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Literacy: note new word/phrase.

Facts/formulae to memorise.
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Provided on NESA Reference Sheet

A

o
/ Further reading/exercises to enrich your understanding
and application of this topic.

Q Facts/formulae to understand, as opposed to blatant
memorisation.

N the set of natural numbers
Z the set of integers

Q the set of rational numbers
R the set of real numbers

Vv for all

0 Gentle reminder

be completed!

e Further exercises from

2015)

Content outcomes addressed

ME1-12-02 Operates with 2D and 3D vectors and uses 2D
vectors to solve problems involving motion in two
dimensions

e For a thorough understanding of the topic, every question in this handout is to

— Haese Mathematics for Australia - Specialist Mathematics 11 (Haese et al.,

— CambridgeMATHS Year 12 Extension 1 (Pender et al., 2019)
— CambridgeMATHS Extension 2 (Sadler & Ward, 2019)

will be completed at the discretion of your teacher.

e Remember to copy the question into your exercise book!
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Learning intentions & outcomes

v T Content

|:| 5.1  Vector representation and notation W

> Define a vector as a quantity having both magnitude and
direction.

¥ Associate vectors with directed line segments and recognise
that a vector may have many directed line segments
associated with it.

> Identify and use notation for vectors in both two
dimensions and three dimensions, including a, a, and AB,
where AB is the vector with magnitude and direction those
of the directed line segment from A to B.

, la], and ‘E’ to represent the

magnitude of a vector.

> Use notations |g

Y Describe a position vector as a vector with its tail at the
origin.
¥ Represent vectors graphically with and without graphing

applications.

¥ Recognise and use the fact that two vectors are equal
if they have the same magnitude and direction to solve
problems.
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v 7= Content

[] 5.2

Introduction to 2D and 3D vectors W

> Use Cartesian coordinates to represent points in
2-dimensional (2D) and 3-dimensional (3D) space with and
without graphing applications.

¥ Use the midpoint and distance formulas in two dimensions
and three dimensions.

> @ Identify that, in three dimensions, all points on the
xy-plane have a z-coordinate of 0, and deduce similar
properties for points on the zz and yz-planes and thus
the equations of the three coordinate planes.

> Define the zero vector 0, written as 0, as the vector with
zero magnitude and no direction.

> Define unit vectors as vectors of magnitude 1.

> Recognise and use @ and a as the notation for the unit
vector in the direction of a.

> Define the standard perpendicular unit vectors i and j in
two dimensions and i, j, and k in three dimensions.

> Express 2D vectors in component form, zi+yj; as an

ordered pair, (x,y); and in column vector notation

¥ Recognise AB = (Z : 5) as the vector associated with

the directed line segment from the point A(z,y) to B(u,v)
in two dimensions.

¥ Express 3D vectors in component form, zi+yj+ zk; as
an ordered triple, (z,y, z); and in column vector notation

x
Y
z
N u—x
> Recognise AB = | v —y | as the vector associated with
w—z

the directed line segment from A(z,y,z) to B(u,v,w) in
three dimensions.
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v T& Content

[] 5.3

Operating with vectors W

vector.

¥ Define a scalar as a real number that is used to multiply a % Identify ( _ab> and (—ba) as vectors perpendicular to (Z)

> Represent geometrically a scalar multiple of a vector in
two dimensions and three dimensions with and without
graphing applications.

¥ Perform multiplication of a vector by a scalar algebraically
in component form.

> Establish and identify a = kb, for a non-zero scalar k, as a
condition for two non-zero vectors a and b to be parallel to
each other and determine with justification if two vectors
are parallel to one another.

and with equal magnitude.

¥ Perform addition and subtraction of vectors algebraically
in component form, and verify, with and without graphing
applications, that geometrically these are obtained using
the triangle law or the parallelogram law.

> Establish and calculate the magnitude of a vector using
lzi+yj| = /2% + y? for 2D vectors and |xi+yj+ z k| =

V2% 4+ y? + 22 for 3D vectors.

> Use the magnitude of a vector to find the unit vector
a= ﬁa in two dimensions and three dimensions.
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v 7= Content

|:| 5.4  Further operations with vectors W

> Define a-b = z125 + y192 as the scalar (dot) product of > Calculate the angle between two non-zero vectors a and

vectors a = x1i+y; j and b = x5 i+ 15 j and use the scalar b, in both two dimensions and three dimensions, using the
product to solve problems. scalar product by deriving and applying the relationship
cosf = 22 —7a.b.

> Define a-b = 2125 + 11y2 + 212 as the scalar product of lallb]

vectorsa =x1i+yj+akand b =mi+yj+zmnkand ) pepablish a-b = 0 as a condition for two non-zero vectors
use the scalar product to solve problems. a and b to be perpendicular to each other and use it to
determine if two vectors are perpendicular.

> Use a-b = |al|blcosf as a geometric expression of
the scalar product of non-zero vectors a and b in two $ Fgtablish a-b = + |a| |b| as another way to determine if
dimensions and three dimensions, where 6 is the angle two non-zero vectors a and b are parallel.

between the vectors and 0° < 6 < 180°.
> @ Define the projection of a vector a onto a vector b,

> @ Verify the equivalence of a- b = |a| [b| cos § with the denoted by projy, a, to be the vector component of a in the

algebraic definition of the scalar product, a-b = z122+1y1y» direction of vector b.
for two dimensions and a-b = x5 + Y1y + 2129 for three N
dimensions. ¥ Examine the proof of the formula proj, a = (ﬁ) b = (a : b) b

. 9 ] and use the formula to solve problems.
> Derive and use the property a - a = |a|® to establish

the scalar product definition of the magnitude of a vector » @  Determine that the component of a vector a
(la| = v/a-a) in two dimensions and three dimensions. perpendicular to another vector b is a — projy, a.
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Part 1

Vectors in two dimensions



] 52

>

>

......... ....... N

]‘ Learnlng Goal(s)

iE Knowledge
What is a vector

£ Skills

equations

® By the end of this section am | able to:
Vector representation and notation W

Define a vector as a quantity having both
magnitude and direction.

Associate vectors with directed line segments
and recognise that a vector may have many
directed line segments associated with it.
Identify and use notation for vectors in
both two dimensions and three dimensions,
including a, a, and A—B>7 where AB is the
vector with magnitude and direction those of
the directed line segment from A to B.

5.2  Introduction to 2D and 3D vectors W

Use Cartesian coordinates to represent points
in 2-dimensional (2D) and 3-dimensional
(3D) space with and without graphing
applications.

Use the midpoint and distance formulas in
two dimensions and three dimensions.

¢ Identify that, in three dimensions, all
points on the zy-plane have a z-coordinate of
0, and deduce similar properties for points on
the zz and yz-planes and thus the equations
of the three coordinate planes.

Define the zero vector 0, written as 0, as the
vector with zero magnitude and no direction.

Define unit vectors as vectors of magnitude 1.

Recognise and use @ and a as the notation for
the unit vector in the direction of a.

Define the standard perpendicular unit
vectors i and j in two dimensions and i, j,
and k in three dimensions.

Operate with vectors and vector

@ Understanding
Difference between scalars and
vectors

Use notations ‘g‘, |a], and ‘A_B>‘ to represent

the magnitude of a vector.

Describe a position vector as a vector with its
tail at the origin.

Represent vectors graphically with and
without graphing applications.

Recognise and use the fact that two vectors
are equal if they have the same magnitude
and direction to solve problems.

Express 2D vectors in component form,
xi+yj; as an ordered pair, (z,y); and in

column vector notation

u—

. =
Recognise AB = as the wvector

v=y
associated with the directed line segment
from the point A(z,y) to B(u,v) in two
dimensions.

Express 3D vectors in component form,
zi+yj+ zk; as an ordered triple, (z,y, 2);

x
and in column vector notation | y
z
u—
. —_>
Recognise AB = v—y | as the vector
w—z

associated with the directed line segment
from A(z,y,z) to B(u,v,w) in three
dimensions.
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......... .......... 11Defmltlon ....... ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

Quantities which only have are known as scalars.

&) Definition 2
Quantities which have both and

......... .......... .......... A are known as vectors. ..........

......... .......... .......... . Example: Of an aeroplane ........ ..........

: : (@ Fill in the spaces:
......... ......... Ot i (aIlee (D EERIEDREEE e e ..........

o S




444444444 12 44444 Representé‘tiori .......... 444444444 ......... ......... .......... ......... ......... .......... ......... 444444444 ......... ..........

e i Geometm 444444444 bbbt bbb bbb b b bbb b e
C/, Fill in the spaces ‘ : A : : : A A A

: : Vector quantities can be represented using a directed line segment or arrow. : : :
S b e The of the arrow represents the S s e

e The shows its direction.

444444444 .......... 444444 QDefimtionB ..... 4444444444 ......... 444444444 .......... .......... ......... ......... 4444444444 .......... ......... 444444444 ......... ..........

Two vectors are equal if they have the same and

# Corollary: 1
| : The position of the starting point (tail) and ending point (arrowhead) does
FR . matter. b, e, S

| : N Ea : : :
S SEE B Given PQ as shown, draw two other vectors, a = AB and e = EF such that efeeie B B

PG — AB = BF N
Q N N N

E,/’ F|II in the spaces

From Example 1, there are three ways of writing the vector drawn:
° PQ “arrow vector notation” or “double letter notation”. The vector
from the point P and at

| : ep, p, p: “single letter notation”. The boldface type appears in typeset : :
RIS o documents, the latter two are generally handwritten. SRR e e




INTRODUCTION TO VECTORS — VECTOR ARITHMETIC 13

1.3 Vector arithmetic

1.3.1 Addition
0 Important note
A Use a ruler!

Steps

For vectors p and q, to perform p + q:
1. Draw p.

2. Draw q, starting from the arrowhead of p.

3. Draw vector from the of p to the

1.3.2 Subtraction/negative vectors
&) Definition 4

If pis a vector, then —p is equal in but
n

‘{s Example 2

(Haese et al., 2015) PQRS is a parallelogram where P_Cj = a and @) = b. Find
vector expressions for: b
Q > R
a
P S
(a) QP (b) RQ (¢c) SR (d) SP

NORMANHURST BOYS’ HIGH SCHOOL INTRODUCTION TO VECTORS



14 INTRODUCTION TO VECTORS — VECTOR ARITHMETIC

1.3.3 Magnitude and zero vector
&) Definition 5

The magnitude of a vector p is given by |p|.

@ Definition 6

The zero vector has magnitude zero, i.e. |p| = 0. Direction is not

Usually written as 0 (handwritten: 0).

1.3.4 Scalar multiplication
&) Definition 7

If p is a vector, and A € R,
e If A > 1, then \p extends the to A\ |p|.

e If A =0, then \p = 0.

e If A < 0, then Ap sees the magnitude scaled by |A| and direction

&, Laws/Results
e p and Ap, A > 0 are

e p and Ap, A < 0 are

O GeoGebra

Scaling vector investigation

INTRODUCTION TO VECTORS NORMANHURST BOYS’ HIGH SCHOOL


https://www.geogebra.org/m/Vp6p6Wyd

......... ......... (Haese et al., 2015) PQRSTU is a regular hexagon. If P—Cj =aand Cﬁ%) =b, findin ..........
E : : | terms of a and b: :

o S

............................. : NORI\/IANHURSTBOYS’HIGHSCHOOLINTRODUCTIONT()VEOTORb


https://www.geogebra.org/m/tgwebpvy

......... 14 44444 V'fectOIf’”eqlfl‘atiOgns 44444 ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

................ Vet
o Added

e Have scalar multiplication applied
in the same manner as wusual scalar numbers, with the same
commutative/associative /distributive laws.

N~ LTV UL JULOD W WO W 0 OGO O O O WO W0 OO O 0O

(MATH1131 Mathematics 1A and MATH1141 Higher Mathematics 1A Algebra Notes,

2018) Fully simplify: 3(2a — b) + (a — 2b).

w Eéxampzle 5. : : : ;
(MATH1151 Mathematzcs 1A a,nd MATH1141 Hzgher Mathematics 1A Algebm Notes,
2018) Fully simplify: 2AC — OC + OA.

......... ...... e Draw picture if it’s slightly uncertain what is AC. ......... ......... ..........

e Convert the vector arrow notation OC to the single variable notation c.

o S
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1.4.1 Additional questions
1.  (Haese et al., 2015)

Va
1 .~ I
Given vectors -7 and NG (diagrams drawn to scale), construct
geometrically:
(a) —r (c) ir () 2r—s (g) 3r+2s
(b) 2s (d) —3s (f) 2r+3s (h) 1(r+3s)
= Further exercises
Ex 3A-3C (Haese et al., 2015) Ex 8A (Pender et al., 2019)
(More introductory type questions)
e Every second subpart e Q1-19

NORMANHURST BOYS’ HIGH SCHOOL INTRODUCTION TO VECTORS



Section 2

Two dimensional vector geometry

5.3

“s Learning Goal(s)

iE Knowledge
Vector operations

£ Skills
Identifying
perpendicular
adding/subtracting
finding magnitude

By the end of this section am | able to:

Operating with vectors W

>

Define a scalar as a real number that is used
to multiply a vector.

Represent geometrically a scalar multiple
of a vector in two dimensions and three
dimensions with and without graphing
applications.

Perform multiplication of a vector by a scalar
algebraically in component form.

Establish and identify a = kb, for a non-zero
scalar k, as a condition for two non-zero
vectors a and b to be parallel to each other
and determine with justification if two vectors
are parallel to one another.

18

parallel

@ Understanding

and Unit vectors being an
vectors, application of finding the
vectors, magnitude of vector
Identify (fb) and (—ba) as vectors

perpendicular to ((bl) and with equal
magnitude.

Perform addition and subtraction of vectors
algebraically in component form, and verify,
with and without graphing applications, that
geometrically these are obtained using the
triangle law or the parallelogram law.

Establish and calculate the magnitude of a
vector using |zi+yj| = a2+ y? for 2D

vectors and |zi+yj+ zk| = /22 + 42 + 22

for 3D vectors.

Use the magnitude of a vector to find the unit
vector a = ﬁa in two dimensions and three

dimensions.
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... Two DIMENSIONAL VECTOR GEOMETRY — VECTOR COMPONENTS .= ST VOO RO UL N I 19

444444444 .......... 4444444444 2'.'1"‘éVeciO‘r"éom‘ﬁone‘ﬁtS""é ......... ......... .......... ......... ......... .......... ......... 444444444 ......... ..........

204 Unitvector
g Definition8

The wunit vector has 1.

....... ......... ‘ é&;L;aws/éResu[:ts

For every vector p there are two normalised (corresponding unit) vectors: :
[ ) ﬁ = —, tO p ........ ..........

Unit vector

§2'.'1‘.‘2‘§""Céé‘rté's'i'ah"b‘a's'i's"Véét’dtf's’/ébfﬁpbﬁéht’ég"”””"g ......... ........ .......... .......... ........ 444444444 e e
.. . M@ Definiton9

In the Cartesian plane, define the basis vectors to be unit vectors in the

e 1 direction to be i e y direction to be j

>
>

@ Fill in the spaces

| e The position (5,3) can now be e _ qjotation: e
| represented via a translation vector.

......... .......... .......... . n 7% YRR P00 SO0 S0 A0OOE TSNS SN SO0 SO T OO0 FO0S  FIS ARSI S ..........



https://www.geogebra.org/m/dz4Mdhgb

g Dfinition 10
| The point Q(z, ) has position vector B 1000 T O

| : 0Q (z)zxi—l—yj

: ......... :. ...... Where
: e The component form is xi+yj : : _
| : ® Represented in L notation: (x) | | |
| | © Pender et al. (2019) and some other publications uses square brackets instead

""""""""" of parentheses for the column vector delimiters, e.g.

. ...... =) ......... _________ o

e Year 7-10 ordered pair notation: (x,y).

iy & Example6 i i
| A A ship S leaves port O and sails north-east at 20 km/h. Describe its position after 6 : : :
hours by giving its position vector as a sum of multiples of the basis vectors i and j. e P

...............................................................................................................................................................................................................




e 2__1_43 ..... Posﬂslonvsdlsplacementvectors ........ _________ e —,——e_ee---r

Q Definition 11

A position vector of a point P is the vector 0_15, where the vector commences at the

......... .......... .......... """"""""""" T el T o L 22 M SR TP RS S S SN SR RN SRR ... ..........
A position vector givesthe of a point in the

............................... p lane_._..

oEach pomt..P.m the Carteslan plane carresponds to the pos1t1on vector,_‘._.‘..‘._..':..._. ........................

Q Defmltlon 12

| ; ; N A displacement vector is the vector AB , where the vector commences at the point A ;
......... .......... .......... . and ﬁnishes at B' ........ ..........

A dlsplacement vector glves the »

......... , ......... .......... & n()ther ...... ......... .......... ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

.............................................................................................................................................................................................................

O GeoGebra

| : : : L] Position Vector Investigation - see how a position vector is different to a :
o L L .| displacement vector. .

o S



https://www.geogebra.org/m/VHdFGMsb

TWO DIMENSIONAL VECTOR GEOMETRY — VECTOR: COMPONENTS

Q Laws / Results

Q

For two points P and @) with position vectors p = (}Zj 1)
2

&) BC

(b)  the coordinates of A.

B(3,1)

FNE " S 000 O 0000 0 O

: (Haese et al., 2015) AB is a diameter of a circle with centre C'(—1,2). If B is (3,1),
o find:

o S




......... .......... ........... 22Vect0r arlthmetlc InVDIVlng COIUmn Vectors .......... .......... ......... ......... ......... ..........

JESORS O W 223_ ,,,,, Addnunl 4444444 ;mmg ,,,,,,,,, ; 444444444 ; ,,,,,,,,,, ; ,,,,,,,,,, ;ng ,,,,,,,,, ; ,,,,,,,,, AU Y00 L0 O RO MO
: : . Q Laws/Resu[tS A : : S

e Itp = <y) and q = (U) 7163510 OUOR OO DUOS OO OO OO OO0 OO 000000 FO0S VOO WOOE OO N NI S —

lwasef e

o oeadd components (¢ direction, i) with

......... ......... e Add Components (y direction, j) TR BN IR - ..........
5 : : : components :

o fyGeGewa

| Vector component addition

......... ......... gExampIEB ........ S S S S S S i S S ..........
| : : | (Pender et al., 2019)
1. (a) Givenu=2i—-jandv=-i+2j find=: L

L 2u ii.  3v iii. 2u+3v ,,,,,,,,,,

A e pr ' (b) Draw all five vectors as position vectors. What figure do the origin and """""
E : : : heads of 2u, 3v and 2u + 3v form?

2. (a) Givenu= (?) and v = <;>, find v — u.

(b) Draw u = OU and v = OV as position vectors, and mark v — u.



https://www.geogebra.org/m/bqxgmn4f

""""" """ 2. '2‘ 2 Scalar multlphcatlon

Q‘ Laws/ResuIts

;
(Haese et al., 2015) If p = (y> and k € R then

(a) 3q (b) pP+2q (¢c)  3p—3q
z o2 2 3 M‘dpomt : : : : : : : : : : : : : : :
....... ,,,,,,,,,,,,,,, aDef|niti0n13 ......... ,,,,,,, ....... ,,,,,,,,, ,,,,,,,, ,,,,,,,,, ,,,,,,,, ........ ,,,,,,,,, ,,,,,,,, ....... ,,,,,,,, ,,,,,,,,,

Midpoint formula to find the midpoint M between two points A (z1,y;) and

B($2>y2):
Y $1+332’3/1+y2
2 2

For vectors OA = a = (21), OB=b= <§2>, the position vector for the midpoint
1 2
M of AB is

444444444 .......... e ~Example10 4444444444 R e e s e e e e e 444444444 ......... ..........

[2020 Independent Ext 1 Trial Q3] In the diagram, OABC is a paralleogram.
The vector OA = a and OC' = c¢. M is the midpoint of OA. Which of the following
expressions is represented by the vector M B?

C B




e .‘s,Examp,eu ......... e

[2020 NEAP Ext 1 Trial Q7] The position vectors of points A and B are a and

b respectively. Point C' is the midpoint of OB and point D is such that ABCD is a

parallelogram. A
......... .......... .......... . g B ........ ..........

B O, -
| : 5 -} Which of the following is the position vector of D? 5

(A) %b_|_a (B) %b _a (C) %b— %a (D) A S S ..........

o S




. 22-4~~~»Mag1;itud;e ........ __________ ......... _________ _________ .......... _________ ......... __________ ......... _________ ——
g Definition 14

_________ ....... [DIfp = <Z) then _________ ......... ..........

~ Example 1.2; .......... ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

o S




o .‘s,Examp,eB ......... e

(Haese et al., 2015, Ex 3D) Find k such that the vector is a unit vector.

o .......... .......... lo Q) o () © (& oG o F __________

. ......... ~. ......... . Answer (a) :l:l (b) :I:l (C)O(d):t ():tf ........ ..........

""""" """"" (Haese et al., 2015, Ex 3D) Given v = <I8?> and |v| = V73, find the possible values """""

......... .......... .......... A of p- Answer: £3 . ... ..........

o S




b)  a vector of length 4 units in the direction of a --------- --------- ----------

¢)  vectors of length 4 units which are parallel to a.

Answer: (2) 51— g () Jhoi = g ) & (i - Agi)

......... ~ ......... ...... gExamplelﬁ .......... ......... ......... . ......... .......... ......... ......... .......... . ......... ......... ..........

] [2020 NSBHS Ext 1 Trial] OM =2i+5j and OT = —3i+7j. What is the value
S ofl]\ﬁ’? R R




....... .......... ......... 225 ..... Drrectlon .... ....... ........ ......... ........ ......... ........ ........ ........ ....... ........ .........
&‘ Laws/ Results

Ifp= (36) , then the direction of the vector is measured by the formed

by the vector with the positive direction of the horizontal axis, i.e.

tanf = Y
z

where 6 € [0°,360°) (and later, radians where applicable)

A @Later in Complex Numbers, § € (—m,n]. The quadrants used may vary
between contexts - read the context carefully.

& Laws / Results

""""""""""""""""" Components of a vector in terms of the magnitude and direction: if p = zyi+y1j, =
............................... Y
wr-————————-""="=-=-=-=-=-—- ,P

.................................. | L e S S
|
r&\ |

............................... i) . RN
3 |

............................... |
|
|

.................................. |
0 l

: : : : e :
E ......... § .......... § 4444444444 § . ml ........ § ..........




e 73~E§~<amﬁne~17? __________ S O O O S SN SO SO SO OO SO _________ s

(Pender et al., 2019)

(a)  Find the vector u of length 10, with angle 150° to the positive direction of the
horizontal axis.

; : (b)  Find the length and angle (exact length, angle to the nearest degree) of : :
. o v = —i-2j. S S .
: : Answer: (a) u= —5v3i+5j(b) [ul = /5, § ~ 243°. ' : :

o S

;= Further exercises

Ex 3D-3G (Haese et al., 2015) Ex 8B (Pender et al., 2019)
................. (More introductory type questions)
e Every second subpart e QI11-18




L5 Skills

Linking  various

& By the end of this section am | able to:

5.4

>

Further operations with vectors W

Define a - b = zi122 + yi1y2 as the scalar
(dot) product of vectors a = z1i+ y1j and
b = x21i+ y2j and use the scalar product to
solve problems.

Define a-b = z1x2 + y1y2 + 2122 as the scalar
product of vectors a = z1i+ y1j + z1 k and
b = z2i+ys2 j+22 k and use the scalar product
to solve problems.

Use a-b = |a]|blcosf as a geometric
expression of the scalar product of non-zero
vectors a and b in two dimensions and three
dimensions, where 6 is the angle between the
vectors and 0° < 6 < 180°.

g Verify the equivalence of a - b =
|a| |b| cos 8 with the algebraic definition of the
scalar product, a - b = x122 + y1y2 for two
dimensions and a-b = x122 + y1y2 + 2122 for
three dimensions.

Derive and use the property a-a = |a|2 to
establish the scalar product definition of the
magnitude of a vector (|a] = \/a-a) in two
dimensions and three dimensions.

geometrical
concepts with the dot product

7 Learning Goal(s)
= Knowledge
What is the dot product

@ Understanding

Dot  product produces a
scalar which then needs to
be interpreted

Calculate the angle between two non-zero
vectors a and b, in both two dimensions and
three dimensions, using the scalar product
by deriving and applying the relationship
cosf = ﬁlbbl =a-b.

Establish a - b = 0 as a condition for two
non-zero vectors a and b to be perpendicular
to each other and use it to determine if two
vectors are perpendicular.

Establish a - b = +|al |b| as another way to
determine if two non-zero vectors a and b are
parallel.

” Define the projection of a vector a onto a
vector b, denoted by proj, a, to be the vector
component of a in the direction of vector b.

Examine the proof of the formula
proj, a = (%) b= (a . g) b and use the

formula to solve problems.

g Determine that the component of a
vector a perpendicular to another vector b
is a — proj a.

3.1 Deffnitidns

444444444 .......... 4444444444 444444444 , QDefinitionlS

The dot product between two vectors p = x11+ y; j and q = 221+ y2j (also known
as scalar product):


https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-extension-1-11-12-2024/content/year-12/fa682e9b47
https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-extension-1-11-12-2024/content/year-12/fa682e9b47?show=example#cg-ca5d0e59-0b75-4f3c-b537-846cc5d81594
https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-extension-1-11-12-2024/content/year-12/fa682e9b47?show=example#cg-ca5d0e59-0b75-4f3c-b537-846cc5d81594
https://curriculum.nsw.edu.au/learning-areas/mathematics/mathematics-extension-1-11-12-2024/content/year-12/fa682e9b47?show=example#cg-ca5d0e59-0b75-4f3c-b537-846cc5d81594

32 i L SN VECTOR GEOMETRY: WITH THE DOT PRODUCT = DEFINITIONS . =

""" Use p = (ﬁ;) etc to prove the following:
| (& p-a=q-p (Commutativity) BT T B
™ pp=IpP mmm
| : (c) p-(g+r)=p-q+p-r (Associativity)
""""" """" (d (p+q)-(r+s)=p:r+p-s+q-r+q-s

o S



https://www.geogebra.org/m/N9pvSPf4

VECTOR GEOMETRY :WITH THE DOT PRODUCT = ANGLE BETWEEN TWO VECTORS : : : : 33

: Q Definition 16
................................ The angle 0 between tWO non_zero Vectors p and q iS related by:
............................. Pl bbb
ggSteps

.............................. o b

1. Draw situation representing the angle # between two vectors p and q, and
.............................. Veetor § — p.
....... ......... 2.  Apply the cosine rule to the triangle: """"""
............................... = Bl = IR
............................. ) L 1o <p1) s g = (Zl) s reniane mammitades with comsonents of o

2 g
............................... and q
P-a=

4.  Consequently,

.............................. cosf =




Geometric results of the dot product

e If p is perpendicular to q, then 8 = 90°:

p-q=|p||q|cosf

p-q=|p||q|cosb

/ Corollary 2

If p= <Z>, then the components of a vector q that is perpendicular to p are

é GeéoGeb;'a

| Parallel Vectors investigation

g z‘Examp'e% 0 T T 1 I 1 I 1

[2022 Ext HSC Q11] (2 marks) The vectors u = <g) and v = (a— 7) are

perpendicular.

What are the possible values of a? Answer: 2 or —1



https://www.geogebra.org/m/Gvqd5GT3

o .‘s,Examp,ezl ......... e

(Haese et al., 2015) Consider the points A(2,1) and B(6,—1) and C(5,—3). Use the

dot product to determine whether AABC is right angled or not. If so, locate the

.................................. right angle. e .
ﬁExamplezz ..........................................................................................................................................
"""""""""""""""" (Haese et al., 2015) Find the form of all vectors which are perpendicular to (4)
............................... Answer: k _34>

o S




e #__ngamﬁ,e%; __________ S O O O S SN SO SO SO OO SO _________ ——

--------- ~~~~~~~ (Haese et al., 2015) Find the angle between a = (_32> and b = (;

) Answers 2 1169 ......... ......... ..........

Ts Eéxampgle 255

(Haese et al., 2015) Given A(2,—1), B(3,4) and C(—1, 3), find the size of ZABC.

Answer: =~ 64.7°

......... ................ 0 Important note' ...... fronadesifiiins, TR Beioiiuun e R IS ST B PP SRR JUURE RO S NP ......... ......... ..........

Draw a simple diagram first!

o S




[2020 NEAP Ext 1 Trial Q10] The diagram shows OABC, a rhombus in which
OA=CB=aand OC = 4B = c.

a

.................................. C % B
c
.............................. c
T S S 19 >/ A e
| : : : =l :
___________________________ To prove that the diagonals of OABC' are perpendicular, it is required to show that =
________________________________ (&) (atc)-(atc)=0 (©) (asc)-fate)=0
(B) (a—c)-(a—c)=0 (D) a-c=0

o S




R ?‘“E&amﬁle‘??g __________ S OO S U SO S SO SO S SO _________ ——

[2020 Independent Ext 1 Trial Q11] In the dlagra,m OAB is an acute angled

| : triangle in which OA = OB. The vector OA =aand OB =b. : : :
o 5 AR

S A S
........ ....... O a ......... ......... ..........
| : ca—a-b b-b—a-b ' ; :

......... ....... i Show that cos Z/OAB = ——— and cosZOBA= ——— 4 ......... ......... ..........
e Wb al ]a—b] e

........ ....... (i)  Hence show that ZOAB = ZOBA by using vector methods. 2 ........ ......... ..........

o S




wExample 28 ............................................................................................................................. e
................................ [2020 JRAHS Ext 1 Trial Q12] In the isosceles triangle ABC, ‘AB‘ ’AC’
| : : | is the midpoint of side AB and E is the midpoint of side AC. CD is perpendicular :

s e R 1 to BE. Answer: cosd— & = 9 agesy L
________________________________ i, Draw the diagram and label ZBAC = ¢ and |AD| =r. L
§ § § ‘} ii.  Hence noting that CD may be written as AD — AC , or otherwise, use 3 |

o o e i, e R

o S




[2024 Sydney Girls HS Ext 1 Trial Q14] (3 marks) In AABC, AM is
perpendicular to BC and BN is perpendicular to AC.

Let O be the point of intersection of AM and BN.

The line from C passing through O mefel:ts AB at P.

N
................. P
................ O
......... ...... B [ C ......... ......... ..........
' ' SR ., - M RRNETI: :
................. Let OA=a, OB =b and OC =c.
................. By using vector methods, show that C'P is perpendicular to AB

v [2] For recognising: both of b- (a — c) =0 and a- ( —b) : 0

R \/..é.[3]‘.Correctsolutlon ........ U508 U OO 000 U0 U000 9008 00 OO OO OO OOS VO O OO OO SO FUSOOESORSSOOR SOOSOS

o S

;= Further exercises

Ex 3I-3J (Haese et al., 2015) Ex 8C (Pender et al., 2019) : : :
................. (More introductory type questions)
e Every second subpart o Q7-18 : : :




......... .......... ........... 3..3 .... PrOJectlon Of a vector on tO another vector ........ ......... ........ ......... ......... ..........
| : : - &) Definition 17 : ; : ; : : : ; ; : :

The projection of a vector a on another vector b is a vector parallel to b with the
following notation:

proj, a

In the diagram given, OP is the projection of a on to b.

Assumption: b is a

: 0 I:mporgtant gnote :

Plain English: the projection of vector a on to vector b is the
from on to

&‘ Laws / Resutts

......... .......... .......... 1 The projection of a on tob,b#0: ..........

............................ projpa=
: O GeoGebra

......... .......... ........... PrOJeCthH Of vector a on to b ........ ..........



https://www.geogebra.org/m/pKcAsWcY

G il in the Spages

................. N
i /
N z
v
.................. ’
projection a
vector
xr
Ay
444444444 ....... A
.................. ; : -
projection &
vector
.................. i
projection
vector \q ...
b

The following diagrams are taken from Haese et al. (2015), explanations paraphrased:

Consider a vector a in the
plane.

If a light is shone on to the vector from the
, it will cast a

This is the

of a on the y axis

Also known as the y component of the vector
a.

Ifa= (g),thenprojja:

Similarly, if a light is shone from the
, the is the

a on the z axis.

Ifa= (g), then projja=

If the light is shone through vector a
on to another vector b so that the light

1S ........................................ tO b7
the ..................... CaSt On b iS the
............................................... Of
a on to b.




VECTOR GEOMETRY WITH THE DOT PRODUCT — PROJECTION OF A VECTOR ON TO ANOTHER VECTOR 43

Steps
Derivation Consider the diagram:
'°\ e Suppose 6 is the acute angle between
| a and b.
\
pre e Give the relationship between PQ,
la| and 6:
PQ
/ o =Y
Q \\ |a| ..........
\
b .
| S PQ=

projpba = . .. b
- b
scalar multiple, ‘magnitude’
B b
.................... |b|
e Recall also, thata-b= , rearranging:
COS 0 T
Substitute in the result from (I):
. a-b
Projp@= ... = pgb
|b]
“See Section 2.1.1 on page 19
&, Laws/Results
The projection of vector a on to vector b:
) a-b a-b a-b ~
proj, a = b= b= — b
b|? -b |b|
——
scalar projection

NORMANHURST BOYS’ HIGH SCHOOL INTRODUCTION TO VECTORS



44 : VECTOR: GEOMETRY WITH THE DOT PRODUCT — PROJECTION OF A VECTOR ON TO ANOTHER VECTOR

e —r L 0"Imbortaht'n'ot'e ...... R S s i e, e, S i e o o

e “Find” questions may still require proper reasoning to be provided.

e Read through your work carefully.

L @ Eemple20

......... ...... Find the projection of a = (?,) ontob = ( 5

) , and state the length of the vector. ......... ......... ..........

Answer: proj, a = % ( 5 )7 length \/%

.y = Example 30

5 : [2020 JRAHS Ext 1 Trial Q11] It is given that A(—2,3), B(4,-5),C(-7,—6) and : ;
S . D(-5,-2). o o SR S S
: : 1. Find the vector projection of AB on to C'D. 2 : : :

ii.  What is the vector component of AB perpendicular to CD? 1

o S




VECTOR GEOMETRY :WITH THE DOT PRODUCT — PROJECTION:OF'A VECTOR ON TO ANOTHER VECTOR : 45

......... .......... ......... i@ Timed-exam-practice 2 (Allow approximately 1 minute) e e, ..........
| ' ' ' [2022 Ext 1 HSC Q6] The following diagram shows the vector u and the vectors '

i+j, —i+j, —i—jandi—j. ,
.................................. u DI R R
—i4j i+j

—i - i - j

(Drawn to scale)
Which statement regarding this diagram could be true? Answer: (B)

The projection of u onto i+ j is the vector 1.11 4 1.8j.

)
) The projection of u onto —i + j is the vector —0.41+ 0.4 j.
444444444 .......... 4444444444 . (C) The projection of u onto —1i —j is the vector 3.21 + 3,2j, ........ ..........

The projection of u onto i — j is the vector 0.51—0.5j.

[2025 Baulkham Hills HS Ext 1 Trial Q1] Given that u = <_12) and v = (i),

""""" """"" which of the following best describes the direction of the projection of u on to v? """""
Answer: (D)

, 444444444 .......... 4444444444 . (A) the prOjeCtiOH is 1n the same diI‘eCtion BRI R S oo asasanact codoibaadsanaannisanasasatonanioanaticaoasanaar: IRTRETE ..........
............................... (B) the projection is in the same direction as v

)
(C) the projection is in the opposite direction to u
)

the projection is in the opposite direction to v




46 : : VECTOR: GEOMETRY WITH THE DOT PRODUCT — PROJECTION OF A VECTOR ON TO ANOTHER VECTOR

e —r L 0"Imbortaht‘n'ot'e 444444 R S s i e, e, S i e o o

[2023 Ext 1 HSC Q6] Given the two non-zero vectors a and b, let ¢ be the
projection of a onto b.

What is the projection of 10a onto 2b? Answer: (C)
(A) 2c (B) 5c¢ (C) 10c (D) 20c

@ Timed exam practice 3 (EA"OVVE approximately 8 miﬁutesj
[2024 NBHS Year 11 Ext 1 Assessment Task 3 Q10] The diagram below shows

""""" """" OA=aand OB =b. It is given that a = (_52> and b = (2)

i. Find a wvector that is 1
perpendicular to b.

ii. Hence, or otherwise, find the 2
shortest distance from the point
A to the line OB by using vector
methods. Leave your answer in
exact form.

iii. Find the area of the triangle 2
OAB.




o S

| ' ' Co \/ _ [2] Prov1de the correct solutlon, f
......... ......... ......... 111 ..... \/ ...... 11“F01" a 'C'Gl‘i"'e"ét"ajl'g'ébfal'é' éXp'l'“'e'S'SiOﬁ't'(')'AA'(')XB'""""; ......... ......... .......... ......... ......... ......... ..........
| : : : / [2] For the correct amswer 277 unlts : ' :




. - @5__Tim;_d__exiam.p_?racticie._4__(;M,w;_appr;oxi_m;te,y__g__mi,;ut,e_s_)? ......... SR _________ e
--------- ~~~~~~ [2024 Ext 1 HSC Q13] (4 marks) The vector a is (;)) and the vector b is (_21) """"" """"" """""
--------- ~~~~~~ The projection of a vector x onto the vector a is ka, where k is a real number. -------- --------- """""
--------- ~~~~~~ The projection of a vector x onto the vector b is pb, where p is a real number. ~~~~~~~~~ --------- ---------
......... ...... Find the vector x in terms of k and p. Answer: x = 2 (241241329) """"" """"" """""

o S




| ; : a-x equivalent merit. : 5 : : : : S :

. : : : equivalent merit. : : : : : : : : :
e —— e WG S ara % pip O pauivalentm erit.. e S . — e e . -
: : : - Obtains % or pin terms of the components of x; orequivalent merit. :

“Obtains bothi & aid p in terims of the compoients of x, or equivelent mherit, = AR N S

4]: Provides' correct solution:

......... .......... .......... NORMANHURSTBOYS’HIGHSCHOOL ......... ......... ......... .......... ......... ......... .......... .......... Teeeiieeiieiiiionas Teiiiheeas e




: VECTOR: GEOMETRY WITH THE DOT PRODUCT — PROJECTION OF A VECTOR ON TO ANOTHER VECTOR

e T gl 33

11.

[2024 NBHS Year 12 Ext 1 Assessment Task 1 Q4]
and the line 2z + y = 8 with x and y intercepts at A and B respectively. The point
C has coordinates (7,4) albd N is a point on AB such that CN L AB.

1il.

1v.

B

o(7,4)

A

2r+y =138

= 4 =2 7
Show that BA = (—8) and BC = <_4).
By using vector methods, show that

cos LZABC = i

V13

Find a vector u = <u1> such that u is perpendicular to BA.

Ua

Hence show that

()

Use vector methods to find the coordinates of V.

The diagram shows AABC,




N SR - VECTOR GEOMETRY WITH THE DOT PRODUCT : PROJECTION OF A VECTOR ON TO ANOTHER VECTOR ' AL

....... .......... llllllllll ""“‘“§"‘s“ExaMpl‘e@ll'Z““‘f lllllllll S S i NSO SO b, S UURIUUNE ST OIS S ..........
- - - | [2024 NBHS Year 12 Ext 1 Assessment Task 1 Q4] (continued) A line ¢ with :
5 : 5 | equation ax + by + ¢ = 0 is drawn in the Cartesian plane, and P (xg,yo) is located

_______ - - g' off the line ¢, and point @ has coordinates @ (z1,y:) which lies on the line /. Nisa """""""
| point that is located on th?(j line ¢ such that PN 1 AB. §

N L

Q(mlv

P (900, yo)

ar+by+c=0

You are given that v = (Z) is a vector that is perpendicular to BA (Do NOT prove ..........

this). :
vi. By finding Cﬁ) using the coordinates given, show that |

o o o : e e

NP = v :
O S S S S S S S A e S T

Vii. @ Briefly explain why the shortest distance from a point (xg,yo) to a 1 :

......... .......... ......... . s 4 4 by 4 620 18 Evon by
laxo + byo + ¢




..‘Sho‘év.....‘,.lnsiufﬁgieni;..tQ..stiate.‘.theé....‘.....E,....‘ ..... ..... L
perpendicular distance formula. : :

INTRODUCTION TO VECTORS NORMANHURST BOYS’ HIGH: SCHOOL




o .‘s,Examp,e“ ......... e

[2024 Sydney Girls HS Ext 1 Trial Q9] Let 6 be the angle between u and v,

where u - v # 0.

What does the following expression simplify to? Answer: (D)
R T R -
e : ; (projy u) - (proj, v) :
......... , ......... (A) Sin2 0 (B) COSGC2 0 (C) COS2 0 (D) SeC2 R ..........

o S

-3= Furtheér exercises

Ex 3K (Haese et al., 2015) Ex 8E (Pender et al., 2019)
................................ (More introductory type questions)
e Every second subpart e O5-13




o S



'@ Fill in the spaces

e The third axis, called the , is required for drawing graphs in
three dimensions.

I . . . O The B I A Y iS ....................................... tO bOth the T a'XiS

......... .. ......... .. and y a,XiS, ..............

e The three axes in three dimensions are axes. ... ,,,,,,,,,
needs to be determined correctly!

A

=A




................ 5 . oo CARTESIAN COORDINATES IN THREE DIMENSIONS — - . © . . .
444444444 .......... e Qeﬁnitionla 4444444444 R EETRTRREERD [EERRTTRS [RRERERERR EEERR IR R EECETTERERD [EERRT R FERREEREEE e ......... ......... ..........

Cartesian coordinates in two dimensions

e The two axes divide the plane into .~
Cartesian coordinates in three dimensions

e The zy-plane is the plane containing and

444444444 ....... e Later at university, 2D space will often be denoted R? (pronounced “R. two”), <<<<<<<<< »»»»»»»»» »»»»»»»»»»
' : 3D space will be denoted R? (pronounced “R three”). : : :

e Some references to R? and R? will be used throughout this summary.

""""" """" e Scalars continue to be part of real numbers, e.g. A € R. Vectors belonging to a """"" """"" """""
| ' particular space will be denoted : : :

ueR? or veR?

as appropriate.




CARTESIAN COORDINATES IN THREE DIMENSIONS — VECTOR COMPONENTS AND OPERATIONS 57

4.1 Vector components and operations
&) Definition 19

Basis vectors in 3D the i, j and k are aligned with

the x, y and z axis respectively.

&) Definition 20

A vector in three dimensions can be expressed in a variety of forms:

. ------------------------------------------
OA where A(a,b,c)
. ................................. form
OA=r=ai+bj+ck
. ----------------------------------------- nOtation:
— a
OA=r=1[b
c
& Definition 21
N X1 . )
Dot product Suppose that u=0OU = | y; | and v=0V = [ yo |. Then,
21 Z2

NORMANHURST BOYS’ HIGH SCHOOL INTRODUCTION TO VECTORS



......... ..... 5..1 44444 Parallel/perpendlcular vectors 44444 .......... 4444444444 ......... ST SR . . T .
&, Laws/Results : : : : : : : : : : :
""""" """ Two vectors a and b are parallel if it can be shown that """"" """"" """""

a:...b

] for some A€ R.

Q Laws/ Results
Two vectors a and b are perpendicular if it can be shown that

A o [2025 Sydney Grammar Ext 2 Trial Q5] Consider the two vectors e o o

3—t t+5
= || ¢4=1 v=|[3t+3
2t —1 3

For which value of ¢ will the two vectors be parallel?
(A) t=-1 (B) t=0 (C) t=1




1 2
[2024 Ext 2 HSC Q12] The vector ais | 2 | and the vector bis | 0
.................................. 3 _4 DI R
a-b
i. Find ———b. 1
................................ A
: a-b . ;
.......................... ii.  Show thata—b bb is perpendicular to b. 2 i
=
Answer: 0
............................... &)




60 : : : : : : : : VECTOR GEOMETRY — PARALLEL/PERPENDICULAR VECTORS

R N T T B e e
: : [2020 Ext 2 HSC Q11] (3 marks) Consider the two vectors u = —2i — j+ 3k and : :

v=pi+j+2k

For what values of p are u — v and u + v perpendicular? Answer: p = +3

o S




... VECTOR GEOMETRY - PARALLEL/PERPENDICULAR VECTORS . = ST VOO RO UL N I 61

O Bl

[2025 Baulkham Hills HS Ext 2 Trial Q13] (4 marks) The vertices of AOAB

have coordinates A(6, —18,—6) and B(7,—1,3), and O is a fixed origin.
A(6, —18, —6)

N 0 B(7,-1,3) g
......... .......... .......... . M ........ ..........

The point N lies on OA so that ON : NA=1:2.

The point M is the midpoint of OB. The point P is the intersection of AM and BN.

By using vector methods, determine the coordinates of P. Answer: P(4,—4,0)

o S




VECTOR GEOMETRY ~ MAGNITUDE

S SO 1 0 0 Y 1 0 W0 1
B S S S e S NN W

f : a : : :
S . [NIftp= |y | then N . S

z

1
[2025 CSSA Ext 2 Trial Q9] The vector a is given by v/2i+ (m) j—tanfk,
an

where 0 < 8 < 90°.

Which of the following is an expression for |a|? Answer: (A) : , ,
(A) sec@cosecd (B) cotd (C) cosecl (D) 1 . _________ .........

o S




: : | [2024 JRAHS Ext 2 Trial Q12] Ifa, b and c are unit vectors such that a+b+c =0, -
......... o o Bt
' ' : a-b+a-c+b-c

Answer: —%

5 o Important note

Try to find an expansion for |a + b + c|? :

o S
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......... .......... L "s“Eéxampile“S'Og ......... e S S b e, e b, e ......... ......... .........
_______ - [2024 JRAHS Ext 2 Trial Q13] Consider the two perpendicular vectors _______ _______ -
f : 1 1 : : :
......... ,,,,,,, u — 2 and V — _2 ......... ......... ..........
' : 3 ]_ : : .
i. Find the unit vectors u and V. 2
""""""""" ii. Find a unit vector w that is perpendicular to both u and v. 2 i
--------- »»»»»»» ili. Let the vector x = ali+bv +cw, where a, b and ¢ € R. If |x| = 1, prove 2 --------- --------- »»»»»»»»»»
; : that
......... ....... a2—|—b2+c2:1 ......... ......... ..........
| : iv. Let 2 : : :

e « be the measure of the angles between u and X

e (3 be the measure of the angles between v and X
......... , ...... ... 7y be the measure Of the ang]es between ‘/{7 and ﬁ ......... ......... ..........

Prove that

cosa+cosfB+cosy=a+b+c

| A o Important note :
| Hint: the note from Example 49 will be handy!




VECTOR GEOMETRY — MIDPOINT : : : : : : : : : : : : 65

L T L T 0 1 0 1 s v s
B T S e W S W

For coordinates P(x1,y1,21) and Q(xs, y2, 22), then the midpoint M of PQ will have
coordinates

b 7@ Example BL il

[2025 Penrith HS Ext 2 Trial Q15] For the rectangular prism shown:

i.  Show that the internal diagonals AG and DG bisect each other. 2

......... .......... .......... 1 ii.  Calculate the acute angle, 6, between the diagonals, correct to the 2 ..........
' ' ' : nearest degree. :

......... ~ ......... ,éEFurtherexercises ......... IR TR . ......... .......... ......... ......... .......... . ......... 444444444 ......... ..........

Ex 5A (Sadler & Ward, 2019)
e Q1-12




........ ..... 5..4 llll Angle between tWO vectors .......... ......... ......... ......... ........ ......... ........ ......... ......... ..........
Angle between two vectors The angle 6 between two vectors u and v can be found
.................. using
u-v
cosf =
................. [uf |v]
........................... ~ E.xaml:)_le52._..
................. [2023 Sydney Grammar Ext 2 Trial Q12] Let AABC have vertices A(1,0,0), . . .
B(0,1,0) and C(0,0, k) for some constant k£ > 0, as shown below.
.................. Z T
? ? Y ? ? ?
......... ....... C‘ 444444444 ......... ..........
................ B
................. T
................ 1 T
................. i Find AC and BC as column vectors. 1 i
ii.  (Modified) If ZACB = 45°, show that 2
1
................ k=
V2 -1




O Bl 53

[2024 CSSA Ext 2 Trial Q13] The vector v is represented by the point with
coordinates (v, ve,v3) as shown in the diagram.
z

(U17U27’U3) ........ ..........

Let o, B and 7 be the angles between v and the positive z, y and z axes, respectively.

The direction cosines of a vector are the cosines of the angles between the vector and

_______ _______ ““““““ | three positive coordinate axes. That is, the direction cosines of v are cosa, cos 3 and
: : : | cosn. Answer: 30°

................................ i‘ ShOW that Cos2a+cos2/8+cos2’}/:1 2
......... .......... ,,,,,,,,,, | ii. A vector r makes an angle of 72° with the positive x axis and 36° with 1 i

the positive y axis

Find the angle of elevation of r from the xy plane.
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O Bl

[2025 NSBHS Ext 2 Trial Q11] (3 marks) Points A, B and C are respectively

defined by position vectors

B I U 7V SV SR O O O AN S O e
Z h . . b=2i—j+k .

c=pi—2j

Given that ZABC = 60°, find the value(s) of p. Answer: p = —2

o S

......... u ......... _EEFurtherexercises ......... Tt . ......... .......... ......... ......... .......... _ ......... ......... ......... ..........

Ex 5C (Sadler & Ward, 2019)
e Q9 11




, ......... ..... 55 44444 Projectlo" of a Vector on tQ anOthe]’ vector‘ ......... , ......... .......... « ......... . ......... , ......... ..........
' : o Important note : : : : : : : : : : : :

The projection formula is identical for 2D and 3D situations.

iy R Bampless

; 5 [2025 Independent Ext 2 Trial Q11] Consider the vectors u = 2¢/2i+2v2j+8k 5
A ] and v =61+ 6j+2v2k. SR SRR AR
5 : i.  Find the angle between the vectors u and v. 2 5 : :

ii.  Find the projection of the vector u on to the vector v. 2
Answer: i. 45° ii. 3v/2i 4+ 3v/2j + 2k

[2025 Sydney Grammar Ext 2 Trial Q13] Consider the points A(0,—1,6),
B(2,3,5) and C'(1,4,4). Let a=CA and b = CB. Answer: 3v/2
i.  Show that |proj, al = 21/3. 2

ii.  Hence determine the minimum distance from A to the line BC. 1




........................................... @ Tlmed exam practlce 5 (A"OW approx'mate|y 7 mlnuteS)
_____________________________ [2025 Ext 2 HSC Q15] (4 marks) The adjacent sides of a parallelogram are
| represented by the vectors

................................. a=4i13j-k and b=2i_j+3k
-------------------------------- Show that the area of the parallelogram is 61/10 square units.

R T LR E R D D Rt R T I S B e S R N P R RS REE LR R ERT R




......... .......... e ?3"E&amﬁle"5’7§ ......... VRN SO I e e, R UE RN SO I SR s i, ......... ......... ..........
' ' [2025 JRAHS Ext 2 Trial Q10] Let u = 2i—2j+ k and suppose v is a vector in : : 5
three dimensions.

R e Let p be the vector projection of u on to v, and let n be the vector component of u
that is perpendicular to v, that is, u = p + n.

| : If |p| > |n|, which of the following could be v? Answer: (B)
o - (A) i+j+k (©) i+3j+k

| ® 3i—j+2k (D) 3i+4j+2k OISO IO IO W0 O

o S

Ex 5D (Sadler & Ward, 2019) R
o Q8-12 S

: : : : : : : : : NORMANHURST BOYS' HIGH:SCHOOL;



VECTOR GEOMETRY — PROJECTION OF A VECTOR ON TO ANOTHER VECTOR 73

Additional questions

1. [2025 Sydney Girls HS Ext 2 Trial Q4] Suppose a, b and c are three 1
vectors such that a4+ b +c¢c =0, |a| =3, [b| =5 and |¢| = 7.

What is the angle between a and b?

(A) 30° (B) 120° (C) 300° (D) 60°
2. [2025 NSBHS Ext 2 Trial Q5] For the vectors 1
a b
p=1|0b and q=|c
c a

which of the following is the expression for

[proj, p|

24074

A) 40+ o L rrTe
(A) @ +b e (©) lab + bc + cal
|ab + bc + cal

15} T e ed

(B) |ab—|—bc+ca! ( ) \/m

3. [2025 NSBHS Ext 2 Trial Q9] Points P and ) have position vectors p 1

and q respectively.

Which of the following correctly describes this expression?

1 2 2 2
SVIpE = (o)

(A) The perimeter of AOPQ
(B) The area of AOPQ
(C) The magnitude of the position vector of the midpoint of PQ

The cosine of ZPOQ)

4. [2025 Independent Ext 2 Trial Q2] OABC is a square with 1

OA = ai— 2j—2k and OC = 6i— 4j + ak for some constant a. What is
the value of a?

S

(A) -2 B) 1 (€) 1 (D) 2
5. [2024 Sydney Grammar Ext 2 Trial Q5] Let OP = %(ﬁi—j +k), 1

and «, [ and v be the angles that OP makes with the positive x, y and z
axes respectively.

What is the value of oo + 5 + 7

(A) 45° (B) 165° (C)  180° (D) 225°

NORMANHURST BOYS’ HIGH SCHOOL INTRODUCTION TO VECTORS



74 VECTOR GEOMETRY — PROJECTION OF A VECTOR ON TO ANOTHER VECTOR

6. [2025 Hornsby Girls HS Ext 2 Trial Q12] The vertices of AABC are
defined by the position vectors

N 1 N 0 . 3
OA=1|-6 OB=|-4 oC=|-4
-2 -1 2
i. Show that cos ZBAC = 3. 3
ii. Hence, find the exact area of AABC. 1
7. [2023 Baulkham Hills HS Ext 2 Trial Q14] Find a unit vector that is 3
3 1
perpendicular to both | —2 | and | 4
1 -1

8. [2024 Fort St HS Ext 2 Trial Q11] The position vectors of two points , A
and B are given by

OA=2i+4j-3k and OB=—i+j+2k

i. Determine the exact distance between the points A and B. 1

ii. Show that there is no value of m such that OC = mi+ 2j—m?k is 2
perpendicular to OA.

9. [2024 Killara HS Ext 2 Trial Q13] Let u=i+j+zkand v=2i—j+3k. 3

Find all z such that the angle between u and v is 60°.

10. Leta=3i+2j+mkand b=4i—j+ m?k, where m is a real constant. It 3
74

V273

is given that the scalar projection of a in the direction of b is

Show that the value of m is 4.

11. A [2024 Sydney Girls HS Ext 2 Trial Q10] Suppose there exists vectors 1
a, b and r such that r =a+ (a-b)b.

If r is perpendicular to a — b, what is the minimum value of 1 + b??

@ R+t g BEL(©) 20 (D) |a

Answers

1
1. (D) 2. (D) 3. (B) 4. (A) 5. (D) 6. 3v/3 7. ﬁ (—

2) 8. i. V43 ii. Show 9. =0%2v42 1. Show 11. (C)
7
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Section A

Past examination questions

A.1 2020 Ext 1 HSC

4. Maria starts at the origin and walks along all of the vector 21+ 3 j, then walks
along all of the vector 3i—2j and finally along all of the vector 4i—3j.

How far from the origin is she?

(A) V7T (C) 2vV13+ V5
(B) V85 (D) V5 +V7+13

6. The vectors a and b are shown.

o

Which diagram below shows the vector v =a — b?

v (C)
(#) \lwa/
b
/a/\b\ :
D
5) ! o)

75



76 PAST EXAMINATION QUESTIONS — 2022 ExT 1 HSC

9. The projection of the vector (g) on to the line y = 2x is (g) 1
The point (6, 7) is reflected in the line y = 2z to a point A.

What is the position vector of the point A?

W owE oF) o)

Question 11

(b)  For what value(s) of a are the vectors <_al) and (2(12— 3) perpendicular? 3

A.2 2022 Ext 1 HSC

8. The angle between two unit vectors a and b is § and |a+ b| < 1. 1

Which of the following best describes the possible range of values of 67

(A) 0<f<Z € Z<o<n
3 3
(B)oge<%7T (D)%T<0§7r

Note: attempt this after Topic 9 (Radians) has been completed.

Question 13

(a)  Three different points A, B and C are chosen on a circle centred at O. 3

Let a = O_A), b_z__)O_B) and ¢ = OC. Let h = a+ b+ c and let H be the
point such that OH = h, as shown in the diagram.

A

NOT
TO
SCALE

N

Show that BH and CA are perpendicular.

INTRODUCTION TO VECTORS NORMANHURST BOYS’ HIGH SCHOOL



PAST EXAMINATION QUESTIONS — 2023 ExT 1 HSC 77

Question 14

(b) The vectors u and v are not parallel. The vector p is the projection of u 3
onto the vector v.

The vector p is parallel to v so it can be written as A\gv for some real number
Ao- (Do NOT prove this).

/R Prove that |u — \v| is smallest when A = o by showing that, for all real
numbers A, [u — Apv| < ju — Av].

A Note: this question is likely to have moved into Extension 2 for the 2027
HSC.

A.3 2023 Ext 1 HSC

Question 14

(c) i. Given a non-zero vector <2 ), it is known that the vector < 1 ) is 3

perpendicular to <§ ) and has the same magnitude. (Do NOT prove
this).

Points A and B have position vectors OA = <a1> and OB = (bl>,
respectively.

Using the given information, or otherwise, show that the area of AOAB

is — |a1by — agbq|.
132\a12 a21|

NORMANHURST BOYS’ HIGH SCHOOL INTRODUCTION TO VECTORS



78 PAST EXAMINATION QUESTIONS — 2023 ExT 1 HSC

ii. The point P lies on the circle centred at I(r,0) with radius r» > 0, such 4
that I P makes an angle of ¢ to the horizontal.

The point @ lies on the circle centred at J(—R,0) with radius 2¢ to the
horizontal.

Vi

2t .

NotethatO—P):O_I)—l—ﬁD)andO—Q):w+ﬁ.

Using part (i), or otherwise, find the values of ¢, where —7m < ¢t < T,
that maximise the area of AOPQ.

Note: attempt this after Topic 23 (Calculus with Trigonometric
Functions) has been completed.

INTRODUCTION TO VECTORS NORMANHURST BOYS’ HIGH SCHOOL



NESA Reference Sheet — Mathematics Extension 1 (includes Advanced)

Mathematics Extension 1
Trigonometric functions
Compound angles

sin(A + B) = sinAcos B + cos A sin B

cos(A + B) = cosAcos B — sinAsin B

tanA + tan B

tan(A + B) = ——————
l1—tanAtanB

sin’nx = %(1 — 08 2nx)

cos®nx = %(1 + 08 2nx)

Functions

For ax> + bx> +cx +d = 0:
a+ﬁ+y:—§

c

of+ay+pBy=—

and affy = —%

Binomial distribution

P(X=r)="Cp"(1-p)"™"
X ~ Bin(n, p)

E(X)=np
Var(X) = np(1-p)

Differential calculus

Function Derivative

y=sin"! £(x) Z_y S
o J1-[sF

y=cos™! f(x) j_y S
AERVI R i 65) &

y=tan"! /(x) dy _ (%)

dx 1+[f(x)]2

Integral calculus

J;dx = sin_l(Zj +c
Va? = x?

a 1 x
5 5 dx = tan 1(—j+c
a®+x a

Vectors

lu| =] xi+ yj|=x? +y?

u-v=|ulv|cosd = xx, +yy,
where u = xji+y,j

and v = x,i+ ¥,

proj,a = [%jb = (af))f)

Combinatorics

n —_
P.=

(x+y)' = "Cyx" + "Clx”_ly + ”sz”_2y2 + o+ "Cn_lxy”_l +1Cy"




Mathematics Advanced
Measurement Logarithmic and Functions
exponential functions
Length Surface area N L
1 X=—F0
1=-% somr A = 27r? + 27rh log,a*=x=a """ 2a
360 ;
A = A2 1 log, x Relatlgns 2
Area o8t log,a (x - a) + (y - b) =r
0 Volume
A=7X7U'2 1 ax_exlna
360 V=—Ah
h 3
A= —(a + b)
2 V=—n . . .
3 Trigonometric functions
SinA = @, COSA = a—dj, tanA = ﬂ
_ hyp hyp adj
Financial mathematics 1
A =—absinC 45°
Fv=pPV(1+r) 2 V2,
a b ¢ Aso
sinA sinB sinC 1

Sequences and series
c®=a’+b*-2abcosC

an=a+(n—1)d Prb—c?
" " cosC=——— 30°
S =—[2a+(n—1)d]=—(a+an) 2ab 2 NE)
"2 2 [=r0
a, = ar! 1
A=—r%0 /60°
a(l—r”) 2 1
S, =——",r=zl
1-r Trigonometric identities
a
Sw::’ ri<1 secA = ! ,CosA#0
COSA
cosecA = .1 , sinA#0
sinA
COtA = COSA, sinA #0

s

2

cos2x + sinx = 1




Differential calculus

Function
y=f(x)"
y=uv

y = g(u) where u = f(x)
y =sin f(x)
y = cos f(x)
y =tan f(x)
e
y=1In7f(x)
y=a*
y=log,x

Statistical analysis

x—pu
o

Normal distribution

Integral calculus
Derivative 1 |
Jf’(x)[f(x)]"dx = —[/@" e
) "
dx where n #—1
dy _ dv. du o N
dx dx  dx S (x)sin f(x)dx =—cos f(x)+c¢
dy _dy du .
dx du dx F(x)cos f(x)dx =sin f(x)+c
L dv )
dy dx dx r
dx 2 S'(x)sec? £(x)dx = tan f£(x)+¢
ﬂ — £/ r
ax = ) eos /(%) P06 Dty = f W 4 ¢
D ) sinf ()
dx (‘f’(x)
de =1In| £(x)|+¢
D pysectsn |07
dx
4 _ Fl(x)el ™ a‘dx = ’ +c
dx J Ina
ﬂ — f,(x) rb
dx  f(x) S(x)dx
2 = (Ina)a” )
x -a
o =@+ )2 () e+ (5, ]}
E_ xIlna where a=x,and b=x,
Discrete random variables Probability
E(X)=u P(A N B) = P(A)P(B)
Var(X) =E[(X - )’] P(4 U B) = P(4) + P(B) - P(AB)
Continuous random variables P(A|B) — P(A(m)B)’ P(B) £0
P(B

P(X <x)=F(x) =fo(t)dt

L]

approximately 68% of scores have

z-scores between -1 and 1

approximately 95% of scores have

z-scores between -2 and 2

approximately 99.7% of scores have

z-scores between -3 and 3

b
P(a<X<b)=J F(x)dx
b a
E(X)ZMZJ xf(x)dx

b
Var(X) = E(Xz)— u? :j x2f(x)dx — u?
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