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Section I

6 marks

Attempt Questions 1–6

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1–6.

1 Jacob wrote six consecutive numbers on six pieces of white paper. He stuck those six pieces of

paper on the front and back of three coins. He then threw the coins three times. After the first

throw he drew circles around the numbers on top, which were 6, 7, and 8 were on top.

After the second throw the sum of the numbers on top was 23 and after the third throw the sum

was 17. What is the sum of the three uncircled numbers?

I never wrote answers for this one, figure it out yourself.

2 In a late-night debate on the NSWMathematics server, someone posts the statement

“If you understand limits, then you can survive the university mathematics channel.”

Which of the following is the contrapositive of this statement?

If you can survive the university mathematics channel, then you understand limits.A.

If you don’t understand limits, then you cannot survive the universitymathematics channel.B.

If you can survive the university mathematics channel, then you cannot understand limits.C.

If you don’t survive the university mathematics channel, then you understand limits.D.

3 Using partial fractions, the value of

50

�

𝑘=1

1

(2𝑘 − 1)(2𝑘 + 1)
is equal to:

50

101
A.

50

99
B.

100

101
C.

100

99
D.

4 Which of the following statements about the complex number 𝑧 is always false?

|𝑧 + 𝑧̄| ≥ 2|𝑧 + 2|A. |𝑧 − 𝑧̄| < 2|𝑧|B.

|𝑧 + 𝑧̄| = 2|𝑧 − 𝑖|C. |𝑧 − 𝑧̄| > 2|𝑧 + 1|D.
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5 In the 𝑥–𝑦 plane, forces of magnitude 48N, 55N, and 73N keep a mass stationary. The angle

between the two largest forces is closest to:

138°A. 41°B. 42°C. 131°D.

6 Kenneth picks his favourite nonzero two vectors and affectionately names them 𝑎
�
and 𝑏

�
. Xavier

notices that |𝑎
�
|2 = 2|𝑏

�
|2, and also that 𝑎

�
and 𝑎

�
+ 𝑏
�
are perpendicular.

Which of the following pairs of vectors must also be perpendicular?

𝑎
�
and 𝑎

�
− 2𝑏

�
A. 𝑎

�
and 𝑏

�
B.

𝑎
�
and 𝑎

�
+ 𝑏
�

C. 𝑎
�
and 2𝑎

�
+ 𝑏
�

D.
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Section II

75 marks

Attempt Questions 7–11

Allow about 2 hours 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

For questions in Section II, your responses should include relevant mathematical reasoning

and/or calculations.

Questions by Justin

Question 7 (10 marks) Use the Question 7 Writing Booklet

(a) 2Suppose that the equations of non-vertical lines ℓ1 and ℓ2 are given by �
𝑥

𝑦
� = 𝑎

�
+𝜆𝑏

�
and

�
𝑥

𝑦
� = 𝑐

�
+ 𝜇𝑑

�
respectively. Prove that if 𝑏

�
⋅ 𝑑
�
= 0, then𝑚1𝑚2 = −1, where𝑚1 and𝑚2

are the gradients of lines ℓ1 and ℓ2, respectively.

(b) 3By considering 𝑧 = 𝑒𝑖𝐴 and 𝑤 = 𝑒𝑖𝐵, prove that sin(𝐴 − 𝐵) = sin𝐴 cos𝐵 − sin𝐵 cos𝐴.

(c) 2Prove that if 𝑧 satisfies 4𝑧4 + 𝑧 + 1 = 0, then |𝑧| ≤ 1.

(d) 3Let 𝑧 be a complex number and suppose 𝑤 =
𝑎𝑧 + 𝑏

𝑎𝑧 + 𝑐
, for real 𝑎, 𝑏, 𝑐. As 𝑤 varies on the

unit circle, determine the locus of 𝑧.

End of Question 7
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Unused complex

Question 8 (23 marks) Use the Question 8 Writing Booklet

(a) You may assume that if 𝑎 and 𝑏 are real numbers, 𝑎 + 𝑏 ≥ 2√𝑎𝑏.

(Do NOT prove this).

(i) 2Suppose that Re(𝑤) ≠ 0, and �Arg�𝑤 −
1

𝑤
�� =

𝜋

2
. Show that |𝑤| = 1.

(ii) 2Suppose that 𝑧 −
1

𝑧
= √2𝑖. Prove by contradiction that Re(𝑧) ≠ 0.

(iii) 2Hence, evaluate 𝑧2025 +
1

𝑧2025
.

(b) Consider the equation 𝑃(𝑧) = 𝑧5 − (𝑧 − 2)5.

(i) 3Explain why if 𝑃(𝑧) = 0, then 𝑧 can be expressed in the form
2𝜔𝑘

𝜔𝑘 − 1
,

where 𝑘 ∈ {1, 2, 3, 4}, and 𝜔 = 𝑒
2𝑖𝜋

5 is a fifth root of unity.

(ii) 2Show that 𝑃(𝑧) = 0 ⟹ Re(𝑧) = 1.

(iii) 3Express the roots of 𝑃(𝑧 + 1) = 0 in Cartesian form.

(iv) 3Hence, show that cot
4𝜋

5
= −�1 +

2

√5
.

(c) 3Given that 𝑧 is a complex number lying on the unit circle, show that

1

1 + 𝑧
+

1

1 − 𝑧
=

1 − 𝑧̄Re(𝑧)

1 − (Re(𝑧))2
.

(d) 3If |𝑧| = 1, prove that |𝑧4 − 3𝑧2 + 11𝑖𝑧2 − 3𝑧 + 1| ≤ √187.

End of Question 8
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Unused proof

Question 9 (23 marks) Use the Question 9 Writing Booklet

(a) Suppose that 𝑎, 𝑏, and 𝑐 are nonzero real numbers. It is given that both roots of the poly-

nomial 𝑃(𝑧) = 𝑎𝑧2 + 𝑏𝑧 + 𝑐 all have negative real part.

(i) 2Explain why there must be a root 𝑧 with Re(𝑧) Im(𝑧) ≤ 0.

(ii) 3Prove that 𝑎, 𝑏, and 𝑐 all have the same sign.

(b) (i) 1Prove that if 𝑎 and 𝑏 are real numbers, then 𝑎2 + 𝑏2 ≥ 2𝑎𝑏.

(ii) 2Suppose the point (𝑥, 𝑦) lies outside the unit circle. Prove that 𝑥2+𝑥𝑦+𝑦2 > 𝑥+𝑦.

(c) 3Prove that for primes 𝑝 and 𝑛 ∈ ℤ+, no positive integer 𝑞 exists such that

(187𝑞 + 94)2 = 𝑛2 + 𝑝.

(d) Consider the parametric vector equation defined by 𝑟
�
(𝑡) = �

sin 𝑡 cos 𝑡

sin
2
𝑡

sin
2
𝑡 cos 𝑡

� for 0 ≤ 𝑡 ≤ 2𝜋.

(i) 1Show that sin
4
𝑥 + sin

2
𝑥 − sin

6
𝑥 = 1 − (1 + sin

2
𝑥) cos4 𝑥.

(ii) 3Hence, or otherwise, show that 𝑟
�
(𝑡) can be fully contained within a unit sphere.

(e) 3Suppose that 𝑃 and 𝑄 are polynomials with real coefficients, and 𝑡 is a real number. It is

known that 𝑡 is a root of degree exactly 2 to the polynomial equation 𝑃(𝑥)3 = 𝑄(𝑥)3.

(i) 3Prove by contradiction that 𝑃(𝑡) ≠ 0.

(ii) 2Show that 𝑡 is also a root of degree exactly 2 to the polynomial equation𝑃(𝑥) = 𝑄(𝑥).

Note this is DIFFERENT to 3U POTD 314!

End of Question 9
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Unused integration

Question 10 (13 marks) Use the Question 10 Writing Booklet

(a) (i) 2Suppose that 𝑓(𝑥) is a continuous function. Prove that if 𝑎 is a positive real number,

then

�
𝑎

1

𝑎

𝑓(𝑥) 𝑑𝑥 = �
𝑎

1

𝑎

𝑓(𝑥−1)

𝑥2
𝑑𝑥.

(ii) 3Evaluate lim
𝑡→∞

�
𝑡

1

𝑡

1

1 + 𝑥 + 𝑥2 + 𝑥3
𝑑𝑥.

(b) 4Let 𝑓(𝑥) = 𝑥 cos 𝑥 for
3𝜋

2
≤ 𝑥 ≤ 2𝜋. You may assume 𝑓 has an inverse function 𝑓−1.

By using the substitution 𝑥 = 𝑓(𝑢), evaluate �
2𝜋

0

𝑓−1(𝑥) 𝑑𝑥.

(c) 4Using the substitution 𝑥 = sin
2
2𝜃, evaluate the integral

�
1

0

�𝑥�
1 + √𝑥

1 − √𝑥
�𝑑𝑥.
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Unused vectors

Question 11 (6 marks) Use the Question 11 Writing Booklet

(a) A set of vectors is said to be “mutually orthogonal” if any two members of the set are

perpendicular. E.g, {𝑖
̃
+ 𝑗

̃
, 𝑖
̃
− 𝑗

̃
, 𝑘
�
} is a set of mutually orthogonal vectors.

Let P be the statement that “If {𝑥
�
, 𝑦
�
, 𝑧
�
} is a set of mutually orthogonal vectors, then

|𝑥
�
+ 𝑦
�
+ 𝑧
�
|2 = |𝑥

�
|2 + |𝑦

�
|2 + |𝑧

�
|2.”

(i) 1Prove that P is true.

(ii) 2What conditions must 𝑥
�
, 𝑦
�
, and 𝑧

�
satisfy for the converse of P to be false?

(iii) 3If 𝑝
�
= �

1

2
� and 𝑞

�
= �

3

−1
�, graph the possible position vectors of 𝑟

�
= �

𝑥

𝑦
� on the

Cartesian if the set {𝑝
�
, 𝑞
�
, 𝑟
�
} is a counterexample to the converse of P.
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