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Section I

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Consider the vector OP = 18i + 7j and the point Q = (=34, —6).
The point which internally divides PQ in the ratio 6 : 7 is:

A. (61 B. (=6,—1) C. (61 D. (6,-1)

2 The roots of a cubic polynomial are , 8,y. Giventhata + f +y = 4, af + fy + ya = =5
and afy = 6, which of the following is the monic cubic polynomial?

A x3—4x*-5x-6 B. x3-4x*-5x+6
C. x3—4x2+5x—6 D. x3—4x*-5x+6
3 Twelve men line up in a line. Three of the men are discord moderators, and will complain if

they have to stand next to another discord moderator. If the men line up at random, what is the
probability a moderator complains?

A * B > C 6 D
11 11 11 11
4 The random variable X represents the number of successes of 10 Bernoulli trials with a proba-

bility of success of 0.4. Find P(X < 3|X > 1), correct to two decimal places.

A. 0.12 B. 0.13 C. 0.17 D. 0.18
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4x
1
Using the substitution u = Vt, the value of f dt is:
L« t+At

24x+1 +1
A 2m(2EHL B 2m(FL
Vx+1 2Vx+ 1
1 2vVx+1 1 +1
e Lp(Axtl D Ly (YEHL
2 Vx+1 2 2Vx+ 1

Consider the following diagram depicting 2D vectors g and b, and the angle a.

NOT TO SCALE

It is known that |a| = 187, |b| = 781, and a - b = 17871. To the nearest degree, what is the
size of angle a?

A. 97° B. 83° C. 84° D. 1°

The graph of the function y = 3 cos™! x + 7 is transformed by being reflected about the y-axis,

dilated vertically by a factor of %, and then translated down by %n units.

What is the equation of the transformed graph?

51

- ] T
A. y=6sin x+T B. y=6sin x+§
C _3__1 +5T[ D _3,_1 +T[
. y—zsm b 2 . y—zsm x 5
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8 Consider the following slope field:

- = - /Yl N N~ — —
AN ~ —_ - / AN ~ — — ~
NN N — ~ - - - J
L W U W S A4

f f 1 1 f !
0 X

/ /7 = — +~ — \ U\
/S S - — / — \
~  —  — ~ U / P N

Which of the following options is a possible equation for this slope field?

d x2 — y2 d 2 _ 2
A. —y = —y B _y — y—
dx 2xy-—1 dx 2xy-—1
d 2 x? d x% —y?
C. _y = y— D. _y = —y
dx 2xy+1 dx 2xy+1
9 Which of the following gives the value of sin™ " (cos x) if n < x < (n + 1)m, where n is an

odd integer?

T
A, nm—x B. nn—x+§ C. x—nm D. x—nn——

10  Four distinct integers from 1 to 100 are selected at random. What is the probability they can
form an arithmetic progression?

1 o 1 c 1 D 1
2025 - 2225 - 2425 - 2625
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Section I1

60 marks
Attempt Questions 11-14
Allow about 1 hours 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

For questions in Section II, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (14 marks) Use the Question 11 Writing Booklet

8

(a) Find the integral f —dx
s V9 — 4x?2

(b) Solve the equation 2sinf =1 + cos 6 for 0 < 6 < 2m.
(c) Show that f(x) = tan™! x — x, defined for all real x, has an inverse function.

(d) The working life of a particular brand of electric light bulb has a mean of 1200 hours and
a standard deviation of 200 hours, and can be assumed to be normally distributed. Zarif is
an electrician and purchases 64 light bulbs. What is the probability that at least 3 of these
bulbs fail within 1000 hours?

x% =2
2 _

< 2.

(e) Solve the inequality .

(f) Let the roots of x3 — 2mx? + 5m2x — 3 be a, B, and .

Find the value of (a — m)(f — m)(y — m).

End of Question 11
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Question 12 (14 marks) Use the Question 12 Writing Booklet

(a)

(b)

(©)

Adrian runs a ski resort in the chilly province of Harbin, in China. He models the relation-
ship between N, the number of tourists at his resort, and T °C, the air temperature, with the
equation

N = 2930 — (T + 440) [In(T + 49)]*.

At a certain moment, it is known that the air temperature is —40°C, and is falling at a rate
of half a degree per hour. Find the rate of change of the number of tourists at that moment.

The differential equation

P _ k(P —10
where k is a constant models the population P(t) (in millions of bacteria) of a bacterial

colony after t hours. Given that P(1) = 1 and P(3) = 5, find P(6).

Consider the function f(x) = tan™! x.

(i) Sketch the function y = (f (x))?, showing all asymptotes and intercepts.

(i1) Hence, sketch the function y = showing all asymptotes and intercepts.

2%
f ()%

Question 12 continues on page 7
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Question 12 (continued)

(d)

(e)

A unit square is divided into three regions by the curves y = y/x and y = x3 as shown.

(0,13;‘ (L)
y=+x
II
I
J = 11
(0,0) (1,00 *

Cathy prints the unit square out and uses it as a peculiarly shaped dartboard. She throws
darts randomly, so you may assume every point on the square is equally likely to be hit,
and that she will never miss the square.

(1) Find the probability that she hits region I.

(i1) Cathy is unhappy with this probability. She creates a new version of the board, re-
placing the curve y = x3 with the curve y = x", where 2r > 1. Region I remains
the region bound by the two curves.

29
Find the value of r if the probability she hits region I is now T

+2b 2a —b
The vectors (a 4 > and ( 4 3 > are known to be perpendicular, and have the same

magnitude. Find all possible values of a.

End of Question 12
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Question 13 (14 marks) Use the Question 13 Writing Booklet

(a)

(b)

Suppose that m is a positive integer.

(1) Give a combinatorial explanation to why the product of m consecutive integers
is divisible by m!.

(i) Hence, if n is a positive integer, use mathematical induction to prove that (3n)! is
divisible by 6.

Two particles A and B are launched from the same point on horizontal ground. Particle A
is launched with speed U at an angle a, whilst particle B is launched T seconds later with
speed V at an angle f3.

The position vectors of the particles, 74(t) and rz(t), where t is the time after particle A
was launched and g is the acceleration due to gravity, are given by

2

r4(t) = (Utcosa)i+ <Ut sina — %)]J (Do NOT prove this.)
. . gt -1)7%\.

rg(t) = (V(t—T)cosf)i+ <V(t —T)sinff — T) J.

Suppose the particles collide at time t = ¢,.

VT cosf
VcosB—Ucosa’

(i) Show that t, =

(i1) Hence, by finding a second expression for t,, show that

_ 2UVsin(a—p)
 g(Ucosa+Vcosp)'

Question 13 continues on page 9
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Question 13 (continued)

(c) Ismaeel and Rex arrive at a parking lot with 20 parking spaces, as shown.

They agree to pick two different spaces at random (each pair of spaces is equally likely to
be chosen), and park their Ferrari and Lamborghini there.

(1) How many different ways are there for Ismael and Rex to park such that their cars
have at most two spaces in between them?

(i1) Ismaeel and Rex decide to go to a new parking lot, which has 3 rows of 20 parking
spaces arranged strangely as shown.

41 | 42 | 43 58 | 59 | 60
21 | 22 | 23 38 | 39 | 40
1 2 3 18 | 19 | 20

If they decide where to park in the same way, what is the probability that their cars
have at most two spaces in between them? Parking in spaces 20 and 60 does NOT
count as having one space between the cars.

(ii1) Given that Ismaeel and Rex are parked with at most two spaces between them, what

is the probability that there is a car in a parking space ending in 0?

End of Question 13
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Question 14 (18 marks) Use the Question 14 Writing Booklet

(a)

(b)

(c)

You may use the information on page 12 to answer this question. 4

The NSWMaths discord server is hosting a mock exam. All members who purchase a
ticket are guaranteed to come, and each person is allowed to invite a maximum of one
friend for free to the exam.

The probability that xeach paying member will bring a friend is 50%. However, as the
event venue has a capacity of 60 people, ticket sales must be limited to prevent a scenario
where the venue becomes exceeds capacity.

Find the maximum number tickets that can be sold while ensuring that there is less than a
1% probability of exceeding the venue’s capacity.

Let J be the coefficient of x3 in (x? + 8x + 7). Without using a calculator, 3
find the remainder J has when divided by 6.

Suppose that p, q, and 1 are three nonzero vectors.

Itisknownthatp+q+r=p+q+7=0.
(i) If Ais the real number satisfying £ = A(p + q), show that 1 = — o al 1
i) sh t1H<|1?|—|13+‘1|> <|E+‘1|—|‘1|> .
il ow that | ————— |p = ——— |q.
Ip ~ lql -
(ii1) Hence, prove that p, q, and r are vectors representing the edges of an equilateral tri- 3

angle.

Question 14 continues on page 11
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Question 14 (continued)

(d) Hugh hasn > 1 coins in his left and n coins in his right pocket. He will choose a pocket
with equal probability and donate a coin from that pocket to NSW Mathematics.

Hugh will continue to do this until one of his pockets is empty, and will keep the rest of
the coins. Thus the number of coins left is given by some random variable X.

Let the probability that X = k be given by P (k).
(1) Explain why the probability that Hugh will end with k coins is given by

2n—k—1 1 )
ifk=1,2,--,n,

Pk) = < n—k 22n—k-1’
0, otherwise.

(i1) Prove the relationship

2(n—k)P(k) = 2n— k — DP(k + 1).

(iii) By considering P(1) + P(2) + -+ + P(n), or otherwise, show that

E(X) = (2n — 1)P(1).
: : . [2n
(iv) Hence, deduce the inequality < o ) =end

End of paper
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You may use the information below to answer Question 14 (a).

Table of values P(Z < z) for the normal distribution N(0, 1)

Z H 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 | 0.5000 | 0.5040 | 0.5080 | 0.5120 | 0.5160 | 0.5199 | 0.5239 | 0.5279 | 0.5319 | 0.5359
0.1 || 0.5398 | 0.5438 | 0.5478 | 0.5517 | 0.5557 | 0.5596 | 0.5636 | 0.5675 | 0.5714 | 0.5753
0.2 || 0.5793 | 0.5832 | 0.5871 | 0.5910 | 0.5948 | 0.5987 | 0.6026 | 0.6064 | 0.6103 | 0.6141
0.3 || 0.6179 | 0.6217 | 0.6255 | 0.6293 | 0.6331 | 0.6368 | 0.6406 | 0.6443 | 0.6480 | 0.6517
0.4 || 0.6554 | 0.6591 | 0.6628 | 0.6664 | 0.6700 | 0.6736 | 0.6772 | 0.6808 | 0.6844 | 0.6879
0.5 || 0.6915 | 0.6950 | 0.6985 | 0.7019 | 0.7054 | 0.7088 | 0.7123 | 0.7157 | 0.7190 | 0.7224
0.6 | 0.7257 | 0.7291 | 0.7324 | 0.7357 | 0.7389 | 0.7422 | 0.7454 | 0.7486 | 0.7517 | 0.7549
0.7 || 0.7580 | 0.7611 | 0.7642 | 0.7673 | 0.7704 | 0.7734 | 0.7764 | 0.7794 | 0.7823 | 0.7852
0.8 || 0.7881 | 0.7910 | 0.7939 | 0.7967 | 0.7995 | 0.8023 | 0.8051 | 0.8078 | 0.8106 | 0.8133
0.9 || 0.8159 | 0.8186 | 0.8212 | 0.8238 | 0.8264 | 0.8289 | 0.8315 | 0.8340 | 0.8365 | 0.8389
1.0 || 0.8413 | 0.8438 | 0.8461 | 0.8485 | 0.8508 | 0.8531 | 0.8554 | 0.8577 | 0.8599 | 0.8621
1.1 | 0.8643 | 0.8665 | 0.8686 | 0.8708 | 0.8729 | 0.8749 | 0.8770 | 0.8790 | 0.8810 | 0.8830
1.2 || 0.8849 | 0.8869 | 0.8888 | 0.8907 | 0.8925 | 0.8944 | 0.8962 | 0.8980 | 0.8997 | 0.9015
1.3 || 0.9032 | 0.9049 | 0.9066 | 0.9082 | 0.9099 | 09115 | 09131 | 09147 | 09162 | 0.9177
1.4 | 09192 | 0.9207 | 0.9222 | 0.9236 | 0.9251 | 0.9265 | 0.9279 | 0.9292 | 0.9306 | 0.9319
1.5 || 0.9332 | 0.9345 | 0.9357 | 0.9370 | 0.9382 | 0.9394 | 0.9406 | 0.9418 | 0.9429 | 0.9441
1.6 || 0.9452 | 0.9463 | 0.9474 | 0.9484 | 0.9495 | 0.9505 | 0.9515 | 0.9525 | 0.9535 | 0.9545
1.7 || 0.9554 | 0.9564 | 0.9573 | 0.9582 | 0.9591 | 0.9599 | 0.9608 | 0.9616 | 0.9625 | 0.9633
1.8 || 0.9641 | 0.9649 | 0.9656 | 0.9664 | 0.9671 | 0.9678 | 0.9686 | 0.9693 | 0.9699 | 0.9706
1.9 || 0.9713 | 0.9719 | 0.9726 | 0.9732 | 0.9738 | 0.9744 | 0.9750 | 0.9756 | 0.9761 | 0.9767
20 || 09772 | 0.9778 | 0.9783 | 0.9788 | 0.9793 | 0.9798 | 0.9803 | 0.9808 | 0.9812 | 0.9817
2.1 || 0.9821 | 0.9826 | 0.9830 | 0.9834 | 0.9838 | 0.9842 | 0.9846 | 0.9850 | 0.9854 | 0.9857
2.2 || 0.9861 | 0.9864 | 0.9868 | 0.9871 | 0.9875 | 0.9878 | 0.9881 | 0.9884 | 0.9887 | 0.9890
23 | 09893 | 0.9896 | 0.9898 | 0.9901 | 0.9904 | 0.9906 | 0.9909 | 0.9911 | 0.9913 | 0.9916
24 | 0.9918 | 0.9920 | 0.9922 | 0.9925 | 0.9927 | 0.9929 | 0.9931 | 0.9932 | 0.9934 | 0.9936
2.5 ] 0.9938 | 0.9940 | 0.9941 | 0.9943 | 0.9945 | 0.9946 | 0.9948 | 0.9949 | 0.9951 | 0.9952
2.6 || 0.9953 | 0.9955 | 0.9956 | 0.9957 | 0.9959 | 0.9960 | 0.9961 | 0.9962 | 0.9963 | 0.9964
2.7 | 09965 | 0.9966 | 0.9967 | 0.9968 | 0.9969 | 0.9970 | 0.9971 | 0.9972 | 0.9973 | 0.9974
2.8 || 0.9974 | 0.9975 | 0.9976 | 0.9977 | 0.9977 | 0.9978 | 0.9979 | 0.9979 | 0.9980 | 0.9981
2.9 || 0.9981 | 0.9982 | 0.9982 | 0.9983 | 0.9984 | 0.9984 | 0.9985 | 0.9985 | 0.9986 | 0.9986
3.0 | 0.9987 | 0.9987 | 0.9987 | 0.9988 | 0.9988 | 0.9989 | 0.9989 | 0.9989 | 0.9990 | 0.9990
3.1 | 0.9990 | 0.9991 | 0.9991 | 0.9991 | 0.9992 | 0.9992 | 0.9992 | 0.9992 | 0.9993 | 0.9993
3.2 1 0.9993 | 0.9993 | 0.9994 | 0.9994 | 0.9994 | 0.9994 | 0.9994 | 0.9995 | 0.9995 | 0.9995
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i think my story is almost exactly the same as everyone else’s, minus a few tweaks.
i am not the exception,

just an extrapolation.

— Angie Wang, private conversation.

EXAMINERS
one eight seven Q2,7,9,11]a, b, c,e], 12¢
amiyuki7 Q10, 13b
Hugh Entwistle Q14d
MagiicMushroom Everything else.
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REFERENCE SHEET
Measurement Financial Mathematics
Length A=P(1+r)
[ = i X 27r
360
Sequences and series
Area
_A=J1xﬂﬂ T =a+(n-1)d
360
h
Aza(a+b) Sn=%[2a+(n—l)d]=%(a+l)

Surface area T =ar"!
A = 27r* + 27rh ( ) ( )
a(l-r") alr"-1
A = 4nr? S = = r#l
" . I-r r—1 g
Volume
1 s=—2_|r|<1
V=—Ah r
3
V= i7[;’3
3
Functions Logarithmic and Exponential Functions
[12
‘= —-b b —4ac log,a* = x = 8"
2a
log,x
For ax’ + bx*>+ cx +d = 0: log,x= log,a
a+ﬁ+y:—§
at = exlna

c
aﬁ+ay+ﬁy:E
and aﬂy=—%

Relations
(x—h)2+(y—k)2=r2




Trigonometric Functions

SinA:%, COSA :a—dj’ tanA:ﬂ
hyp hyp adj
1
A=—absinC o
2 2 45
a b c
= = 45°
sinA sinB sinC L
¢ =a*+b*-2abcosC
2 2 2
a+b°—c
cosC= ————— o
ab 30
2
[=r0
A= %ﬂe 60° ]

Trigonometric identities

SecA = , cosA#0

COS

cosecA = ,1 ,sinA#0

sinA

COSA
COotA =
sinA

2

,sinA#0

cos?x + sinx = 1

Compound angles
sin(A + B) = sinAcos B + cos Asin B
cos(A + B) = cosAcos B — sinAsin B

tan(A + B) = tanA +tanB
l1—tanAtan B
If z‘=tané then sinA = 2
2 1412
2
COSA = —!
1412
tanA = 2
1-¢2

cosAcosB = %[COS(A — B) +cos(A + B)]
sinAsinB = %[COS(A — B) —cos(A + B)]
sinAcosB = %[sin(A + B) + sin(A - B)]
cosAsinB = %[sin(A + B) —sin(4 — B)]
sin®nx = %(1 — cos 2nx)

cos’nx = 5(1 + cos 2nx)

Statistical Analysis

An outlier is a score

o less than O, — 1.5 X IQR
or

more than O, + 1.5 X IQR

Normal distribution

3 02 -1 0 1 2
e approximately 68% of scores have
z-scores between -1 and 1
e approximately 95% of scores have
z-scores between -2 and 2
e approximately 99.7% of scores have
z-scores between -3 and 3

E(X)=pu

Var(X) = E[(X - u)’] = E(X?) - u?
Probability

P(4 2 B) = P(A) P(B)
P(AUB)=P(A)+ P(B) - P(ANB)
P(A|B):M P(B)#0

P(B)

Continuous random variables

P(X<r) :J’ J(x)dx

b

Pla<X < b):J F(x)dx

a

Binomial distribution
P(x=r)="C,p'(1-
X ~ Bin(n, p)
= P(X=x)

p)n—r

E(X)=np
Var(X) = np(1-p)



Differential Calculus Integral Calculus
Function Derivative 1 |
[ et Lswree
_ n Q _ ,(x)[f(x)]n—l n+l1
y=7) dx n/ where n # -1
dy dv du r
y=uv P S(x)sin f(x)dx = —cos f(x)+c
y = g(u) where u= f(x) Z—y:?x% o
roan A F'(x)cos £(x)dx = sin f(x)+c¢
du_ dv “
_u dy _ vdx dx -
Y= dx )2 F/(x)sec? £(x)dx = tan £(x) + ¢
: dy _ .,
y=sin /() Lo fcos )|
f’(x)ef(x)dx =Wy
y = cos £(x) L sin f(2)
o r
dy j;(((;))dlen\f(x)Hc
y =tan f(x) E=f’(X)Seczf(X) v
( ) i a’ ™)
y:ef(x) Z_i: ff(x)ef(x) d ya (x)af( )dx = na +c
_ dy _ f'(x) ,
y=Inf(x) el W)
J \/az —[f(x)]2
y= a/ Z_y — (lna)f'(x)af(x)
x ’
J—2 f[ (x) ]2 dx = %tan_1@+c
_ dy __S(x) a”+|f(x)
y=log,/(x) dx  (Ina) f(x)
dv du
b= sin! /() Z_y:Lx) Juadx—uv—‘[vadx
*-[F@F
b
y=cos™! £(x) Z—y - S > J S(x)dx
TNI=[A)] ‘
b—a
: |l )
y=tan™! £(x) 2L
X 1+[f(x)] where a =x,and b =x,




Combinatorics

np — n!
" o(n-1)
n n!

Vectors
[u| =] xi+yj| = 22+

u-y =[ul[y|cosd = x5, +3,,

where u = x,i+y,j

and vy =x,i+y,J]

r=a+i

1S

Complex Numbers

z=a+ib=r(cosf+isinh)
= re'?
[r(cos@ + isin 0)]” = r"(cosn@ + isinné)

— rneme

Mechanics

d’ dv dv d (1 2)
—2 = =sy—=—| =V
dt= dt dx dx\2
x=acos(nt+a)+c
x=asin(nt + a) + ¢

X=- 2(x—c)
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