 1
AR 1 PN
//, n \\\‘ n /// n \\\ n "
—360° —270° —1§oo\—9oo/1f’ 90° 185‘*\270"/5’600

}s Example 19

Sketch y = 2 cosec(2z) for —180° < = < 180°.

NORMANHURST BOYS’ HIGH SCHOOL
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€, Laws/Results

Basic y = secx curve:
e Domain: D={z:zecRaz#(2k+1)x90°keZ} . ... ...
e Range: . R={y:l-LA} ...
o Period: T =77
e Property:  even  function
Y
4 €1
3 £+
2 £+
D ,L" D Pl
: AN : L \\m : Vid : T
—360° —27?)9\t180:’/—'90° 90%~ 1800’/2/70O 360°
94
—34
4 4

‘{s Example 20

Sketch y = 2sec (x + %) for —180° < = < 180°.

NORMANHURST BOYS’ HIGH SCHOOL
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€, Laws/Results

Basic y = cot x curve:

e Domain: D={z:z Rz #kx180°} . .. ...
e Range: R={y:yeR . .
e Period: T:Z
e Property:  odd — function
Y
| Al 1\1 Al
| | 1 | |
[ II’ [ 3 :’ [ I’ [
| gt g '
| 7 | 1+ I ’ [
\ S \ \ \
! i ! =+ ! il L
—or0° L£080°  —90° .* 90°  180°  270°
L Y LS \
[ l' [ l’ [ l’ [
y S :
Ly -3 4 Ly !
v At v |

NORMANHURST BOYS’ HIGH SCHOOL



“‘ Learnmg Goal(s)

>
>

= Knowledge £ Skills ¢ Understanding
Transformations between sin? 6 Manipulate  expressions/solve Difference between simplifying a
to cos?# and sec? 0 to tan® 6 equations involving  these trigonometric expression versus

Pythagorean identities solving a trigonometric equation
& By the end of this section am | able to:

4.3  Trigonometric identities and equations W

Know the difference between an equation and an identity.

Prove the Pythagorean identity cos®z + sin®x = 1, and the identities 1 + tan® z = sec?z and
1+ cot? z = cosec’ x

g Apply trigonometric identities to solve problems, simplify expressions and prove further
trigonometric identities using substitution and/or reduction to sinz and cosx

¢ Solve problems involving trigonometric equations, including those that reduce to quadratic
equations, on a restricted domain

2 1 Pythagorean |dent|ty

sin? 0 + cos? 0 = 1

with variants:

&Laws/Resu[ts ......... R .......... .......... ......... ......... .......... .......... ......... 444444444 ......... ..........
The Pythagorean identity :


https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-advanced-11-12-2024/content/year-11/faa07be39c
https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-advanced-11-12-2024/content/year-11/faa07be39c?show=example
https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-advanced-11-12-2024/content/year-11/faa07be39c?show=example

| : Derivation: draw circle of radius r, centred at origin. : : :
....... o Y 1. Find the lengths of OA, OP and ....... ........ S
S AP: S
______ Ple.y) e OA= z o OP=
................. : [ ] AP: y
|
............... : : ) 2. Relate OA A ol o RESEEEEEEES
................. 0 A et
3. Relate OP, AP and 6:
............... AP p
....... OP—SID ........
......... ....... 4 Relate OP, OA and 0: 444444444 ......... ..........
: : oF: I P : : :
...................... O.P.T.?.QS.........
............... 2. Write in terms of 6 only:
g sl trieosO=rt R S S S R
................ Gin? 0 4 cos? 0 — 1 @

3.  Divide (f) by cos?#:

tan?6 + 1 = sec? 6

4.  Divide (1) by sin’:

1 + cot? 0 = cosec? 0

2.1.1 Usmg the Pythagorean Ident;lty to show 'or 51mp11fy

......... 444444 ?. Examme‘.2.1.......M.§.........§w.....s ......... b SR TR T S 444444444 ......... ..........

Fully simplify: 1 — cot? 8 + cosec? 0.




PYTHAGOREAN IDENTITY

}s' Example 23

| Prove that sin® 0 + tan® 6 = sec? ) — cos? 6.

1+ tanZ4

o S




......... .......... L 6'Timéd"exgam'p'i'acticge"1"'(EAllowg'ap‘prbxi'métely"3"miﬁutE'sj ......... S i ......... ......... ..........
[2025 Adv HSC Q22] (2 marks) Prove that

| ; . 4 4 . : .
| : sin® f + cos* 6 . 5 : : :
SR oo ————— + 2 = sec” 6 cosec” 0 e SR R
| : sin? § cos? 0 : 5 :

......... ,Marklngcrlterla ......... .......... ......... ......... . ......... .......... ......... ......... .......... . ......... ......... ......... ..........

v 5[1] Factorlses the numerator correctly, or equlvalent merlt

S - ... 3= Further.éxercises i .ii... i i i i i L i S SRR

@Ex 5G @EX 6G
e Q3-8 last 2 columns




PYTHAGOREAN IDENTITY : : : : : : : : : : : - 35

919 (@) Parametric reprosemtation

i ) Steps i G
5 : 5 1 1. Change subject to sin @ or cos, whichever is appropriate :

................................. 9. Use Pythagorean Identity to remove 6.

6000 0~ O 0 0 0 1

Eliminate 6 from the following pair of equations, and describe the graph:

r =4+ 5cosf E
y:3—581n0 ........ ..........

o S




36 : : : : : : : : : : : : . PYTHAGOREAN IDENTITY:

........ .......... . ’ls"Ef)'(amp:Ie'QTE ........ i, e SR e e, SR i, i, ......... ........ .........
| : [2020 Independent Ext 1 Trial Q1] Which of the following pairs of parametric : : :
equations represents a circle that passes through the origin? Answer: (C)

(A) x=3+3cosf, y=4+3sind

B N
......... ...... (C) l‘:3+50050; y:4+5Sin9
)

r=3+4cos, y=4+4sin6

......... ...... (D) x=3+Tcosf, y=4+Tsind ......... ......... ..........

JEERE D [2025 Gosford HS Ext 1 Trial Q5] A curve is defined by the parametric equations SRR D SRR
: : below: e :

BN e cinB I N
y = cos20 — 3

Which of the following represents the Cartesian equation of the curve?  Answer: (C) : ; 5
(A) y=22-3 (©). y=—2*-2 BRI O S

B) y=-z-2 (D) y=—-22%2-2

o S




PYTHAGOREAN IDENTITY : : : : : : : : : : : 237

What is the Cartesian equation of C? Answer: (A)
(A)

[2025 Hurlstone Agricultural HS Ext 1 Trial Q3] The parametric equations of a
curve (' are given by

x=cosec®t o
y = cos? t

o S

@Ex 6G
o Ql4, 17-18




............... 38 . i i i TRIGONOMETRIC EQUATIONS - & o &

02 Trigonometric equAtions
g [ Eampe3 - -

Solve tan 6 = i, where 0° < 6 < 360°.

B 7 B

o | [ Eximngle 31

Solve tanz = —3 for 0° < x < 360°.

§ 0 Imboftaht note

A Find the equivalent acute angle first!

A Draw picture!




......... .......... ]3’Example32 ......... SR S i e, e, S s s e ..........
| 5 : Solve the following for 0° < z < 360°: :

(a) tan2z =+/3 (b) 2sin3z = —1 () 2cos2x—1=0

SRR S L @ !mportant note .

A Check the domain!

o S

NORMANHURST BOYS’ HIGH SCHOOL



............... 0: i i TRIGONOMBETRIC EQUATIONS - & o G

T gl

Solve 5sin® x = sinz for 0 < z < 360°. Answer: 0°,180°,360°,11°32/,168°28’

o S




S SR - TRIGONOMETRIC EQUATIONS = = R o L NN o b S SUUTUUR Y <R FURE

L 1OV 00 0 O O OO O 0 0 0 O

Solve sec?z + tanz = 1, 180° < = < 360°. Answer: 180°,315°, 360°

e B Eyample BT

| § § | Solve sin?x — 3sinz cosz + 2cos?z = 0 for 0° < = < 360°. :
: : : : Answer: x = 45°, 63°26', 225°, 234°26/ :

o S

3= Further exercises

: : : : @EX 5H @EX 6H
......... ......... e All questions .
| : : : e All questions

NORMANHURST BOYS’ HIGH SCHOOL




]‘ Learnlng Goal(s)

= Knowledge £ Skills ¢ Understanding
What are the sine and cosine Using the sine and cosine rules sinf > 0 for 0° < 6 < 180°
rules and hence a possible ambiguity

with the sine rule when finding
an unknown side that is opposite
to the largest known angle

@ By the end of this section am | able to:
4.2  Trigonometry with angles of any magnitude W

9 Examine the proof of the sine rule =%, = —2- = cosine rule ¢® = a® + b*> — 2abcos C' and
sin A sin B sin C )

the area of a triangle formula A = %ab sin C for a given triangle ABC

¢ Use graphing applications or geometric construction to examine the ambiguous case of the
sine rule, in which there are two possible solutions for an angle, and the condition for it to arise

9 Apply the sine rule, cosine rule and formula for the area of a triangle to solve problems where
angles are measured in degrees, or degrees and minutes

The sine rule (as opposed to sine

ratio): C
a b c a
sinA  sinB  sinC b
B
where a is opposite to angle A etc. A c

0 Imi)ortaﬁt noie
A Works on all triangles, not just right angled triangles.
A Use pairs of the equality.

A Use the reciprocal to find the size of the angle.


https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-advanced-11-12-2024/content/year-11/fa0b724fc5
https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-advanced-11-12-2024/content/year-11/fa0b724fc5?show=example#cg-ea8bab1b-83f2-4627-8598-79036a5c935b

§SINE RULE 43

........ .......... .......... P roof"'foréacuté‘ang‘l‘ied"triénglesi: ........ ......... ......... ......... ......... .......... ......... ......... ........ .........

e Esteps
1 1.  AABC is any acute angled triangle. Construct perpendicular from C to AB,
......... .......... .......... . Wthh WIH have helght h: ........ ..........

B Gre st i R —

.................................. p -

""""" """"" """"" | 2. Using the sine ratio, write the relationship between the angle A and the other """""
| : : : two sides: :

3.  Repeat for angle B:

o S




............... Mo swemums
............... Proofforobtuseangledtrlangle.s.,«

| : 1. AABC is any obtuse angled triangle, obtuse at A. Construct perpendicular : : :
......... ....... from C 'tO AB (eXtended tO D)’ WhiCh Will ha‘Ve height h: ......... ......... ..........

i p A SR SR .
| | 2.  Using the sine ratio, write the relationship between the angle (180° — A) and | | |

the other two sides:

................. h B R R LT
7= sin(180° — A)

|3 Repest for angle B: [ beddi

_________ ....... e The longest side will be opposite to the

e The shortest side will be opposite to the smallest angle.

..........................................................................................................................................................................................................................




Find the value of a, correct to 1 decimal place. Answer: 21.9 cm

C

15 cm a cm

L eawles

A Find the value of @, correct to the nearest minute. Answer: 75°30/,104°30

_________ ......... S b= -
I N N N 9 N

17 cm

......... .......... ......... . p 36 R e e e  SRC ..........
' ' : : 28 cm

Is there a second possible solution?

o S




............... i SINBRDLE

T gl AT

A plane flew 160 km from P to () on a bearing of 200°. It then turned and flew

225 km to R, which is due west of P. Find, correct to the nearest degree, the bearing
of Q) from R. Answer: 132°

o S




o .‘s,Examp,e“ ......... e
| In the diagram, ZADB = 55°, ZACD = 23°, f
DC =200m. Let AB = h. A

""""" """"" """"" | (a)  Use the sine rule in AADC' to show that

SOOI S 200sin23° | NC >N~ -
| z z z AD = ——— h z
SR : : sin 32° :

| &) Hencoshowthat h= ZRREIRD. g |y 5 2 o
i i : : evaluate h. B D 200m ¢

......... .......... .......... . Answer: (b) 12080 m ..........

o S




..............................................................................................................................................................................................................

Wlth the sum of angles belng less than 180°

......... .......... ...... ﬁExamp|e43 ......... ......... ........ ......... ......... ......... ......... .......... .......... ......... ........ ......... ..........

Find the value of 6. 0 Answer: 60°,120°

76 14

ey R EBampleds
In AABC, LA = 25°, BC = 9cm and AB = 20cm. Find the possible value(s) of
S b ZC, correct to the nearest degree and hence show there are two possible triangles. e b S

Answer: 70°,110°

o S




AREA VIA SINE RULE

49

3.2 Area via sine rule

&) Definition 6
The area of a triangle via sine rule:

........ A= gtbsinC G
where ZC s the included, .
_____ angle  between side lengths a and

Proof (valid for acute or obtuse-angled triangles)

Steps

have height h:

A

the other two sides:

1. AABC is any triangle. Construct perpendicular from A to BC, which will

2.  In AADC, use the sine ratio to write the relationship between the angle C' and

1
3. In AABC, A= 3 X base x height :

[substitute (3.6)]

NORMANHURST BOYS’ HIGH SCHOOL



......... .......... . ’Is"Efxamp:leﬂS? .......... TR e e, ST e S i, Db, ......... ......... ..........
| : Find the exact area of the following triangle. Answer: 3v/2 cm? : 5 :

iy [ Examplede

Given an area of 72cm?, find the value of x correct to 4 significant figures.

, ......... ....... Answer: 6.518 cm .. . ......... , ......... ..........

67°

o S




‘AREA VIA SINE RULE:

......... .......... ......... ""““‘5"‘{s'?“Exa':mpl‘eﬂT“"f ....... S S b e, e b, e S e ..........
: : : | Find the value of 6, correct to the nearest minute given the area of the triangle has :
area 60 cm?. Answer: 50°17,129°43'
13 cm
A
12 cm

[2018 2U HSC] In AKLM, KL has length 3, LM has length 6 and ZKLM is
60°. The point NNV is chosen on side KM so that LN bisects ZKLM. The length

.................................. LN is % Amswer: () 968 iy 2y T
.................................. % TG
SCALE
................................ N cecsessssmenn s ee
3
............................... 30°
L 6 M
1. Find the exact value of the area of AKLM. 1
................................ i, Hence, or otherwise, find the exact value of . T R S
éEFurtherexercwes ................................................................................................................................

(A Ex 51 (x) Ex 61

e Q1-4 last 2 columns
e Q1-4 last column

o O5-17 o Q9-17, 21-22




......... ..... 33 44444 C’bsiné'rulé ........ .......... 444444444 ......... ......... .......... ......... o e R e o o
. T g Definiion7 T

| ; The cosine rule (as opposed to
......... ....... cosine ratjo);

a2 =b>+c? — 2bccos A a

@ mportantnote - - -
e Works on all triangles, not just right angled triangles. : ?

................. e Used to find

side lengths are known (Equation

......... ....... o an angle Whe]_’l all

e e i i Qb d b bbb b bbb b b
T Without using a calculator, find the value of SR TS
(a) zifin AXYZ z=2,y=05and cos”Z =

--------- »»»»»»» (b) cosBifin ABCD,b=5,c=6andd="71.

(SN

Answer: (a) v/13 (b) %




COSINE RULE

53

Proof for acute angled triangles:

Steps
1. AABC is any acute angled triangle. Construct perpendicular from C to AB,
which will have height A, and let AD = z.

C

A D
\4/6)\
2.  Write a relationship between BD, C'D and BC"

a’=h*+ (c — z)? (3.10)

b = h* + 2? (3.11)

4.  Substitute (3.11) into (3.10), then expand and simplify:

5.  Write a relationship between LA, AD and AC"

= cos A (3.12)

6.  Substitute (3.12) into previous result:

NORMANHURST BOYS’ HIGH SCHOOL



54 COSINE RULE

Proof for obtuse angled triangles:

Steps

1. AABC is any obtuse angled triangle. Construct perpendicular from C to AB
(AB requires extension), which will have height h, and let AD = x.

Tl

2.  Write a relationship between BD, C'D and BC"

a?=h?+ (c+xz)? (3.13)

b? = h2 + 22 (3.14)

4.  Substitute (3.14) into (3.13), then expand and simplify:

5.  Write a relationship between ZDAC', AD and AC"

2 = cos(180° — A) (3.15)

Sl

6.  Substitute (3.15) into previous result:

NORMANHURST BOYS’ HIGH SCHOOL



‘COSINE RULE : : : : : : : : : : : : : : . 55

Find the value of x, correct to 1 decimal place.. Answer: 4.6
I . . . X .
......... .......... .......... . 410 ........ ..........

7 cm 5cm

P‘ Exa}nple 51
Find the value of x, correct to 1 decimal place.. Answer: 16.1
X

JE T . -

o S




......... .......... L ’Is"Efxamp:le“S'Qi .......... b S s i R S SN i ......... ......... ..........
: : Find the value of 0, correct to the nearest minute. Answer: 32°5/ : : :

E : X : : :
......... ....... 0 ......... ......... ..........

4 cm 9cm

Find the size of the smallest angle in a triangle with side lengths 15cm, 11 cm and
8 cm. Answer: 31°17

o S




‘COSINE RULE : : : : : : : : : : : : : : © 57

O Bl

Alana drove 42km from E to F' on a bearing of 345°. She then turned and drove

73km on a bearing of 240° to G. Find the distance EG, correct to 1 decimal place.
Answer: 74.2km

A Draw picture!

5
16°

(b)  The sides of a triangular field have lengths 80 m, 90 m, 100 m. Calculate the
exact area of the field. [Hint: find the largest angle.]

......... .......... (a) If cosa = 2, find the exact value of sina, given 0° < <90°. ..........

Answer: 2251231

o S




............... B8 i e e i a i s o JOOSINBRULE G G

......... .......... ...... @TimEdexampracticez(AllowapmeimatE|y5minUtES) ......... .......... ......... ......... ......... ..........
| : [2015 2U HSC Q13] The diagram shows AABC' with sides AB = 6 cm, BC' = 4cm : : :
and AC = 8cm. C

4 cm

7 6Cm N M K
i Show that cos A = 5 1 ......... ......... ..........

| g ii. By finding the exact value of sin A, determine the exact value of the 2
o o gy v

Marking criteria :
......... 1 ..... v "f'['l]"Pirovideé‘corre‘fct"solui:ion'""i ......... ......... ......... .......... ......... ......... .......... ......... SR TSR P
ii. © v [1] Finds exact value of sin A, or equivalent merit - :

(»)Ex 5J (x)Ex 6J
e Q1-2 last 2 columns

e Q1-2 last column

o Q3-14 o QO3-12, 14-17




SR i JGENERAL PROBLEM SOLVING . ... (... i b ST TN SO AR A 159 i

......... .......... g"‘“""‘§3'.'4“‘éGen?eraI"gprolil'em'ésolving“'é’ ......... .......... ......... ......... .......... ......... ......... ......... ..........

L = emes

| : : | The surface of the water in a horizontal pipe is 16 cm wide and subtends an angle of
. o L | 120° at the centre of the pipe, as shown.

Find, as an exact value:

(a)  The distance from the centre of the ... ..........
pipe to the water surface.

<>

P
\\\\\\\\\\\\\

B 16cm Anower: (2) 5 () 5 ©) 5

(b)  The diameter of the pipe.

(¢)  The maximum depth of the water.

o S




............... 60 oo i i GENERAL PROBLEM SOWVING Lt G

......... .......... e ’ls“ngamp;leS'T; ......... VRN SO I e e, R UE RN SO I SR s i, ......... ......... ..........
| : [Ex 4J Q17] A ladder of length x cm is inclined at an angle a to the ground. The : : :

foot of the ladder is fixed. If the ladder were y cm longer, the inclination to the
horizontal would be (.

""""" """" Show that the distance from the foot of the ladder to the wall is given by """"" """"" """""

B L y cos a cos 3 BN S S
: : — CIn : : :
cosa — cos 3

= Further éxercises

....................................................

@Ex 5K @EX 6K

B o Q1-12, 15-18 BTN DO T O
| : e Q4-12, 15-19 ; ; :

Note: Do not do all of this set in one sitting! Spread it out over a week!




Section 4

x1) 3D Trigonometry

‘{s Learning Goal(s)

= Knowledge £ Skills ¢ Understanding

Using right angled triangles, Splitting particular planes into Some right angles may look
non right angled triangles and triangles for ease of calculation awkward when drawn on a 2D
bearings to assist with problem sheet of ‘paper’

solving

@ By the end of this section am | able to:
4.4 @ Trigonometry in three dimensions W

e Interpret information about a 3-dimensional context given in diagrammatical form
e Interpret information about a 3-dimensional context given in written form

e Apply trigonometry to solve problems in three dimensions where a diagram is given

4.1 Techniques required

e Reproduce diagram on to working paper.

e Mark on your own diagram, the measurements provided.

Where necessary, draw NSEW axes for bearings.

Use sine/cosine rules sparingly and only when necessary. (Right angled trigonometry)
Look for

© Right angles
© Complementary/supplementary angles

© Isosceles/equilateral triangles
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............... 62 Exawes
........ ..... 42 ““““ Ej(ampIES"§ ........ B e e S N (O I S A O ot S Sl S 0 O e
.y &= EBampless -
[2009 NSBHS Ext 1 Assessment Task 2] The points A and B are 500 m
_________________ apart on the ground and D is the top of a tower. Z/BAD and ZDBA are
59° and 54° respectively. The elevation of D from A is 5°.
................ Answer: (b) 38 m
................. D ceeeesceseccctesectattnomesaacannse
C
B
................ A
________________ Copy the diagram into your writing booklet and mark on the figure all the
angles stated above.
.................. (a) ShOW that the helght hmetl‘es Ofthe tOWGI‘ IS glven by 3
................. B 500 sin 5° sin H4°
n sin 67°
................. (b) Flndh/to the neaI‘eSt metre. 1

..........................................................................................................................................................................................................................




[2015 Ext 1 HSC Q12] A person walks 2000 metres due north along a road from

point A to point B. The point A is due east of a mountain OM, where M is the
top of the mountain. The point O is directly below point M and is on the same

horizontal plane as the road. The height of the mountain above point O is h metres.

From point A, the angle of elevation to the top of the mountain is 15°.

From point B, the angle of elevation to the top of the mountain is 13°.
Answer: (ii) 909.70 m

NOT TO ........ ..........
SCALE :

......... .......... .......... 1 i, Show that OA = hcot 15°. 1 ..........
| : : | ii. Hence, find the value of h. 2 :
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©® Timed exam practice 3 (Allow approximately 7 minutes)

[2024 Adv HSC Q20] (4 marks) A vertical tower 7'C' is 40 metres high. The point
A is due east of the base of the tower C. The angle of elevation to the top T of the
tower from A is 35°. A second point B is on a different bearing from the tower as
shown. The angle of elevation to the top of the tower from B is 30°. The points A

and B are 100 metres apart.

T,

40 m

n 35 =4

C ) =

100,111——""/—

/ NOT TO SCALE
<
(a)  Show that distance AC' is 57.13 metres, correct to 2 decimal places. 1
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©® Timed exam practice 3 (Allow approximately 7 minutes)

...continued from previous page
(b)  Find the bearing of B from C to the nearest degree.

Marking criteria

(a) v" [1] Provides correct solution

(b) V" [1] Finds the length of BC, or equivalent merit
v" [2] Finds the angle at C, or equivalent merit
v" [3] Provides correct solution
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Additional questions

1. [2011 NSBHS Ext 1 Assessment Task 2] The angle of elevation of a
tower PQ of height h metres from a point A due east of @ is 12°. From

another point B, the bearing of the tower is 051°T and the angle of elevation
is 11°.

AB =1000m and AB is on the same level as the base Q).

Answer: (c) 108 m

1000m

0 Important note
A The picture may need to be redrawn!

(a)  Show that ZAQB = 141°. 1
(b)  Show that 3
2 1 000 000
tan? 78° + tan? 79° — 2 tan 78° tan 79° cos 141°
(¢) Find h, correct to the nearest metre. 1

= Further exercises

Ex 2G/2H (Pender, Sadler, Shea, & Ward, 2000) (see next page)
e All questions
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Exercise 2G
1. The diagram shows a box in the shape of a rectangular
prism. Hi G
(a) Find, correct to the nearest minute, the angle that the D . C 4cm
diagonal plane AEGC makes with the face BOCGF. B .
(b) Find the length of the diagonal AG of the box, correct A/ com B Scm

to the nearest millimetre.

(c) Find, correct to the nearest minute, the angle that the
diagonal AG makes with the base AEF B.

2. A helicopter H is hovering 100 metres above the level ground
below. Two observers P and ) on the ground are 156 metres
and 172 metres respectively from H. The helicopter is due
north of P, while @) is due east of P.

(a) Find the angles of elevation of the helicopter from P
and @, correct to the nearest minute,

(b) Find the distance between the two observers P and @,
correct to the nearest metre.

3. The points A and B are 400 metres apart in a horizontal plane. The angle of depression
of A from the top T of a vertical tower standing on the plane is 18°. Also, /T AB = 75°

and /TBA = 48°. ‘ . 18o0 T
(a) Show that TA = M . Jﬁ
sin 57° h
(b) Hence find the height h of the tower, correct to the g I
nearest metre. ‘//F N
(c) Find, correct to the nearest degree, the angle of depres- /'/750 4é5‘\
sion of B from T. A 400m B

4. The diagram shows a cube ABCDFEFGH. The diagonals AG and CE meet at P. @ is
the midpoint of the diagonal EG of the top face. Suppose that 2z is the side length of the
cube and « is the acute angle between the diagonals AG and CE.

(a) State the length of PQ. H, 0 G

(b) Show that EQ = v2x. E F

(¢) Hence show that EP = v/3z.

(d) Hence show that cos ZEPQ = %\/3 z DP ,,,,,,,,,, C

(e) By using an appropriate double-angle formula, deduce o
that cos /EPG = —%, and hence that cosa = % A 2 B

(f) Confirm the fact that cosa = by using the cosine rule in AAPE.

(g) Find, correct to the nearest minute, the angle that the diagonal AG makes with the
base ABCD of the cube.
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10.

. The prism in the diagram has a square base of side 4 cm and

its height is 2cm. ABC' is a diagonal plane of the prism.
Let 6 be the acute angle between the diagonal plane and the
base of the prism.

(a) Show that MD = 2v/2cm.

(b) Hence find 6, correct to the nearest minute.

DEVELOPMENT

. The diagram shows a square pyramid whose perpendicular

height is equal to the side of the base. Find, correct to the
nearest minute:

(a) the angle between an oblique face and the base,
(b) the angle between a slant edge and the base,

(c) the angle between an opposite pair of oblique faces.

. The diagram shows a cube of side 2x in which a diagonal

plane ABC' is drawn. Find, correct to the nearest minute,
the angle between this diagonal plane and the base of the
cube.

. Two boats P and () are observed from the top T of a vertical

cliff CT of height 120 metres. P is on a bearing of 195° from
the cliff and its angle of depression from T is 22°. @ is on
a bearing of 161° from the cliff and its angle of depression
from T is 27°.

(a) Show that /PCQ = 34°.

(b) Use the cosine rule to show that the boats are approxi-
mately 166 metres apart.

T
1 ilZOm
p Q

. A plane is flying along the path PR. Its constant speed is 300 km/h. It flies directly over

landmarks A and B, where B is due east of A. An observer at O first sights the plane
when it is over A at a bearing of 290° T, and then, ten minutes later, he sights the plane
when it is over B at a bearing of 50° T and with an angle of elevation of 2°.

(a) Show that the plane has travelled 50 km in the ten min-
utes between observations.

(b) Show that ZAOB = 120°.

(¢) Prove that the observer is 19670 metres, correct to the
nearest ten metres, from landmark B.

(d) Find the height h of the plane, correct to the nearest
10 metres, when it was directly above A.

Two towers of height 2h and h stand on a horizontal plane.
The shorter tower is due south of the taller tower. From a
point P due west of the taller tower, the angles of elevation
of the tops of the taller and shorter towers are o and (3
respectively. The angle of elevation of the top of the taller
tower from the top of the shorter tower is v. Show that

4cot? o = cot? § — cot? .
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11.

12.

13.

14.

15.

16.

17.

A, B, C" and D are four of the vertices of a horizontal regular hexagon of side length .
DEF is vertical and subtends angles of «, 8 and v at A, B and C respectively.

(a) Show that each interior angle of a regular hexagon is 120°.
(b) Show that /ZBAD = 60° and ZABD = 90°.

(¢) Show that BD = v/3z and AD = 2.

(d) Hence show that cot? a = cot? 8 + cot? .

The diagram shows a rectangular pyramid. X and Y are

C B
T
the midpoints of AD and BC respectively and T is directly /
above Z. TX = 15cm, TY = 20cm, AB = 25cm and
BC =10cm.
(a) Show that /XTY = 90°. B
Yy =y

(b) Hence show that T is 12cm above the base.

(c) Hence find, correct to the nearest minute, the angle that
the front face DCT makes with the base.

A plane is flying due east at 600 km/h at a constant altitude. From an observation point P
on the ground, the plane is sighted on a bearing of 320°. One minute later, the bearing
of the plane is 75° and its angle of elevation is 25°.

(a) How far has the plane travelled between the two sightings?

(b) Draw a diagram to represent the given information.
10000 sin 50° tan 25°
sin 65° ’

(c) Show that the altitude h metres of the plane is given by h =

and hence find the altitude, correct to the nearest metre.

(d) Find, correct to the nearest degree, the angle of elevation of the plane from P when
it was first sighted.

(a) The diagonal PQ of the rectangular prism in the dia-
gram makes angles of «, 8 and ~ respectively with the o
edges PA, PB and PC. C
(i) Prove that cos® @ + cos® § + cos® v = 1. |
(ii) What is the two-dimensional version of this result?

(b) Suppose that the diagonal P@Q makes angles of 6, ¢
and 9 with the three faces of the prism that meet at P.

(i) Prove that sin” § 4 sin® ¢ + sin® i) = 1.
(ii) What is the two-dimensional version of this result?

The diagram shows a hill inclined at 20° to the horizontal.
A straight road AF on the hill makes an angle of 35° with
a line of greatest slope. Find, correct to the nearest minute,
the inclination of the road to the horizontal.

The plane surface APRC' is inclined at an angle 6 to the
horizontal plane APQB. Both APRC and APQB are rect-
angles. PR is a line of greatest slope on the inclined plane.
/BPQ = ¢ and /BPC = «. Show that tan o = tan 6 cos ¢.

The diagram shows a triangular pyramid, all of whose faces
are equilateral triangles — such a solid is called a regular
tetrahedron. Suppose that the slant edges are inclined at an

angle 6 to the base. Show that cosf = %\/g
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18. A square pyramid has perpendicular height equal to the side length of its base.
(a) Show that the angle between a slant edge and a base edge it meets is cos ™ %\/f_i
(b) Show that the angle between adjacent oblique faces is cos™ (—3)-

EXTENSION

Exercise 2H

1. A balloon B is due north of an observer P and its angle of elevation is 62°. From another
observer @ 100 metres from P, the balloon is due west and its angle of elevation is 55°.
Let the height of the balloon be h metres and let C' be the point on the level ground
vertically below B.

(a) Show that PC = hcot62°, and write down a similar
expression for QC.
(b) Explain why /PCQ = 90°.
(¢) Use Pythagoras’ theorem in ACPQ to show that
) 1007
W= cot? 62° + cot? 55° 62"

(d) Hence find h, correct to the nearest metre.

‘
(0
.
S C
.
.
.

N
A
N
N
AN

-Q55°
P 100m O

2. From a point P due south of a vertical tower, the angle of elevation of the top of the tower
is 20°. From a point @ situated 40 metres from P and due east of the tower, the angle of
elevation is 35°. Let h metres be the height of the tower.

(a) Draw a diagram to represent the situation.

40
(b) Show that h = VT it and evaluate h, correct to the nearest metre.
an- 70° + tan® 50°

lead
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3. In the diagram, TF represents a vertical tower of height
2 metres standing on level ground. From P and @ at ground
level, the angles of elevation of T are 22° and 27° respec-
tively. PQ = 63 metres and /PF(Q = 51°.

(a) Show that PF = xcot22° and write down a similar
expression for QF. 2 63m 0

632
cot? 22° + cot? 27° — 2 cot 22° cot 27° cos 51°

(b) Use the cosine rule to show that 2? =
(¢) Use a calculator to show that x = 32.

4. The points P, @ and B lie in a horizontal plane. From P,
which is due west of B, the angle of elevation of the top of
a tower AB of height h metres is 42°. From @, which is on h
a bearing of 196° from the tower, the angle of elevation of
the top of the tower is 35°. The distance PQ is 200 metres.

P. JB

200m 35°
0

(a) Explain why /PBQ = 74°.
2007

cot? 42° + cot? 35° — 2 cot 35° cot 42° cos 74°
(¢) Hence find the height of the tower, correct to the nearest metre.

(b) Show that h? =

DEVELOPMENT

5. The diagram shows a tower of height A metres standing on
level ground. The angles of elevation of the top T of the
tower from two points A and B on the ground nearby are
55° and 40° respectively. The distance AB is 50 metres and
the interval AB is perpendicular to the interval AF, where 50m
I is the foot of the tower.
(a) Find AT and BT in terms of h.
(b) What is the size of /ZBAT"?

(¢) Use Pythagoras’ theorem in ABAT to show that h =

50 sin 55° sin 40°

V/sin? 55° — sin” 40°
(d) Hence find the height of the tower, correct to the nearest metre.

6. The diagram shows two observers P and ) 600 metres apart T
on level ground. The angles of elevation of the top T' of a
landmark T'L from P and @ are 9° and 12° respectively. The
bearings of the landmark from P and @ are 32° and 306°
respectively. Let h = T'L be the height of the landmark.
(a) Show that /PLQ = 86°. P 0
(b) Find expressions for PL and QL in terms of h.
(¢) Hence show that h = 79 metres.
7. PQ is a straight level road. @ is x metres due east of P. A vertical tower of height

h metres is situated due north of P. The angles of elevation of the top of the tower from
P and @) are o and  respectively.

(a) Draw a diagram representing the situation.

(b) Show that x* + h* cot® a = h* cot? 3.

xsinasin 8

Vsin(a + B)sin(a — 6)

(c¢) Hence show that h =
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8.

10.

11.

12.

In the diagram of a triangular pyramid, AQ = z, BQ =y, PQ = h, /APB = 0,
/PAQ = a and /PBQ@Q = (3. Also, there are three right angles at Q.
(a) Show that = hcot o and write down a similar expres-
sion for y.
(b) Use Pythagoras’ theoreQm and the cosine rule to show
h
N E

(c) Hence show that sin asin f = cos 6.

that cosf =

. A man walking along a straight, flat road passes by three observation points P, Q) and R

at intervals of 200 metres. From these three points, the respective angles of elevation of
the top of a vertical tower are 30°, 45° and 45°. Let h metres be the height of the tower.

(a) Draw a diagram representing the situation.
(b) (i) Find, in terms of h, the distances from P, @ and R to the foot F' of the tower.
(ii) Let ZFRQ = «. Find two different expressions for cos v in terms of h, and hence
find the height of the tower.
ABCD is a triangular pyramid with base BC'D and perpendicular height AD.
(a) Find BD and CD in terms of h.
(b) Use the cosine rule to show that 2h? = > — /3 ha.

h . .
(c) Let u = —. Write the result of the previous part as a
T

quadratic equation in u, and hence show that

h VII-V3

x4
The diagram shows a rectangular pyramid. The base ABC'D has sides 2a and 2b and its
diagonals meet at M. The perpendicular height TM is h. Let /ATB = «, /BTC =
and LATC = 6.

(a) Use Pythagoras’ theorem to find AC, AM and AT in
terms of a, b and h.

(b) Use the cosine rule to find cos a, cos  and cos @ in terms
of a, b and h.

(¢) Show that cosa + cos 3 =1+ cosb.

A 2a B
The diagram shows three telegraph poles of equal height 7 metres standing equally spaced
on the same side of a straight road 20 metres wide. From an observer at P on the other
side of the road directly opposite the first pole, the angles of elevation of the tops of the
other two poles are 12° and 8° respectively. Let x metres be the distance between two
adjacent poles.

22 + 207

a) Show that h? = =——— .
(8) Show tha cot? 12° Mh

(b) Hence show that z* = 20° (cot” 8° — cot” 12%) . %/
4 cot? 12° — cot? 8°

(c) Hence calculate the distance between adjacent poles,
correct to the nearest metre.
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13. A building is in the shape of a square prism with base edge H G
¢ metres and height h metres. It stands on level ground. The
diagonal AC' of the base is extended to K, and from K, the E K 45°
respective angles of elevation of F' and G are 30° and 45°. D |c 30{,{
(a) Show that BK? = h? + £2 + /2 ht. hlg
(b) Hence show that 2h* — 2 = \/2 . A7 B

2 1
(¢) Deduce that }—2 = @

14. From a point P on level ground, a man observes the angle of elevation of the summit of
a mountain due north of him to be 18°. After walking 3km in a direction N50°E to a
point @), the man finds that the angle of elevation of the summit is now 13°.

(a) Show that (cot® 13° —cot? 18°)h? 4- (6000 cot 18° cos 50°)h —3000% = 0, where h metres
is the height of the mountain.

(b) Hence find the height, correct to the nearest metre. B A
15. A plane is flying at a constant height h, and with constant NE h g

speed. An observer at P sighted the plane due east at an 5 =

angle of elevation of 45°. Soon after it was sighted again in D c

a north-easterly direction at an angle of elevation of 60°. 60° 45°

(a) Write down expressions for PC' and PD in terms of h.

(b) Show that CD* = Lh?(4 —v6).

(c) Find, as a bearing correct to the nearest degree, the direction in which the plane is
flying.

16. Three tourists 11, Tb and T3 at ground level are observing a landmark L. 77 is due north
of L, T3 is due east of L, and T5 is on the line of sight from T} to T35 and between them.
The angles of elevation to the top of L from T3, T, and T3 are 25°, 32° and 36° respectively.

t 36°
(a) Show that tan /LT Ty = ZZ‘G 5Es -
(b) Use the sine rule in ALTT5 to find, correct to the nearest minute, the bearing of T
from L.
EXTENSION
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Exercise 2G (Page 70)
1(a) 56°19" (b) 8-:8cm (c) 27°7
2(a) 39°52’, 35°33’ (b) 72 metres
3(b) 110 metres (c) 14°
(
(
(

4a) = (9 35°16
5(b) 35°16
6a) 63°26" (b) 54°44’ (c) 53°8’
7 54°44'
9(d) 5040 metres
12(c) 67°23’
13 10000m (@ 10000 metres
() 3941 metres
(d) 54°
320"\ /’750

25°

14(a)(ii) cos® a + cos’ f = 1, where o + 3 = 90°.
(b)(ii) sin® @ + sin® ¢ = 1, where 6 + ¢ = 90°.
15 16°16’

Exercise 2H (Page 75)
1(a) hcot 55°

) It is the angle between south and east.
d) 114 metres
2(b

3(a

(b) 13 metres

(a) x cot27°

4(c) 129 metres

5() AT = hcosecb5°, BT = hcosec40° (b) 90°

(d) 52 metres

6(b) PL = hcot9°, QL = hcot12°

8@a) y = hcot 3

9b)i) V3h, h, h

(i) cosax = 1}'%0 or %, h = 200 metres

10() BD =V3h,CD=h

1) AC =2va?® + 0>, AM = \/a? + b2,
a?+b>+h? (b) cosa = %,

—a®—b2+n?
a?+b2+h?

a’—b>+h°

a?+b2+h?> cost) =

cos 3 =

12(c) 17 metres

14(b) 535 metres

15 PC' =h, PD = 1hvV3 () 305°

16(b) 13°41

17(b)(i) The foot of the tower is equidistant from P,
Q@ and R, the distance being h cot 30°.
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Mathematics Advanced

Measurement
Length Surface area
1= % wonr A =272 + 2mrh
360
A = 4nr?
Area
Volume
A=—X 71'}"2 1
360 V=—Ah
h 3
A= —(a + b) 4
2 V= gﬂfl"3

Financial mathematics

FV=PV(1+r)

Sequences and series
a,=a+ (n -1)d

S, =£[2a+(n—1)d]= g(a+an)

Logarithmic and
exponential functions

I
log,a*=x=a"%"

Functions

_ —btb? —dac
2a

Relations

(x—a)2+(y—b)2=r2

X

Trigonometric functions

sinA=ﬂ, cogA:aidJ, tanA:ﬂ
hyp hyp adj
1
A =—absinC o
2 NG 45 .
a b c
= = 450
sinA sinB sinC 41
¢ =a*+b*-2abcosC
2,32 2
cosC = % 30)°
a
2 V3
[=r6
A= %VZH /60°
1

Trigonometric identities

secA = ,cosA#0

Cos

cosecA = ,1 ,sinA#0
A

sin
CosA

Sin

COtA =

,sinA#0

2

cos2x + sinx = 1




Differential calculus

Function
y=f(x)"

y=uy

y = g(u) where u = f(x)
y = sin f(x)

y = cos f(x)

y = tan f(x)

y= el

y=1In/(x)

y=a’

y=log, x

Integral calculus

Derivative 1 +1
.ﬁfuﬂfuﬂﬁh=——%fUH"*f
e m
de where n # —1
dy dv  du (
E=Ma+vd_x J/(x)sin f(x)dx = —cos f(x)+c
ﬂ — ﬂ X ﬂ (
dx du dx S’(x)cos f(x)dx = sin f(x)+c
du dv ’
V——Uu—
dy dx dx (
I 2 F/(x)sec? £(x)dx = tan f(x)+c

dy ,
—_—= ('
gy =0/ S(x)e/Wdx = e/ 4

)]

Statistical analysis

_x-—pu
T,

Normal distribution

L @sin /()
X (s
S(x) dx =1In| f(x)|+c
d S(x)
= p)secfx) |
dx
% = f/(x)e/ ™) ] a‘dx = (:m +c
ﬂ — f’(x) rb
dx  f(x) F(x)dx
4 _ (Ina)a* Y
X —
) z—;;{ﬂ@+fUﬂ+%fQJ+u-#A%4
dy _ 1
dx  xlna where a =x, and b =x,
Discrete random variables Probability
E(X)=u P(A~ B) = P(A) P(B)
Var(X) = E[(X - )] P(AUB)=P(A) +
Continuous random variables P(AlB) = P(A(m)B), P(B) £0
P(B

P(X <x)=F(x) =fo(t)dt

I ‘ !
-1 0 1

I
-3

T T
-2 2
z-scores between -1 and 1
z-scores between -2 and 2

z-scores between -3 and 3

approximately 68% of scores have
approximately 95% of scores have

approximately 99.7% of scores have

3

b
Pla<X <b) =J F(x)dx

b
HXFM=Jxﬂﬂw

P(B)- P(ANB)
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