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Symbols used Content outcomes addressed

A Beware! Heed warning. ME1-11-01 Solves problems involving inequalities, functions
and their inverses, graphical relationships between

@ Mathematics Advanced content, for MAA coded class functions, and parametric equations

@ Mathematics Extension 1 content, for MAX coded class

@ Literacy: note new word/phrase.
[}
Facts/formulae to memorise.

On the course Reference Sheet.
N the set of natural numbers

Z the set of integers

Q the set of rational numbers

R the set of real numbers

Vv for all

o Gentle reminder

e For a thorough understanding of the topic, every question in this handout is to
be completed!

e Further exercises from

— Cambridge Year 11 Extension 1
(Pender, Sadler, Ward, Dorofaeff, & Shea, 2019)

will be completed at the discretion of your teacher.

e Remember to copy the question into your exercise book!
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Inequalities W

¥ Solve cubic inequalities where the cubic is expressed as a
product of linear factors.

> @ Solve inequalities involving rational expressions with
variables in the denominator.

> Solve absolute value inequalities of the form |ax + b| > k,

lax + b| < k, |axz +b| < k, |ax + b| > k, where a, b and
k are constants, using algebraic and graphical methods or
the characterisation of |x| as the distance of z from the
origin.

Graphical relationships M

> Examine the relationship between the graph of y = f(x)
and the graph of y = ) using graphing applications, and

graph y = f(z) glven y = f(z) in algebraic or graphical
form, identifying any vertical and horizontal asymptotes
of y = f(x) and y = ﬁ

> Examine the relationship between the graph of y = f(x)
and the graphs of y = |f(z)| and y = f(|x|) using graphing
applications, and graph y = |f(z)| and y = f(|z|) given
y = f(z) in algebraic or graphical form.

Examine the relationship between the graphs of y = f(x)
and y = g¢(z) and the graphs of y = f(x)+ g(x) and
y = f(x) — g(z) using graphing applications, and graph

= f(z) + g(z) and y = f(z) — g(z) given y = f(z) and
y = g(x) in algebraic or graphical form.

Determine the domains and ranges of the sum and
difference of functions where possible, and, if appropriate,
verify them using a graphing application.

> Apply knowledge of graphical relationships to solve

problems involving graphs of functions, justifying
conclusions in the context of the problem where
appropriate.
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Inverse functions W

¥ Describe a function as one-to-one if every element in the
range of the function corresponds to exactly one element
of the domain.

> Establish that the reflection of a point in the line y = z
reverses the coordinates of the point.

> Define an inverse function f~' informally as a function
that reverses or undoes the effect of the function f.

> Recognise that inverse functions exist for one-to-one
functions.

¥ Determine the equation for the inverse function f~1(z) of
a given one-to-one function y = f(x) by interchanging the
variables z and y in y = f(x).

> Compare the graphs of a function and its inverse function
using graphing applications, and recognise that the two
graphs are reflections of each other in the line y = x.

d Establish that the domain of f~!(x) is the range of f(z),
and the range of f~!(z) is the domain of f(x), and use this
relationship to solve problems.

> Graph the inverse function of a given one-to-one function.

¥ Explain that the reflection in the line y =  exchanges
horizontal and vertical lines and recognise that the
horizontal line test can therefore be applied to the graph
of y = f(z) to determine whether its reflection in the line

= z is a function.

> Apply restrictions to the domain of a function, if it is not
one-to-one, to obtain an inverse function.

¥ Define formally f~!(x) to be the inverse function of f(x)
if the relationships f<f_1(:c)) =z and f! (f(x)) =
hold, and use this definition to solve problems.

> Solve problems based on the relationship between a
function and its inverse function using algebraic and
graphical techniques, including determining the points of
intersection of a function and its inverse, where they exist.
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|:| 3.4 Parametric form of a function or relation W

¥ Recognise that a curve may be represented by two & Convert linear and quadratic functions and circles from
parametric equations that give x and y as functions of parametric form to Cartesian form.
a parameter and that the curve may also have a Cartesian
equation in x and y.

> @ Express linear and quadratic functions and circles in ¥ Graph linear and quadratic functions and circles expressed
parametric form. in parametric form.
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Part 1

Inequalities



5 o imponf'tant note

e The sign of the inequality will when

or by a

o S

Ex 5A

e Q2-3



o Sect10n2 ...... .......... 444444444 e ......... N U O
~ Quadratic, cubic and rational inequalities

.21 & Quadratic
S SN, 1T TS 2117y HEE NS P OO O O OO SO OO PO O U0 O O O O O 0 0 0. B
Q‘g Ski"S Q Understanding ......... ..........

Determine the range of values The need to examine the graph

....... ,,,,,, = Knowledge
satisfying an inequality to efficiently solve inequalities G L U

Solving cubic inequalities
@ By the end of this section am | able to:
3.1 Inequalities W

¥ Solve cubic inequalities where the cubic is expressed as a product of linear factors.

§ 0 Imbortaht note
e A Draw picture! Solving it purely algebraically will definitely cause problems.
the

e A polynomial inequality should be solved by
polynomial and solved 0

(b) z+6> 22 IO OO O T WO O

Answer: (a) z€)—3,3( (D) w € [-2,3] - L



https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-extension-1-11-12-2024/content/year-11/fafd6dbe16

... QUADRATIC, CUBIC AND RATIONAL INEQUALITIES — CUBIC INEQUALITIES = . AL

......... .......... 22Cublcmequallt|es ........ ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

ey ——————————

Sketch the graph of y = (x + 2)(2 + 1)(x — 3) and hence find the values of x where

.................................. 0+ 2)(o+ 1)@ —5) <0

: 3= Further exercises

Ex 5A Ex 5B

................................ G 6 T8 1 Y




............... AddltlonalquestlonS‘v.,,.,,«..,,
,,,,,,,,,,,,,,, 1. ”De.t.ermm,,e, ,t.h.e ze,r,os . .and , sk,e.t.ch t,h,e.l.r.. grap,hs ..Qlearly. .1nd1c,at.1ng Wh,er.e.. they cut ﬁh,e, , ,f@'. R S

axis :
R _— oy y;..x.@44.2.)@.#1).@:35 ............... @ y':'&c“(‘ggﬁg'i')'(gt“;”z)? .................. == == = o
......... ......... 44444 ('b)f ......... (»sc-+43)»(x--—-|-—~14)(»x ..... l)(g ..... .gg.) 44444 (d) .%..(55445..1.)(.@“2).3.; .......... ......... ......... ......... ..........
2 Solveusmggmphmalmeans__.g ......... T 4444444444 ......... o
......... .......... 44444 (a) ...... (mr..z)( u+..3)..<u() ......... (d)ac —4—53;-|—6>0(g) ...... ;L‘...?.-.5x444+.4$>440 ..... 444444444 ......... ..........
' : : (bj (x—2)(x+3)>0 (e) (:c+1)(x—1)§fo (h) §x(m§—2)2§>o ﬁ ﬁ | |

(¢ a24+5x+6<0 (f) —x(x;+1)(a:—1)go (i) x(z+=2)2<0

Answers

. : 1OheckVIa;GeoGebraorDesmos2() 3<z<2(b)m< 3:v>2(c) 3<$< 2(d)a:< 3$> 2(e)m<—1 : :
......... “0<'ZE<1 (f) —1'<IE<0 Zl)>1 (g)0<1‘<1 13>4(h)(17>0.’27752(I)$<01‘:2 ......... ......... .......... . ......... 444444444 ......... ..........

R ———————

= Knowledge £ Skills @ Understanding
_____________ Solving  rational expression Identifying when to multiply The uncertainty involved in @ = =& = =
inequalities through by the square of the inequalities with unknowns in
denominator in inequalities the denominator

& By the end of this section am | able to:
3.1  Inequalities W

> ¢ Solve inequalities involving rational expressions with variables in the denominator.

C/f Fill m thé spaées

x
| : An inequality of the form y = % with an unknown in the denominator will make : : :
R Y g(x i, S
| 5 it uncertain where the function becomes positive or negative. 5 5 :

To avoid this problem,
e multiply by the of the denominator, or,

° and solve graphically.
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......... .......... L ?s"ngam]JEIe“S'“; .......... R SR S RO SUUUU SOPUS OO SUUOE SOUPE SO RPN UUN SUUUU SOUUN SUUUE SUURE SOV SO SO TR

| 5 2r 4+ 3

................. For What Values Of.’L’lS 4 17 Answer: © < —Torz >4
Graphlcal Algebralc

o Important note

A Remember to exclude a particular
value of z!

.....................................................................................................

Y




e 2..3_2 ..... Expressions resultlng mapolymmlal mequahty _____ -,

......... .......... .......... _ P Example 6

6
Solve — >z — b.

Answer: 0 <z <6orz< —1.

.............. o Important note..

A Remember to exclude a particular
value of x!

e S A A R

....................................................................................................




T gl

[2002 NEAP Ext 1 Q3] (3 marks) Solve the inequality %4 <0 for x. I o S
xrs — : : :
Answer: z € {(—o0,—2)U[0,2)}. :

: 0 Imi)ortaht note

A Remember to exclude particular value(s) of x!

o S
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Additional questions

Source Portions taken from Fitzpatrick (1984, Ex 23(a))

2 Az — 12

1. 2°-2x-15<0 13. 2x+i’§3 2. o>

2. a2(z—1)<6 xl x6

14. <9

3. 42?—122+10>0 o —1 - 23. ——5 <2
2 2

4. r*+4x+13<0 15. : S 1 o4 1 -

5. —322+10x+8<0 1x (z—1)(x—3) ~

16. > 1
6. 22°+52+2>0 2 %. o )7( !
— )\
7. (z—1)(z+3)(x—2) <0 17 2 S 3
D g 1

8. (2+z)(z—=5)(z+1) >0 ? xl 26. 32*+5r+1> 1

9. 23 (z—1)<0 18. — <7 gy 204 2
-3 ) 2

10. =20 19. =9 T+3 2046
z+1 z—3 08 1 5

< =
1 8 2 _ _

11. = >6 20. > 2 bt —2r—T7 13
z , le ) 29. 22 _5(2°)+4<0
x_

12. o> 2 21— <3 30. 2% _9(27) < _1

31. A Find values of  for which the following inequations are simultaneously satisfied:

4 _
Tt <Oandx 0

>1
z+ 6 z—4

1
b) z+—>0and 2> —2—-2<0

||

(¢) 2?—bzx+4<0and6—z—2>>0

Answers

1.73§2§52.72§w§33.:B€]R4.nosolution5.x§fgor:p246.:v§720rx27%7.:L"<730r1<x<2
8.—2<x<—10rm>59.z§110.x<—10rm>311.0<z<%12.z<—30rz>—%13.x§—3orm>—%
Md.z<forz>-315.2<lorz>316.2<z<317.3<x<218.2<0orz>419.3<z<%20.-1<z<3

2.z < jorz > 522 —2 <w< 328 2<Zorz>1241<2<325.2< —4or —3<z<3orz >4

26.z>—%orx<—%27.a:<—30rx>%28.z<—gor—1<:c<%orx>%29.0§z§230.:c:0

3l.(a) 6<z<—-4(b) -1<z<2(c)—-1<z<0or0<z<2

:= Further exercises

Ex 5A Ex 5B
e Q11, 14 e Q7,10

NORMANHURST BOYS’ HIGH SCHOOL FURTHER WORK WITH FUNCTIONS



]‘ Learnmg Goal(s)

= Knowledge £ Skills @ Understanding
Solving absolute value Identifying when to multiply The uncertainty involved in
S ERRE inequalities through by the square of the inequalities with unknowns in
: : denominator in inequalities the denominator
......... , ...... (™4 By the end of this section am | able to:

3.1  Inequalities W

--------- »»»»»»» Y Solve absolute value inequalities of the form |ax +b| > k, |ax +b| < k, |az + b < k, |az + b] > k, 444444444 --------- »»»»»»»»»»
: : where a, b and k are constants, using algebraic and graphical methods or the characterisation of : : :
|z| as the distance of x from the origin.

, : 31 Harder absolute value equatlons : : Lo : : T :
e SR o Important note L L L R L L . - S -

A Draw picture! Solving it purely algebraically may cause problems.
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......... .......... ..................... Olmportantnote ........... ......... ......... .......... ......... ......... .......... .......... ......... ......... ......... ..........

......... ......... A Draw picture to verify the number of solutions. ..........

NI .5}‘...?Exainple?10?5?????????? ________ N

o S




20 ABSOLUTE VALUE INEQUALITIES — HARDER ABSOLUTE VALUE EQUATIONS
3.1.2 Absolute value by cases
“s Example 12
(a) 4\ Sketch y = |z — 2| + |z — 4]
(b)  Hence or otherwise, solve |z — 2| + |x — 4| = 4.
Steps
1. Sketch y = |z — 2| and y = |x — 4| on the same set of axes:
Y
AL 1 ,
4% 1 /
3 4 1 1 ///
N \ ,
25 N A
1+ NS
I L
| —t—t—+>
-2 2 4 6 8
2. Perform addition of ordinates and take branches to sketch y = |z — 2|+ |z — 4]:
o <2 o 2<x<4 o >4
(Draw on the same set of axes as previous part)
3.  Examine the three ‘branches’ of y = |z — 2| + |z — 4]:
o I <2 o >4
© ... branch y = |z — 2| © branch y = |z — 2|
© ... branch y = [z — 4| © branch y = |x — 4]
.' y T °. y =
o 2<uz<H4
© branch y = |z — 2|
© branch y = |z — 4
LY=L
=|lr—2 —4
4.  Solve {y Lx |+l | simultaneously by sketching y = 4, and
y =]
examining intersection with appropriate branches.

FURTHER WORK WITH FUNCTIONS

NORMANHURST BOYS’ HIGH SCHOOL



_______ I TEED VLT R O S O O O N S

......... .......... .......... 1 (d) Sketchy=|z+1|+|z-2. ..........
| . : : (b)  Hence or otherwise, solve |z + 1| + | — 2| = 6. :
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‘ABSOLUTE VALUE INEQUALITIES — HARDER ABSOLUTE VALUE EQUATIONS : : : : : : 23

313 Nasty looking questions

oy T Eamplels

[2023 Ext 1 HSC Q8] The diagram shoyws the graph of a function.

=

-6 -5 -4 -3 -2 -1 12 3 4 5 6

Which of the following is the equation of the function? Answer: (A)

(A) y=|1-ls]—2| © y=[1-ls—2|

(B) y=|2—|ls]-1| (D) y=|2—lo—1|

o S

The most efficient problem  solving technique in  this instance:




24 - : : : : : : :ABSOLUTE VALUE INEQUALITIES —:SOLUTION: OF: INEQUALITIES

......... ..... 32 ..... S’b‘lut‘ib‘n"of‘i'neh'ualit'ieS'; ........ ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

g EBampels -

[2012 2U Q11] (2 marks) Solve |3z — 1| < 2.

? o Important note

| : Which two graphs should be sketched and their points of intersection found in order : :
......... ...... to Verify the solution? ......... ......... ..........

7= Example 17

(a)  Solve |2z — 5| =z + 2. Answer: z = 1,7

................. (b)  Hence solve 25 — 5| >z +2.




?S'Example L EEEE RS UUPSJUOP OV SOUR SOUY SUOS SOVE 003 OUPS 000 UPE OO0 SOUF SO0 SOUF 000 SPPE 0% UPLO0E OPF SO DRSS SO0 SO
................................ 2016 NBHS Ext 1 Assessment Task 1] £\
(i) On the same set of axes, sketch the graphs of y = 2 |z| and y = |z + 3. 4
""""""""""""""""""""" (i)  Give the coordinates of the point(s) of intersection of the two graphs. 2
i) (i) Hence solve 2|z] > |z + 3|. 1 B




(x —1)(z+3)




________ _________ ________ 1 [2013 Ext 1 Q10] A Which inequality has the same solutions as

_________________________________ | +2+ |z~ 3| =5

> 1 (C) 22-2-6<0

e T Eample2l

[2025 Independent Ext 1 Trial Q11] Solve for z:

’|x|—5‘§3

Answer: x € [-8,—2] U [2, §]

S0 T O T S @ Important note

|z| < k can also be expressed as <z < .

o S




28 : : : : : : :ABSOLUTE VALUE INEQUALITIES —:SOLUTION: OF: INEQUALITIES

| : 1 : : :
s e [2024 Ext 1 HSC Q12] (3 marks) The diagram shows the graph of y = T SRR bt b
: : Y - : : :

NOT TO SCALE

szirkinfg critferia

| ' the same axis, or equivalent merit. : : : : : : : : : ' ' '
. ......... , ..... J [2]Obtains thethfeecritical pointsz;?) and.G’Oréqulvalent mer‘it,‘ ......... , ......... .......... . ......... . ......... , ......... ..........

v [3] Prfovidesgcorrecft Solution.




ABSOLUTE VALUE INEQUALITIES — SOLUTION OF INEQUALITIES

Additional questions

1.

4.

Find all solutions to the following:

(a) |3z — 7| = |22 — 3] (e) i
(b) |7 =2z = [z -2 (f)
( (g) |7z —4| = |3z + 16]
( (h)

h) |92+ 2| = [3z — 4]

|z + 1| = |22+ 7|

(i)  [2z+1] = |z — 2|
|5 —3z| = |z + 3| (G) 2z +8] =3z +5|

(

(

—

c) 24z =]|-= k) 5|lz—7 =92 +1]

d) |3z —1] =5+ 2x| 1) |7z —3|=4|x+ 6]

Solve each of the following and verify that the solutions are valid:

(@) |2e—1=x+T7 (e) |b—=3z|=x+1 i) |2z]=9—=x

(b) Jr+T7=22-1 (f) 5—3z=|z+1] (G) [2z4+5]=3z+9
(c) |22—11| =3z —4 (g) [Bx+1]=22+4 (k) |6z —5|=5x+27
(d) 20—11=3z—4 () |Je—1=2+7 (1) |4—2z]=2-2

Solve the following inequalities and graph each solution on the number line.

(a) |8z| < 24 (h) 5z —2[<3 () %‘ > 5 (s) |pz—1]>1

(b) |z+6[<8 (i) |22+5]<13 . o

© Pro1<s () <5 [F|s
G) |2z 46| <12 2

(d) o] >3 i
k) |7z —3| >4 ‘>1 3z — 1

() |z+4]>7 0 oees ®) | (W 5|1
| 6xr+5] <1

- 2
(f) |3z —2|> 10 N (@) [|2z+5]<6 o+ 5 ,
(g) [Mz+3/>19 (m) ’5‘ <4 ) [9z—4/<5 7| <

A Solve by drawing appropriate sketches and examining branches:

(a) Jz|+|x—4] =2 (c) Jr=3|+|z+1=2
(b) |z—=3|+]z+1]=5 (d) |z—=1]+]z+3]=4

NORMANHURST BOYS’ HIGH SCHOOL
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30 ABSOLUTE VALUE INEQUALITIES — SOLUTION OF INEQUALITIES

Answers
l.(a) z=2,4(b) 2 =3,5(c)z=—-1(d) z =6, %(e)m: ,—%(f)z:4%(g)r:S,—g(h)m:—l,%(i)r:%,—f&
(J)w—lf—(k):p—f 77()x:972— (a) 2 = 8,—2 (b) x = 8 (¢) « = 3 (d) no solutions (¢) z = 1,3 (f) z =1
(g)x—71,3(h)x:71,4(1)x—379(J)x—7%4(k)x—72,32(1)z—2
4. (a) -3<z<3 (h) —-it<z<1 (p) x>3orz< -5
O O z O O x O O z
-3 3 1 1 -5 3
5
(b) —ld<a<2 0 —9<z<d (@ -Y<z<l
O S z
—_ : o — :
—14 2 11 1
G) -9<z<3 5 2
() —2<z<3 ° ° , M —§<z<l
O O @ -9 3 * ° .
-2 3 k) z>lorz<—= 7% 1
(d xz>3orxz< -3 ® ® T (s) m>%orm<0
_1 1
O O z O -1 7 O O x
—-l<er< -3
-3 3 0 2
5
S A
e e 3
~ ™ T o (m) 8<z<8 L ® @
—11 3 N N —10 10
. O () T
() z>dorz<—3 -8 8 (u) x>10r:1:<7%
N N (n) z>1orz< —15
< & x O O T
,% 4 Q C z 1 1
3
—15 15
(2) gc>40rm<—— (0) —5<z<T (v) —%<a¢<%
O O x O O @ O O x
_u 4 -5 7 _ 11 1
2 2 2

5. (a) No solution (b) z = —%, % (¢) No solution (d) -3 <z <1

= Further exercises
Ex 5A
e Q12, 15, 17, 18

FURTHER WORK WITH FUNCTIONS NORMANHURST BOYS’ HIGH SCHOOL



Part 11

Graphical relationships

31



Section 4

Reflection about coordinate axes

“s Learning Goal(s)

= Knowledge £ Skills
Curve sketching techniques Applying a curve sketching
menu to graph functions

& By the end of this section am | able to:
3.2  Graphical relationships W

algebraic or graphical form.

4.1 Basic curve sketching techniques

@ Understanding

The reflection of the graph
y = f(x) for the graphs y =
|f(z)| and y = f(|z|)

> Examine the relationship between the graph of y = f(x) and the graphs of y = |f(z)| and
y = f(|z|) using graphing applications, and graph y = |f(z)| and y = f(|z|) given y = f(x) in

Steps

32

1 Determine the .....................

2 Look for symmetry ( g @VRLL O i

3 Locate v and y .

4 Determine where the graph is and where it is

5.  Conmsider and asymptotes. Also
consider the behaviour as x — 400


https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-extension-1-11-12-2024/content/year-11/fafd6dbe16

REFLECTION ABOUT COORDINATE AXES — REFLECTION PROPERTIES 33

4.2 Reflection properties

o f(—x): reflection about axis.
o —f(z): reflection about axis.
o |f(x)]: veflect about  axis.

© Use basic definition of absolute value:

i@ @20
”“”“{—f@) fla) <0

o f(lz]):
© Draw sketch of y = f(x) for z > 0.
© Reflect about y axis.

© Use basic definition of absolute value:

ﬂmnz{ﬂ“ r=0

43 &£ 0dd/Even functions
&) Definition 1

. An Odd funCtion haJS --------------------------------------------- abOUt the
Algebraically,
e An even functionhas about the y axis. Algebraically,

NORMANHURST BOYS’ HIGH SCHOOL FURTHER WORK WITH FUNCTIONS



7~

34 : : : : : REFLECTION ABOUT COORDINATE AXES — gy ODD/EVEN FUNCTIONS

......... .......... L #"E;(ampgle'??; .......... R SR S i e, e, S s ......... ......... ..........
| . Sketch the graph of y = /—x. : ERRRERR

‘{s Eéxampzle 23

o S




REFLE

CTION ABOUT COORDINATE AXES —

~ § z z
&k ODD/EVEN FUNCTIONS =~ @ = & &

O Bl g

For y = f(x)

r —2)(x — 4), sketch:

e S

...................................................




~~
36 REFLECTION ABOUT COORDINATE AXES — g ODD/EVEN FUNCTIONS

Additional questions

Sketch the following graphs:

Looy=g - 4. y=1|a* ~ o]

5. |yl =1]2*—1]
2. y=|v(2®—-4) 6. |z[+|yl=1
3. y=5z|—-2 7. Jx+yl=1

1. y=— —1. B3 GeoGebra 5. |yl =[2%—1]

|
—_
—

e >0 o y=1—|z|

y=z°—z

6. |z|+lyl=1 1
3. y=5|z|—-2: _D_ GeoGebra Consider cases: 2
4. y= |a:2| — || 1
_\
—1

o —y=1—|z|
e <0,

y=xz>— (—zx) Also, z,y < 1 for this to be true.

= Further exercises

Ex 4B Ex 5E

5-6
*Q e 02, 56, 8

e M Q10, 14

FURTHER WORK WITH FUNCTIONS NORMANHURST BOYS’ HIGH SCHOOL



5 P.,i Learning ‘Goal(s)
= Knowledge £ Skills @ Understanding
Curve sketching techniques Applying a curve sketching The addition/subtraction
................................ e o el o of ordinates is via the oo
addition/subtraction of  the
.............................. y values of f(z) and g(z) at the =
same x value
| : : : & By the end of this section am | able to:
e e oo e e, <+

> Examine the relationship between the graphs of y = f(z) and y = g(z) and the graphs of
y = f(z) + g(z) and y = f(z) — g(z) using graphing applications, and graph y = f(z) + g(z) and
y = f(z) — g(x) given y = f(x) and y = g(x) in algebraic or graphical form.

S R ¥ Determine the domains and ranges of the sum and difference of functions where possible, and, if - """""
' : : : appropriate, verify them using a graphing application. :

1.  Ensure that the equation is written in the form y = f(z) + g(x).

e Test for even/odd function.
......... .......... .......... 1 2. Find z and y intercepts for y = f(l’) + 9(13) ........ ..........
| : : 1 3. Draw dotted sketches of y = f(z) and y = g(x) on the same set of axes. :

4.  Draw perpendicular lines to the z axis that cut y = f(z) and y = g(z).

5.  Join points to represent graph of y = f(x) + g(x).



https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-extension-1-11-12-2024/content/year-11/fafd6dbe16

o S




ADDITION/SUBTRACTION OF ORDINATES: Y = F(X) + G(X) OR Y = F(X) - G(X) — 39

Additional questions

Sketch the following graphs.

L y=u+— 6. y—xz_%
1
2. y=z-—- 2 7. (a) Show that
3 y:%(e%2.71828---) P22+l o, 1
et —e " vl vl
4. sz
1 -2 +1
5. _ b Hence sketch y = —————.
Y= over ) ' ’ r—1
Answers
1. y=z+ ac%: _D_ GeoGebra \ T.oy= #
2 ,K v
1/
—/
v
SN

xZ —x
3. y= %: _lj_ GeoGebra
‘ T
T _ ,—T T
4. y= %: __D GeoGebra 1
|
1 vl
5 =
Y x + e¥

NORMANHURST BOYS’ HIGH SCHOOL FURTHER WORK WITH FUNCTIONS



Section 6

Reciprocal graphs

“s Learning Goal(s)

= Knowledge £ Skills @ Understanding
Curve sketching techniques Applying a curve sketching f(z) = 0 generates vertical
menu to graph functions asymptotes, and lim
z—xoo f(x)
gives the limiting behaviour.
& By the end of this section am | able to:
3.2  Graphical relationships W
¥ Examine the relationship between the graph of y = f(z) and the graph of y = ﬁ using graphing
applications, and graph y = ﬁm) given y = f(z) in algebraic or graphical form, identifying any
vertical and horizontal asymptotes of y = f(z) and y = f(lz).
Steps
1. Draw f(z) (draft)
: 1 :
2. Vertical asymptotes whenever f(z) =0 asy = m does not exist.
i
. . 1
3. Find the y intercept of y = m
Hh
4. Draw lines y = £1, as f(z) will pass through these exact same points.
5.  Consider magnitude of y = f(z) and hence magnitude of y = m
T
e Asx — £oo.
e As x approaches asymptotes.

o Important note

A maximum value on f(x) will result in a value on ——

and vice versa.

40


https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-extension-1-11-12-2024/content/year-11/fafd6dbe16

e A“‘Care s needed for graphs Such as y _.tam and ,y ...... cofx ...... e
SR S S
......... .......... ........... A .. La.-ter after the {Z‘;r,&go,nometry tOplC h.aS been .taugh.t When SketChIIlg y i t .......... Wl].]. ..... ..........
: : : aIl,T : :

take the shape of y = cot x, except When tan:c = 0

[2022 NSGHS Ext 1 Trial Q7]

y
| |
| |
| |
| |
| |
| |
| |
| |
| |
3 -2 1 1 ) 3
| |
| |
| |
| |
| |
| |
| |
| |
| |

Which of the following best represents the equation of f(z)?

(x) =1— 22

=
~




.................. Functions of the form fE$;, () 2 0, follow the asymptotes
g(x

.................. “s Efxample 30

................ Sketch y = showing all important features

2x
A Sketch V=

, showing all important features.

o S




O Bl 3

1 1
ASketchy:——l—
r—2 x-—28

A Sketch y=x*+ —-
x

o S




............... A4 ... ... RBCIPROCAL GRAPHS ~ OTHER MANIPULATIONS INVOLVING 1/F(X): = =

e T Eample 3
—1)(z+2 1
. o [Ex 3G Q17(a)] A Show that (z )(z+2) =z 44+ 0 , and deduce that s e

= 3 x—3
E : — 1 2 z z :
e . Y= @ )(3;+ ) has an oblique asymptote y = x 4+ 4. Then sketch the graph. SR o oo
| : T : : :

g [ Example3s L

: [Ex 3G Q17(b)] A Likewise, sketch y = ‘ _:1 i : :
JRRI . T T i e, b
? : oblique asymptote. : 5 :

o S




RECIPROCAL GRAPHS — OTHER MANIPULATIONS INVOLVING 1/F(X) 45
Additional questions
1.  Sketch the following rectangular hyperbolae on separate number planes, stating the

domain and range.

1
(a) y= Z
3
b pu—
(b) y=_——
-3
() y=-_——3
@) y=14
v T+ 2
3
= 4 —
(e) 3
2. Reciprocal functions

(a) i

2
y—x_4+1
B 1
y=- Cx+1
1
y_21:—3_
_x+2
y_x—I—l
o
y_x—i—l

2 + 1
k —
k) y=—7
3r — 2
1 =
1) Y r+3

11—z

(m)

y:

1
On the same set of axes, sketch the graphs of y = x and y = ——.
x

1

ii. By addition of ordinates, sketch the graph of y =z — —.
x

(b)  Sketch the following by the addition of ordinates:

) 1
1. y:2x+§

3
ii. y=——2x
x

1il.

1v.

1
y=a+—
X
y=a"—~
x

(c)  Sketch the following graphs of reciprocal functions, stating the domain and range:

1
1 y:?
.. 1
R T
1
. y=
, 2
S =N |

2

v y:xQ—l

vi.

vii.

Viil.

1X.

1
/e
B 2
YT @3 (+2)
1
y:x2—|—$
B z+1
YT D@+ 2)
B x? —4
y_x2+2x—3

NORMANHURST BOYS’ HIGH SCHOOL
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46 RECIPROCAL GRAPHS — OTHER MANIPULATIONS INVOLVING 1/F(X)
3.  f(z) is shown in the following diagrams. Sketch m
x
Y
(i)
(i)
4.  Make neat sketches of the following graphs:

1
(a) yzQ—xandy:2—
(h) 32 + 1 and !
=3z and y =
Y Y 3r +1
1
=22 _—4and y =
(c) x and y = ——
(d) =9 — 2% and b
Yy = y_g_xQ

(e) y:xQ—x—Zandy:$2

1
(6 y=vEamdy=

—xz—2

1

y=|z[andy = —

]

1

=2"and y = —

y and y =
. 1

y =sinx and y = —
sin

y=(x—1) (2% -3z —4)
1

nd Y = T (@ =8 = 1)

1
|22 + 1|

y=1[2x+1 and y =

FURTHER WORK WITH FUNCTIONS

NORMANHURST BOYS’ HIGH SCHOOL



RECIPROCAL GRAPHS — OTHER MANIPULATIONS INVOLVING 1/F(X) 47
Answers
1. (a) D={z:z2#0} (e) D={z:xz#3} (i) D={z:x#-1}
R={y:y+#0} R={y:y#4} R={y:y#1}
y
Yy Y :
; I \| 2
| y:l [ \
AR 5 o, R I
| < LY i~ v
T z 777777‘ 77777 _2‘ \
(\ 1 / \ -1
\ . ‘
i () D=f{o:o#-1}
R={y:y#1}
y
(b) D={z:x#3} () D={z:z+£4} }
R={y:y#0} R={y:y#1} [
L
,,,,, [
y y ‘ .
; (4,3) ; —]_:
NV | |
5 z o> () D=f{oiz2}
(1—\ 4 =~ }4 z R={y:y+#2}
! 1 ! |
\ ! \
\
9 !
(¢) D={z:z#3} (&) D={z:z# -1} -1t
R={y:y+#0} R={y:y# -2} = }2 x
_;/y\
Yy y !
} ’éﬁ . (1) D={z:z#-3}
! 2 | ¥ . R={y:y+#3}
L 4 L v
— < __ I ‘
3 - /
-3 [ [ _3 ‘
[N [ ,,,,, s
\(4773) I T .
RN
@) D={z:z#-2} () D={z:z#3 oz ®
R={y:y#1} R={y:y# -3}
(m) D={x:z#-1}
R={y:y# -1}
y y 5 y
I 3 I
| . A
! 3 gL‘» ! \/
y=1 | ; -3 | T \x
— —~ T e
_3\_2 \ ‘(\
| | |
\ \ \
\ \

NORMANHURST BOYS’ HIGH SCHOOL
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RECIPROCAL GRAPHS — OTHER MANIPULATIONS INVOLVING 1/F(X)

1,
1 1 T
—1 1
71 4
i.
1
y =2+ —
T
Yy
7
\ s
2 + N\ 7
| | S =5
o T T
_ i
2 22 | 1
\
// -4y
3
y=——2x
x
N
N
_ V3
2\
D={x:2+#0} iii.

R={y:y>0}

\ \

-2 -1
D={x:z#2}
R={y:y>0}

iv.

Yy
ii.
Yy
1+ / //
/ %
, 1
} } x /// //
/
—1 1 /
—1 _1// 1 -
/ e
‘1 4
// //
y /
7/
i, y=a2+ =
x
Y
x
1
iv. y=z%-—
z
x
D={x:2+#0,+£1} v. D= {z:z#+1}
R={y:y+#0} R={y:y<-2,y>0}
Y Y
\/
| | | |
| | I |
_q \ \ \
| | | |
\ \ T 1 1
I I —1] |1
| | | 2 |
| | I |
| | |
|
D={z:z R} vi D={z:-2<z<2}
R={y:y>0} R:{y:y>%}
Y Yy
2 \ \
| 1 \
| 2 |
| |
I I
z —=2 2

x

FURTHER WORK WITH FUNCTIONS
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RECIPROCAL GRAPHS — OTHER MANIPULATIONS INVOLVING 1/F(X) 49

vii. D={z:z#3,-2} ix. D={z:z#1,-2}
R={y:y>0y<—% R={y:ycR}
Yy Y
| \ |
| | | |
| | | |
\ \ o I\L|
| | T | | T
Yy 3 RN
\ \ =5 |\
| | I |
1 1.8 ‘
I 3 \(E’fﬁ) I
viii. D={z:xz# —1,0} X. D={z:z# -3,1}
R={y:y<—-4,y>0} R={y:yeR}
Yy Yy
| |
‘ (1,1)
| | 4 |
\ s
z ,,,JT/,L,,,
| |
i 4 =R -
| 1 =31 -7
| ( 27 4) I ‘2
| |
3. Remaining exercises: check _lj_ GeoGebra where possible.

:= Further exercises
Ex 5C
o Q5-12, 14

NORMANHURST BOYS’ HIGH SCHOOL FURTHER WORK WITH FUNCTIONS



Part 111

Inverse functions and parametric
representation

50



“‘ Learnmg Goal(s)

= Knowledge £ Skills @ Understanding
Properties of inverse functions Determining if a function has an The difference between inverse
................................ inverse function relations and inverse functions
| : : : & By the end of this section am | able to:
SR AR L......f 33 Inverse functions N
¥ Describe a function as one-to-one if every element in the range of the function corresponds to
............................... exactly one element of the domain.
> Establish that the reflection of a point in the line y = x reverses the coordinates of the point.
¥ Define an inverse function f~! informally as a function that reverses or undoes the effect of the
function f.
.................................. > Recognise that inverse functions exist for one-to-one functions.
¥ Determine the equation for the inverse function f~(z) of a given one-to-one function y = f(z)
________________________ by interchanging the variables z and y in y = f(x).
> Compare the graphs of a function and its inverse function using graphing applications, and
recognise that the two graphs are reflections of each other in the line y = x.
| : : : ¥ Establish that the domain of f~*(z) is the range of f(z), and the range of f~!(x) is the domain
of f(x), and use this relationship to solve problems.
"""""""""""""""" ¥ Graph the inverse function of a given one-to-one function.
2 Explain that the reflection in the line y = x exchanges horizontal and vertical lines and recognise
""""""""""""""""" that the horizontal line test can therefore be applied to the graph of y = f(z) to determine
whether its reflection in the line y = x is a function.
---------------------------------- > Apply restrictions to the domain of a function, if it is not one-to-one, to obtain an inverse function.
¥ Define formally f~!(x) to be the inverse function of f(x) if the relationships f(ffl(x)) =z and
""""""""""""""""""" 1 ( f (a:)) = z hold, and use this definition to solve problems.
> Solve problems based on the relationship between a function and its inverse function using

algebraic and graphical techniques, including determining the points of intersection of a function
and its inverse, where they exist.

Q Defmltlon 2

An inverse relation to f(x) is denoted f~'(z). It “undo”’s

whatever f(x) would do.


https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-extension-1-11-12-2024/content/year-11/fafd6dbe16

| | Domain Range , , :

......... ................ @ Deflmtl“"“3 ............... ......... L T T R e T e ......... ......... ..........

Monotonic functions a function is also monotonic

increasing (or monotonic decreasing): if b > a, then f(b) > f(a).

0 Important note

A Asymptotes may cause functions to not be monotonic. Varies from case to case!

iy [ Example36
| 5 Which of the following functions are monotonic? 5 5 5




INVERSE FUNCTIONS — CONDITIONS FOR EXISTENCE OF AN INVERSE FUNCTION 53

Additional questions

Source Fitzpatrick (1984, Ex 26(a))

1.  State whether the following are one-to-one functions.
(a) flx)=xz—-2,z€R (e) f(x)zg L x A9
-
_ 2
b) flr)=a2>—4ox+1,2>2 () fla)=|9—2|, z€R
() [flz)=v4—2* ze[-22 (g) flz)=9—-2*r€R
(d) fx)=9—z,z€R (h)  f(z)=2%—4x, x € [-2,2]
2.  Find the largest possible domain for which the following are one-to-one (monotonic
increasing) functions.
(a)  flz) =v4—a? (d)  flz) =3z —2?
(b)  flx) =va? -4 (e) fla)=2a"+62+8
1
© @)=
3.  Explain why the following functions do not have an inverse function. Suggest suitable
restrictions to their domain so that the restricted function may have an inverse.
(a) f(l’) =V a? — l‘2, LS [_&7 a]
(b)  flz)=4-2?
1
Answers

1. (a) Yes (b) Yes (c¢) No (d) Yes (e) Yes (f) No (g) No (h) No 2. (a) z € [-2,0) (b)) z > 2 (¢) z < =2 (d) =z < % () x> -3

3. These are some of the possible domain restrictions. There are others which will also work. (a) = € [0,a] (b) = € [0,2]

(c) =z € (0,00)

NORMANHURST BOYS’ HIGH SCHOOL FURTHER WORK WITH FUNCTIONS



54 INVERSE FUNCTIONS — PROPERTIES OF FUNCTIONS AND THEIR INVERSES

7.2 Properties of functions and their inverses

e Mutual inverse (over

T E > T—> f—l @ T

e Domain/range swap:

e Reflection about y = .

© f(z) and f~!(x) intersect on

© If f and f~! intersect more than once, at least one intersection is on

(Counterexample: )
dy dz o .
° X i 1 (Property for later after derivatives have been dealt with)
x Y

FURTHER WORK WITH FUNCTIONS NORMANHURST BOYS’ HIGH SCHOOL



73 Finding the inverse relation
O — T T O

1. Interchange x and y.

2. Change subject to y.

................................ ' i" Example '37 D I




96 oo INVERSE FUNCTIONS — FINDING THE INVERSE RELATION . . . =

- W 0 O U 0 W OO O OO O O 0 O

- o Find the equations of the inverse relations to these functions.

If the inverse is
a function, find an expression for f~!(x), and verify that f~! ( f(x)) = x and : :

......... ....... f(f—l(a:)) .

......... ...... (a) f($)=6—2$,.’1'>0. _1—.75

................................................................................................................................................................................................................




2
7% — 1

""""" """"" """"" | (b) Sketch the inverse on the same number plane as the original function. """""

......... .......... .......... . (a) Bad] e Tavers Simekism of y=———\




58 INVERSE FUNCTIONS — FINDING THE INVERSE RELATION

‘ls Example 40
_x+1

For the function of f(z) = p—" Answer: (a)y=1+ 25 (b)y=2+;3;

(a)  Explain why f(x) has an inverse function.
(b)  Find the equation of the inverse function.

(¢)  Write down the domain and range of the inverse function.

“s Example 41

Find the inverse function of y = #3 — 2, and sketch both curves on the same set of
axes.

FURTHER WORK WITH FUNCTIONS NORMANHURST BOYS’ HIGH SCHOOL



INVERSE FUNCTIONS — FINDING THE INVERSE RELATION

59

“s Example 42

For the function y = 2% + 2x + 3:
(a)  State its domain and range.

(b)  Sketch the curve y = f(z).
(¢)  Explain why the inverse function does not exist.
(

d)  Restrict the domain such that the curve is monotonically increasing, sketch
the inverse f~!(x) on the same axes as f(z), and find its equation.

NORMANHURST BOYS’ HIGH SCHOOL FURTHER WORK WITH FUNCTIONS



60 : : : : : : : : INVERSE FUNGTIONS (— FINDING THE INVERSE RELATION:

T gl A3

......... ....... [2018 Ext 1 HSC Q13] The diagram shows the graph y = , for all real x. ......... ......... ..........

z2+1

o Py SR

=1l 1

""""" """" Consider the function f(x) = Ll’ for z > 1.

w4 . : :

""""" """" The function f(x) has an inverse. (Do NOT prove this.) """"" """"" """""
| : i.  State the domain and range of f~!(x). 2 : : :
ii.  Sketch the graph y = f~1(x). 1

iii. Find an expression for f~!(xz). 3

o S




INVERSE FUNCTIONS — FINDING THE INVERSE: RELATION: : : : : : : : 161

....... .......... .......... “s'ExampIelM ....... e e, R UE RN SO I SR s i, e e, ..........

? : : : 1 :

......... .......... .......... . [1996 3U HSC Q7] Consider the function f(a:) = g_l [(x _ 1)2 + 7]. ........ ..........

.......... A | (i) Sketch the parabola y = f(z), showing clearly any intercepts with the 2 ..........

axes, and the coordinates of its vertex. Use the same scale on both

................................ aJXeS' F T S
(i)  What is the largest domain containing the value = 3, for which the 1

............................... function has an inverse function f~*(z)?

| : : | (i) Sketch the graph of y = f~!(x) on the same set of axes as your graph 2

......... .......... .......... . ln paI‘t (1) Label the tWO graphs Cleal‘ly ..................

.| @v) Whatis the domain of the inverse function? 1 e

; : : 1 (v) & Let a be a real number not in the domain found in part (ii). Find 2

....... .......... .......... . 1 ( 1 (a)). ..................

""""" """"" (vi) Find the coordinates of any points of intersection of the two curves 2 e

y = f(z) and y = f~'(x).




_________________ ;= Further exercises

Ex 5F Ex 5G

e All questions e Q1-9




INVERSE FUNCTIONS — FINDING THE INVERSE RELATION 63

Additional questions

1. Find the inverse function of each of the following functions:
(a) y=az+1 (e) y=(z+1)°
(b) y=3z-2 1
T+ 2 ) v= x—1
() y=—3
x

2. The function y = x is invariant under inversion, i.e. the equation of the function and
its inverse are the same.

(a)  Give two more examples of functions that are invariant under inversion.
(b)  What do you notice about the the graphs of these functions?
3. (a) Sketch the graph of y = v/3 — .
(b)  On the same axes, sketch the graph of its inverse function.
(¢)  Find the equation of the inverse function.
(d) Find the coordinates of the point of intersection of the function and its inverse.

4. Show that the following pairs of functions are inverses by showing that over the
restricted domain,

foglx)=goflx)=u

r—1 © {f(yc):2ac—ac2 z>1
x+1)

[\)

flx) =
g(z) =

(a)

N —

g(x) = =16 — 22 2z €0,4] g(x) = 57 x>0

5. 4\ [2024 NBHS Year 11 Ext 1 Task 3 Q12] 3
Consider the even function f(z + a) = z*, where a > 0. f~!(x) is the inverse
function of f(x) and the range of y = f~!(z) is y < a.

flz) =
o) {f(x) —VI6—22 ze€[-4,0 (d) 251 2

If ¢ > a, find the value of f~* [f(c)} in terms of a and c.
Answers

L@y=z-10y=22(c)y=32-2dy=¥z()y=¥z—-1(0)y=1+1 (g y= ;%5 2. (a) y = —z (or more
generally, y = k — z, k being any constant); y = % (ory = %); y =+vVk?—22over D = {z:0 <z < k}; plus an infinite
y=[""z) -
$
7

3 )

number of others. (b) Symmetrical about y = x. 3. (a) & (b) See previous. (c) y =3 —22, >0

S

(d) (‘/ﬁ_l, ‘/g_l) 4. f*1<f(c)) =2a-c
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]‘ Learnmg Goal(s)

= Knowledge £ Skills @ Understanding
Parametric form of functions Converting Cartesian form to The additional parameter used : : :
......... u ...... and relations parametric form to represent the curve in terms ......... ......... ..........

of x and y values

SRR e @ By the end of this section am | able to:
' : 3.21 Parametric form of a function or relation W

--------- »»»»»»» ¥ Recognise that a curve may be represented by two parametric equations that give z and y as 444444444 --------- »»»»»»»»»»
' : functions of a parameter and that the curve may also have a Cartesian equation in x and y. : : :
SR L > ¢ Express linear and quadratic functions and circles in parametric form. L L
¥ Convert linear and quadratic functions and circles from parametric form to Cartesian form.

SURN . Y Graph linear and quadratic functions and circles expressed in parametric form. G G RN

8. 1 Iritrod5ucticf)n

ws Example 45

forms.



https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-extension-1-11-12-2024/content/year-11/fafd6dbe16
https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-extension-1-11-12-2024/content/year-11/fafd6dbe16?show=example#cg-886dc9af-3756-4fe7-a352-74ae4151cfcf

A Cartesian equation uses rectangular coordinates (r axis L y . . ..........
axis). Named after René Descartes (1596-1650). :
http://en.wikipedia.org/wiki/Rene Descartes)

: : : ' 0 1ogar1thmlc (x logl(J x) — Rlchter scale dB ; ; : : ; : ; :
L - SR L © ,polar. ............... -n av1gat10n bearmgs ........ SRR SR SR . - - - .
: : : ‘ O cyhndrlca,l (SD polar) (p, 0 d)) - astronomy, cartography (GPS) : : : :

: Q Deflnltlon 5

A parametric equation uses additional parameter(s) to represent the curve in terms
of its  and y values.

444444444 .......... ........... A444There may be more t,han One parametl‘lc representatlon for the Same CU_I'V@""; 444444444 ......... ..........
i 8-.-14.415-"Cdmmdn-pai‘améteriséltioné ....... UL WO OO WO OO0 OO OV OV WO WL VL O N OO SO W

bt g :L'—rcosﬁ 444444444 U0 TO00 000 OO0 O OO0 OO0 U0 O SO DU HOU MO0 OGO YOOV ORS00 S0 WO
é%%Cerle{f T O U U O O O O N O

...................



http://en.wikipedia.org/wiki/Rene_Descartes

xr = Vtcosa

¥ zé—zgt2 + Vtsma

T = acos@

e Bilipse- A £ T @088 '(a..#..bma,,b.#.o> ............ U0 T O O VO O O O O O O O O
iéé.y—bsmez

BN ?}‘.'-Examﬁle%? AN

r=3t+1
Find the Cartesian equation of { + . Answer: 2z — 3y — 11 =0

y=2t-—3

o S




y—l—x

: : : : - :
12y~x+4x€R2 y—m,meRS y+7,x§é04x—6m+4m€[3oo)5 2y--3as+8 z€[04]
x A
w€[11]7 y—x2—4z+3 a:eRSy—Sx :7:6[000)9z+y ly;«é—l : :

..............................................................................................................................................................................................................

Ex 5H |
e Q6-12 e




......... ..... 83 ..... Other harder examples ........... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........
: : o Important note : : : : : : : : : : : : :

Check the domain and/or range, or any other asymptotes that may or may not

......... ....... appear. . ......... ..........
.................... ~I.Example48
................. ol
[Ex 9D Q5] Find the Cartesian equation: tl
................. 49
y=t +t_2
| A Answer: y=z°—-2,z< —2orzx>2 A A
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_________________________ [2025 CSSA Ext 1 Trial Q8] A curve is defined parametrically as

1—¢
T = 5
QLtt for t € [0, 00)

—

Y=11p

o N | Which of the following graphs best represents the curve?
? : : : Yy

1

...............................................................................................................................................................................................................
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